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A STRICHARTZ ESTIMATE FOR QUASIPERIODIC FUNCTIONS

FRIEDRICH KLAUS

ABSTRACT. In this work we prove a Strichartz estimate for the Schrédinger
equation in the quasiperiodic setting. We also show a lower bound on the
number of resonant frequency interactions in this situation.

1. INTRODUCTION

A major open problem in the theory of nonlinear Schrédinger equations is the
existence, uniqueness and large time behavior of solutions with prescribed initial
data which does not decay as |z| = co. This problem is open even for the one-
dimensional, cubic nonlinear Schrédinger equation

(1.1) iy + Uy = 2Jul?u,

which is completely integrable. There is one prominent example of initial data
which is particularly easy to write down, but also particularly tenacious, namely

(1.2) uo(z) = cos(z) + cos(v/2z).

This function is neither periodic (since v/2 is irrational), nor does it have a fixed
asymptotic profile at +oco. Thus it cannot be treated within the standard theory
of periodic or decaying Sobolev spaces, and it does not fit either into the Gross-
Pitaevskii theory or the theory of the tooth problem for NLS (see [§] for the latter).

One may naively think of trying to solve in L* or C°. This fails though,
because the topologies of these spaces are not well enough adapted to dispersive
PDE. Indeed, already for the linear Schrodinger equation strong oscillations can
cause dispersive blow-up in L* [I]. One way to prevent these issues is to assume
boundedness of the derivatives of the initial data, and this leads to local wellposed-
ness either in Sobolev spaces W% [4] or modulation spaces Mo 1 [7]. The example
fits well into these settings.

There is also another more direct way to treat locally in time, which was
layed out in [9] and which we briefly sketch. Note first that the function ug in
is almost periodic in the sense of Bohr:

Definition 1. A function f:R — C is almost periodic if f is continuous and if for
every € > 0 there exists L > 0 such that every interval of length L contains a number
T such that

sup|f(z - 7) - f(z)| <e.
zeR
We define AP(R) to be the space of almost periodic functions.
Recent results by Chapouto—Killip-Visan [3] on KdV with initial data in AP(R)
suggest that this space is not well adapted to dispersive problems either, mainly

since its definition assumes continuity of the function. Indeed, they show an instant
1
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loss of continuity for an explicit class of initial data. Thus we have to restrict to a
subspace of AP(R) as follows:

Given an almost periodic function u € AP(R) we can define the Fourier coeffi-
cients of the function as

L
Fu(k) =a(k) = hm i u(z)e ™ da.
These Fourier coefficients are deﬁned for all k € R, but only countably many of them
are non-zero (see [9, Section 1] for more details). We call o(u) = {keR:a(k) #0}
the frequency set of u. Now for w € RY linearly independent over Q consider those
functions with o(u) ¢ w and with ¢! summable Fourier coefficients. It turns out
that for all w this space, A,,, is a Banach algebra, hence local wellposedness of
can be proven quite easily in it (see [9, Theorem 1.7]).

All of these results in W M., ; and A, are local in time. In fact, global in
time wellposedness of with initial data is an open question. The problem
is that even though there are infinitely many conserved quantities for , these
are not adapted to the aforementioned spaces.

To be more precise we take a closer look at the Fourier support of ug. Clearly,
o(uo) € Z++/2Z, and the same holds for all of its powers and products with complex
conjugates of itself. This makes ug a quasiperiodic function:

Definition 2. u € AP(R) is called quasiperiodic if there exist N real numbers
Wi, ... ,wn which are linearly independent over Q such that o(u) c w1 Z+ -+ wWNZ.
We define QP(w1,...,wn) to be the space of those quasiperiodic functions.

We introduce the notation = Z + /2Z. Consider the £2-norm defined by

1

(13) lulze = (3 [ak)P)?
keQ2

Then, as can be checked by hand by a formal calculation, a solution u of
preserves the £2-norm. The problem is though that this norm is not strong enough
to bound the norms of any of the aforementioned spaces. It is thus very natural
to define £2 as the closure of functions in QP(1,v/2) with ¢!-summable Fourier
coefficients, with respect to the £2 norrrﬂ and ask for local (and thus global)
wellposedness of in this space. This is an open problem though.

