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STRONG NORM ERROR BOUNDS FOR QUASILINEAR WAVE
EQUATIONS UNDER WEAK CFL-TYPE CONDITIONS

BENJAMIN DORICH

ABSTRACT. In the present paper we consider a class of quasilinear wave equa-
tions on a smooth, bounded domain. We discretize it in space with isoparamet-
ric finite elements, and apply a semi-implicit Euler and midpoint rule as well as
the exponential Euler and midpoint rule to obtain four fully discrete schemes.
We derive rigorous error bounds of optimal order for the semi-discretization
in space and the fully discrete methods in norms which are stronger than the
classical H' x L? energy norm under weak CFL-type conditions. To confirm
our theoretical findings, we also present numerical experiments.

1. INTRODUCTION

In the present paper we consider the quasilinear wave equation
(1.1) AMu(t, 2))Oqu(t, x) = Au(t,z) + g(t, z, u(t, x), Ou(t, x)),

for t € [0,T], x € Q C RY, N = 1,2,3. We assume the domain € to be bounded
with a sufficiently regular boundary, and impose homogeneous Dirichlet boundary
conditions. We discretize (1.1) in space using isoparametric finite elements, and
employ for the time discretization a semi-implicit Euler and midpoint rule (which
is in this case equivalent to the Crank—Nicolson scheme) as well as an exponential
Euler and midpoint rule. We derive error bounds in norms stronger than the
standard energy H'! x L2-norm.

The first wellposedness results for a large class of quasilinear wave type equation
was given by Kato in [25,26]. This approach was refined in [11] for the problem
(1.1) to account for the state-dependent norms necessary in the analysis. A typical
example in nonlinear acoustics is the model A(u) = 1 —u™ for some m € N. Hence,
in order to ensure A(u) > 0, a key ingredient in the proof is to establish pointwise
bounds on u (as well as Q;u), often via Sobolev’s embedding H? — L*°. To
inherit this property in the spatial discretization, we need pointwise bounds on the
numerical approximations in the error analysis. However, since the finite element
space is not H?2-conforming, we cannot follow the above approach.

So far in the literature, bounds in H' x L? are shown by inverse estimates which
yield a factor h=” for some B > 1 with the spatial mesh width h. This induces
unsatisfactory CFL-type conditions and excludes linear finite elements. In contrast
to this, we adapt the idea from the wellposedness and perform the error analysis
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not in the energy space H' x L?, but employ a discrete version of the H?-norm. A
discrete variant of Sobolev’s embedding and a suitably defined solution space for
the numerical approximation allow us to remove lower bounds on the polynomial
degree of the finite element space and significantly improve the CFL-type condition
compared to the literature. For the temporal step size 7 and the spatial mesh width
h, we show convergence in N = 2 under the restriction 7 < A%, for any « > 0, and
in N = 3 we have 7 < h'/2* for the first-order methods in time and 7 < /4t
for the second-order method. In addition, we fully remove the CFL-type condition
for N =1.

The strategy of the semi discrete proof relies on a bootstrap argument. We set
up a suitable solution space for the numerical approximation, and show that the
initial value lies in this. Instead of the usual choice of interpolated initial values, we
have to use a Ritz map for which we provide a computable alternative of the correct
order. Since we are working with a finite dimensional subspace, this directly yields
local wellposedness up to some time ¢; > 0. On this possibly short time interval,
we prove convergence in the stronger norm, and use this to extend t; beyond T
and to close the argument. For the fully discrete error bounds, this approach is
generalized using an induction argument.

We give a brief overview of the literature on the numerical treatment of quasi-
linear wave equations. In the pioneering works [10,24,27,37], existence of solutions
to quasilinear and nonlinear evolution equations is established, and one can find
approximation rates of the implicit and semi-implicit Euler method. Within an
(extended) Kato framework, optimal order for these methods was achieved in [22]
and rigorous error bounds for the time discretization by higher-order Runge-Kutta
methods are derived in [23,28].

Concerning the spatial discretization, the results in [21] yields optimal order of
convergence for the equation (1.1), however only for polynomials of degree greater
than two. For the strongly damped Westervelt equation, continuous and discontin-
uous Galerkin methods were analyzed in [1,34]. Very recently, mixed finite elements
for the Kuznetsov and Westervelt equations were studied in [33].