This short work addresses this problem, both in the positive and the negative
direction. We begin with the positive direction. Both in the non-periodic and the
periodic wellposedness theory for NLS equations, Strichartz estimates play a crucial
role. These estimates connect a mixed space-time LP norm of the solution of the
linear Schrédinger equation to the L? norm of the initial data. Motivated by the
Plancherel type identity

.1 rL 3
fules = (Jim o [ u(@)Pdz)”,

we define the equivalent of LP spaces in the almost periodic setting as the closure
of QP(1,/2) functions with ¢'-summable Fourier coefficients, with respect to the
nor

(1.4) Jullzr = ( Jim QL[ x)|pdx

IThis is closely related to the Besicovitch almost periodic functions B2.

2Alterna,tively we can just say that u e LP if and only if u is measurable and |u\% e L2
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Our main result is the following Strichartz estimate in the quasiperiodic case:

Theorem 3. Let g € £L? and define the Schrédinger group S(t) by

27,2
(1.5) F(St)g) (k) =e ™ 4(k).
Then the following Strichartz estimate holds:
(1.6) IS@gles . s lgle2,

Theorem 3| will be proven in Section[2] To the best of the author’s knowledge this
is the first Strichartz estimate in an almost periodic setting. Its proof is not difficult
and highly influenced by the proof for the periodic Strichartz estimate originally
given in [2] and outlined in [5, Section 2].

Clearly the hope would be to use Theorem [3[ to prove wellposedness of
in £? by a TT* argument. The usual T7* argument building on gives an
estimate of the form

i ol [ 56 rte ], 171

which can be rewritten as
) T rR T 4 A
T,Tlll,%l_wo ]l_T’ ]l_R | ]l_T S(t-s)F(s,x) ds| dzdt HFHz:f/;‘

Unfortunately this does not imply the estimate
T
_ <
H [T S(t S)F(s,x)dsH% STIF] o

uniformly in F, even if T is large enough, because the rate of convergence in the
limit may depend on the function F'. Such an estimate would have been enough to
solve the fixed-point equation for .

There is also the negative direction of thinking though. We introduce the nota-
tion k =k, + \/iky € Q. In some way, 2 is two-dimensional over Z (more precisely
it is a free module over Z of rank two). In comparison, the periodic NLS in two
dimensions is mass-critical, and an L* estimate does not hold, see [6]! Thus maybe
an illposedness result in £2 can be achieved instead?

Such an illposedness result is usually (and also in [6]) shown by proving a lower
bound on the first nonlinear term in the Picard iteration,

(1.7) g(t,z) = fOtS(t— $)(1S(8)uo2S (s))uo ds.

On the Fourier side, this term satisfies

t I
geRl= %[ e a0 (ke )io(ks)dt
k1*k2+k}3=k

where

D =2(k; —k)(ks - k).
In the periodic case, those frequency interactions for which ® = 0 are usually called
resonant. In the situation where the frequencies are allowed to take values in €,
there are additional interactions which make ® arbitrarily small but non-zero. We
thus define the resonant set

F(k7N) = {k17k27k3 € Q7k1 - kQ + k?) = k7 |k2,ZL’| < N7 |kz,y| < N7 |®| < 1}

Our second result is the following:
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Theorem 4. For |k|,|k,| < N/2 the resonant set satisfies
(1.8) IT(k,N)| 2 N?*log N.

Theorem [4] is also proven in Section 2] It is not clear to the author whether or
not Theorem [4]is enough to conclude illposedness. He tried by considering similar
initial data as in [6] but did not succeed. It seems to him that the usually applicable
principle of the resonant part being dominant in is not that easy to prove.
Possibly a nonlinear smoothing estimate similar to what is proven in [3| Section 4]
could help in this situation.

Acknowledgements. Funded by the Deutsche Forschungsgemeinschaft (DFG, Ger-
man Research Foundation) — Project- ID 258734477 — SFB 1173.