In [31], error bounds for two variant of the midpoint rule are derived of optimal
order, but only for polynomials of degree greater than two and under a stronger
CFL-type condition compared to our results. In the case of one-dimensional wave
equation subject to periodic boundary conditions, full discretization error bounds
are established in [19]. A sophisticated energy technique combined with the proper-
ties of the spectral discretization yields convergence without a CFL-type condition.

For a slightly different quasilinear wave equation, optimal error bounds in L? for
continuous finite elements were considered in the literature. One-step methods of
different order are analyzed in [3,4,17], and two-step methods are considered in [5].
For a class of linearly implicit single-step schemes as well as a linearly and a fully
implicit two-step scheme, optimal error bounds are derived in [32]. However, all of
these results require a CFL-type condition at least as strong as 7 < h, and do not
allow for linear finite elements. We expect that our technique can be generalized
to these problems, but this will be part of future research.

The paper is organized as follows: We describe in Section 2 the analytical frame-
work and the space discretization by isoparametric Lagrange finite element, present
the schemes and state our main results. We further show some numerical experi-
ments to confirm our theoretical findings.
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The proof of the spatial convergence rates is given in Section 3, where we first re-
duce the main result to error bounds in a stronger energy norm which is established
afterwards. In Section 4, we extend this technique to the fully discrete case for the
four presented methods. Certain stability estimates and the bounds on the defects
are given in Section 5, and some postponed results are shown in Appendices A to D.

Notation. In the rest of the paper we use the notation
a<b,

if there is a constant C' > 0 independent of the spatial parameter A and the time
step size 7 such that a < Cb, but it may depend on the polynomial degree k. For
the sake of readability, we introduce the notation t” = nr. If it is clear from the
context, we write LP instead of LP(€2) or LP(,).

2. GENERAL SETTING

For a bounded domain @ ¢ RN, N = 1,2,3, with boundary 9Q € C*, s € N,
we study the quasilinear wave equation (1.1) with homogeneous Dirichlet boundary
conditions, and initial values

u(0) = u’, dyu(0) = 2°.
We note that the operator —A is positive and self-adjoint on L?(£2), and we define
the spaces H = L*(Q2) and V = H}(Q). Throughout the paper we impose the

following conditions on the function A and g. Additional requirements are stated
in our main results.

Assumption 2.1.  ()\;) The function A\: R — R satisfies A € C%(R,R).
(A2) There is some radius 7o, > 0 such that there is a constant ¢y = c\(To) > 0
such that

ex < ANa), |z £ T

(g1) The function g: [0, T]x QxRxR — R satisfies g € C?([0, T] x Qx Rx R, R).
(g2) Forx € 9Q and y =z =0 it holds g(t,z,y,z) = 0.

The conditions (A1), (g1) are structural assumptions which allow us to show
crucial stability estimates. The lower bound in (A\2) prevents the degeneracy of
(1.1). The main effort in the discretization and error analysis is to ensure that this
condition is inherited. We note that condition (g2) implies in particular that for
u,v € V one has g(t,u,v) € V, and that all conditions are already required for the
wellposedness. We recall an example for the quasilinear problem (1.1) given in [11].

Example 2.2. Let K € C*(R,R) with 1 + K’(0) > 0 and consider the problem
3tt(u + K(U)) = AU,
for example with the Kerr model K(z) = az3 for a € R. If we rewrite it in the
form (1.1), we obtain
Az) =1+ K'(2), gtz u,v) = — K" (u)v?,

which satisfy Assumption 2.1. Denoting the fractional powers of the Laplacian by
Hy = D((—A)k/ 2), under suitable smallness assumptions on the initial values, the
existence of a solution

u € C([0,T],Hs) N CL([0,T], Hz) N C%([0,T], H1)
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is shown in [11, Thm. 4.1]. O

Equivalently to (1.1), we consider the quasilinear wave equation in first-order
formulation

21 Aly®)owy(t) = Ay(t) + G(t,y(®),  te[0,T],  y= (aﬁ) ’

with initial value y(0) = %° in the product space X =V x H, and

= () 20= (0 ) 4= (3 5) 6= (o)

Remark 2.3. The assumption on the regularity of the boundary is not essential in
the error analysis, which also works on a convex, polygonal domain. Hence, one
could apply a conforming finite element method. However, since the wellposedness
of quasilinear equations requires a regular boundary, we will work in the noncon-
forming framework in the following.

Space discretization. We study the nonconforming space discretization of (2.1)
based on isoparametric finite elements. For further details on this approach, we
refer to [15,16]. In particular, we introduce a shape-regular and quasi-uniform
triangulation 7y, consisting of isoparametric elements of degree & € N and let
0Q € C**+1. The computational domain €2, is given by

Q) = U K ~Q,
KeT,

where the subscript h denotes the maximal diameter of all elements K € T;. In
the following, we require that h is sufficiently small such that all cited results below
hold true. We note that the smallness only depends on the geometry of the domain
Q and the polynomial degree k. The semi-discrete approximations are given by
up(t) = u(t) and vp(t) =~ dsu(t). Based on the transformations Fx mapping the
reference element K to K € Th, we introduce the finite element space of degree k

Wy, = {p € Co() | plx = Po (Fx)~! with ¢ € PF(K) for all K € Tp,}.

Here, 73"([? ) consists of all polynomials on K of degree at most k. The discrete
approximation spaces are given by

Hy= (Wi ([ )peny)s Va= (Wa, (-] ')Hg(gh)),

and we set X, =V, x Hy,.
Following the detailed construction in [16, Sec. 5], we introduce the lift operator
Ly: Hy, — H. In particular, for p € [1,00] there are constants c,, Cp > 0 with

(2.2a) Cp H<Ph||Lp(Qh) < ||£h<ﬂh||Lp(Q) <G H%Hm(gh) ) on € LP (),
(22b) ¢ ||<PhHW1.p(Qh,) < ||[’h90h||leP(Q) <Cp ||(thW11p(Qh,) , on € WHP(Qp),

cf. [16, Prop. 5.8]. By construction, the boundary nodes of €, lie on 92 and zero
boundary conditions are preserved by Ly, see [16, Sec. 8.5]. Further by [15, Sec. 4],
the lift preserves values at the nodes, i.e., in particular

(2.3) InLhon = o0,  @n € Vi,

where we denote the nodal interpolation operator by I, : Co(€2) — V}, and, enriching
the space W}, by basis functions corresponding to the boundary nodes, its extension
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I¢: C(2) — C(Q,). Further, we define the adjoint lift operators £*: H — H,
and LY*: V =V}, by

(2.4a) (L3 1 vn) gy, = (@ | Latn) 12(q) ¢ € H, }y € H,
(2.4b) (EX*SD | 7vbh)vh = (¢ £hq/)h)H5(Q) ) peV, Y, eV,

We note that in the conforming case, i.e. Q = Q, £Z* and L£}* coincide with
the L%-projection mp,: L*(Q) — Hp, and the Ritz projection Ry : HE () — Vi,
respectively, given by

(2.5a) (mnh [ ¥n) g, = (@ | ¥n)2(q,) b € L*(Qn), ¢n € Hn,
(2.5b) (Bat | ¥n)y, = (¢ | W)Hé(gh) ) ¥ € Hy(Qn), ¥n € Va.

For up,v, € V, we define the discrete operator Ap(up): Hp, — Hjp and the
discrete right-hand side g, by

(2.6)  An(un)on = T (InA(Lrun) on),  gn(t,un,vn) = Ing(t, Lyun, Lyvp),

respectively. Denoting by If?h : C(Qp) — V3, the nodal interpolation operator with
the same nodes as Ij,, we have by (2.3) the identity IpA(Lpup) = I,?h)\(uh), and
similarly for gp,. The first-order counterparts of (2.6) are given by

(2.7) yn= (Z:) ;o Anlyn) = (151 )\h(ouh)> o Gnltyn) = (gh(ta ’Sh,vh)) .

Moreover, we show below in Section 2.5 that under certain assumption on uy € V3,
there exists a modified L2-projection Qp,(uyp,): L?(2,) — V4 such that the inverse
of A(up,) is given by

(2.8) A (un)on = Qulun) (InA(Lrun)) ™ on), Ail(yh)_cg A;l(zuh)).

Finally, we introduce the operators Ay : Vi, — Hp and Ay : X, — X}, given by

29— Gun |, = on Lo A= (x, §)0 onvnet

Note that Ay, is symmetric and Ay, is skew-symmetric with respect to Hy and X,
respectively, but they are not uniformly bounded with respect to h. The spatially
discrete quasilinear wave equation in first-order formulation then reads

(2.10) An(yn(t))Oeyn(t) = Apyn(t) + Gr(t, yn), te[0,T],
with the initial value y5(0) = y9.

2.1. Choice of the initial value. As already mentioned, an appropriately chosen
initial value is a key ingredient in the subsequent error analysis. An ideal initial
value would include the adjoint lift operator £} * defined in (2.4b). However, in
order to compute this operator, integrals over the exact domain ) have to be
evaluated.