2. PROOFS OF THEOREMS 1 AND 2
Proof of Theorem [3. Since |[f|%s =] /f?|%2, Plancherel shows

Fo((S(1)9)*) (k)

1S9l - ¥ I

keQ

.12 2172 2
=S| X e ) g ()

keQ ll +l2=k‘

it (124127242 N _—
=5 > e T2 5(11)4(12)§(51)  (2)-
keQ l1+la=7j1+j2=k

1 L,
lim — e dy =

Note that

1, if £€=0,

L=eo 2L J-L 0, else.

Thus, by integrating in time we cancel all non-resonant terms. Defining
Apg={(k1,k2) €k + ko =p, k7 + k3 = q},

we can rewrite
4 . 1 L 4
ISl = Jim = [ 1S@glk,dt
> 3(11)9(12)3(j1)9(j2)
D,q€82 (11,12),(41,52)€Ap,q

YT s

pquQ (l17l2)€Ap,q

We are lead to bound the number of elements in A, , and we claim that this set is
finite independently of p, ¢, more precisely

(2.1) |Apql <4.

If this claim holds we can estimate with Cauchy-Schwarz,

ISl <4 Y X a)Pla)P

P,q€Q (I1,l2)eAp 4
=49l z2
proving Lemma,
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To prove we write ko = p — k1 and investigate the solutions k; € Q) of
@ +V2qy=q=k+(p-k)
=K+ (e —F1a)? +2(KF , + (py = k1))
+2V2( k1 okt + (9o — ko) (py = K1y))-
This reduces to the system of equations
(2.2) Qo = K5 o+ (P2 — k1,0)? +2(k7, + (py — k1,y)?)
(2.3) qy = 2k1 2Ky +2(ps = k1,2) (Py — k1,y)
We rewrite by noticing
2(k7 , + (pr = k10)?) = 4KT , = Apoky o +2p2 = (2k1 0 —p2)” + 3,

and similarly in the y-coordinate, as

(21,0 — pu)® +2(2k1y —py)? = 2q, — P2 — 2p§.

By defining X = 2k1,5 —pa, ¥ = 2k14 — py, and A = 2¢, -p2 - 2p§, this equation
reads

(2.4) X242Y? = A
We turn to . Here we write
2k pk1,y +2(p2 — k1,0)(Dy — k1,y) = 4k1 oK1y + 202Dy — 2(pakiy + Pyki2)
= (P = 2k1.0) (py = 2k1,y) + Papy,
which, by defining B = g, — p.py, transforms into
(2.5) XY =B.
We plug into to obtain the quartic equation
X4t AX%*+2B?=0,
which has at most four solutions, proving . O
Proof of Theorem[4. To prove the inequality define
kig—ky=a,k3z—ky=bkiy—ky=cksy,—ky,=d,
and write Zy = Z n {|k| < N}. Since
D = 2((k1,e = k) (k3.0 = ko) + 2(k1y — ky) (ks = ky)
+V2((k1o — k) (ks — k) + (kso = k) (k1 y — Ky)))
this shows that it is enough to find a lower bound on the cardinality of
T ={a,b,c,deZy,lab+2cd+/2(ad +be)| < 1},

and we claim that
IT| 2 N?log N.
Indeed, write ab + 2cd = p,ad + bc = gq. The number of p, q € Z =2 with

|p+\/§q|£1
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is approximately N2 since the latter condition defines a strip of width 1 and length
approximately N2. We rewrite the transformation ab + 2cd = p, ad + bc = q as

a 2c\(b\ _(p
c aj\d)] \q)°
For each pair (p,q) we find exactly one integer solution (b,d) if

(2.6) a? -2 =1,

because in this case the inverse matrix has integer coefficients. Thus to prove our
claim it is enough to show that there are approximately log N integer solutions of

(2.6).

The Diophantine equation (2.6) is known as Pell’s equation. A special solution

of (2.6) is given by

a = 3, C1 = 2.
Furthermore, we can construct infinitely many more solutions of the equation by

setting
Qpt1) _ 3 4 Gnp
Cn+1 \2 3 Cn '

In particular, we can construct approximately log N many integer solutions of (2.6)
a,c € Zy2, which proves our claim. O
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