We thus propose an alternative that involves to use a finite element space of
degree k' > k + 1 denoted by V}, over the computational domain Q. Further, let
Eh and :fh be the corresponding lift and interpolation operators. Then, for u € H?,
we define the modified Ritz map Rpu via

(2.11) (Ehu | SDh)Vh, = (fhu | Zi/;lﬁh,soh) on € V.

~
Vi
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We use this operator together with the interpolation to define the initial value by

0 o .0
o_ (u,\ _ (Rpu

In Appendix A, we prove the following approximation property and discuss the
computation of Ry,.

Proposition 2.4. For u® € H*2(Q) NV, the difference of the adjoint lift L} *
defined in (2.4b) and Ry, in (2.11) satisfies the bound

< Cthrl Hu

£y 0 — EhuoHHl(Qh) + )| AR (LY u® — Ryu®) O s

||L2(Qh)

where the constant C' is independent of h.

We emphasize that the precise construction of the initial value is not important
in the error analysis, but only the bounds obtained in Proposition 2.4. Hence, if we
can compute the adjoint lift exactly, which is the Ritz projection in the conforming
case, then one can also choose u(,)L = C}f*uo. However, we cannot make the standard
choice u% = I,uP, since this would imply the statement of Proposition 2.4 only with
k instead of k + 1.

2.2. Main result for the semi-discretization in space. Before we state our
main error bounds we chose some exponent p*, depending on the dimension N =
1,2,3, as

<oo, N=1,
(2.13) N <p'{<oo, N=2,
<6, N=3.

This choice in particular implies the Sobolev embeddings
(2.14) H' < LV and  H? < WP — [

Our first main result gives an error bound on the spatially discrete solution
defined in (2.10), and the proof is given in Section 3. Recall the fractional powers
of the Dirichlet Laplacian denoted by Hy, = D((—A)*/2).

Theorem 2.5. Let 9Q € C*1, and Assumption 2.1 hold. Further, let the solution

u satisfy
015 u € C([0,T], Hs N H*3(Q)) nC%([0,T],V n WrLee(Q)),
( . ) /\(u) S C([O’T]’ Wk+l’oo(Q))7 g(a u, 615“’) € C([O’T]’ Hk+1(Q))a

and choose the initial value (2.12). Then, there is hg > 0 such that for all h < hg,
it holds for t € [0, T

[u(t) = Lyun(®)llwroe ) + 18cu(t) — Lavn(t)]| g1y < ChF
with a constant C > 0 which is independent of h.

Using (2.14), the theorem implies convergence in the maximum norm for up, and
in L?" for vy, and is in particular applicable to linear finite elements. We note that
the results from the literature so far had the limitation k > 2.
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2.3. Main results for full discretization. We further discuss the convergence
of four different fully discrete schemes. We recall that by 7 > 0 we denote the time
step size and define for n = 0,..., N the times t" = n7, with T'= N7. The fully
discrete approximations are given by u} ~ u(t") and v} ~ d,u(t"). The proofs of
the convergence results are given in Section 4.

Semi-implicit Fuler method. For a variant of the implicit Euler method, we intro-
duce the discrete derivative

(2.16) Or@y = %(a" - a"il), n>1, Orag = ag,

and consider as in [10,22] the semi-implicit Euler method

(2.17) An(yn)0ryp ™ = Ay + Ga(t"yp), n 20,

by freezing the nonlinear parts at the numerical approximation in the last step.
The computation of the next approximation thus only requires the solution of a
linear system. For the analysis we impose the following weak CFL-type condition

(2.18) T < chN/PHeo

with p* from (2.13) and some arbitrary €y > 0. This yields the following convergence
result.

Theorem 2.6. Let 9Q € C*t1, and Assumption 2.1 hold. Further, let the solution
w in addition to (2.15) satisfy

u € C3([0, 71, L*(€),
and choose the initial value (2.12). Then, under the condition (2.18) there are
ho, 70 > 0 such that for all h < hg and T < 719, it holds for 0 <t" <T
[u(t™) = Lyug o oy + 10:u(t™) = Lavill g gy < C (7 + h*)
with a constant C > 0 which is independent of h and 7.

We emphasize that the CFL-type condition in (2.18) is essentially no restriction
for N = 2 since p* can be chosen arbitrarily large due to (2.13). For N = 3, the
CFL roughly yields 7 < h'/2*¢. However, even for k = 1, the error behaves as
T + h, and one would choose 7 ~ h anyway.

Semi-implicit midpoint rule or Crank—Nicolson scheme. As a second-order in time
method, we consider a variant of the midpoint rule proposed in [28]

(2.19a) A @200yt = Ay T+ G2 g >,
with average yZH/ ? and extrapolation QZH/ 2 given by

+1/2 _n+1/2 _
(2.19b) u =L ), o =S - S

The first approximation y! is computed with the Euler method (2.17), and as before,
in every time step only a linear system has to be solved. For the analysis of the
second-order method, we can weaken the CFL-type condition compared to (2.18)
and require only

(2.20) T < chN/?P FEo,
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Theorem 2.7. Let 90 € C**1, and Assumption 2.1 hold. Further, let the solution
u in addition to (2.15) satisfy

u € C*([0,T),Hs) N C*([0,T], Ha2) N C*([0,T], L*(2)),
and choose the initial value (2.12). Then, under the condition (2.20) there are
ho, 79 > 0 such that for all h < hg and 7 < 1q, it holds for 0 < t" <T
[u(t™) = Laup e o) + 185ut™) = Lavp g1y < O +AF),
where C' is independent of h and 7.
Since, there is again essentially no CFL-type condition for N = 2, we only discuss

the case N = 3. We require 7 < h'/4+¢ whereas in [31] not only k > 2 but also
7 < h3/%t¢ has to be imposed.

Ezponential Euler method. We turn to exponential methods which employ the
variation-of-constants formula and an exact evaluation of the matrix exponential
applied to a vector. For the approximation y; =~ y(t"), we use the shorthand
notation A% = A; ' (y?)Aj and consider the method which was proposed in [12]

™= eyl Tou (TAR)Ga(" yi)
= yp, + o1 (TAL) (ASyh + Ay () Ga (" ui)
with the analytic function ¢4 (z) = fol e*” ds. We obtain the following error bound.

Theorem 2.8. Let 90 € C**1, and Assumption 2.1 hold. Further, let the solution
u satisfy (2.15), and choose the initial value (2.12). Then, under the condition
(2.18) there are ho,79 > 0 such that for all h < hg and 7 < 79, it holds for
0<t"<T

lu("™) = Louh o @) + 10u™) = Loavi | g gy < C(7 +1F).,
where C' is independent of h and T.

We note that the CFL-type condition is the same as in the error bound of the
semi-implicit Euler in Theorem 2.6.

Ezxponential midpoint rule. A second-order exponential variant is for example given
by the exponential midpoint rule proposed in [12]. Using the notation in (2.19b),
we define ,
+1/2 .y —1,-n+1/2
AP = AP A,
and consider the scheme

n FARTY2 n+1/2\x —1,-n 2 n —n+1/2
yh+1 =e A Yn +7'80(7'Ah+ / )Ahl(yh+1/ )Gh(t +1/2ayh+ / )
n n+1/2 n+1/2 n —1,-n+1/2 n _n+1/2
=y + (T AL (AR Py A TG gt ).

Employing the techniques established for the proofs of Theorems 2.6 and 2.8, and
combining them with the techniques in [12], allow for a convergence result as in
Theorem 2.7 under the weaker CFL-type condition (2.20).

Theorem 2.9. Let 9Q € C*t1, and Assumption 2.1 hold. Further, let the solution
w in addition to (2.15) satisfy

u e CH([0,T], H*3) n C3([0, T], W*H1>2(Q)) n C*([0, T], H' (Q)),
)‘(u) € CS([OvTLWk-FLOO(Q))v g('au7 8tu) € Cl([O7T]7H2) N CS([OvT]le(Q))a
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and choose the initial value (2.12). Then, under the condition (2.20) there are
ho, 0 > 0 such that for all h < hg and T < 79, it holds for 0 <t" <T

lu(™) = Lauhllwo @y + 100uE™) = Lavi |l o) < O +1*),
where C' is independent of h and T.

2.4. Numerical experiments. To illustrate our theoretical findings, we present
some numerical experiments for the non-exponential methods. We first illustrate
the optimality of our error bounds using a smooth solution, and then consider the
formation of a shock wave.

2.4.1. Smooth solution. Let Q = B1(0) C R? be the two-dimensional unit sphere

and consider equation (1.1) from Example 2.2 with o = —% and data given by
1
u’(x) = 0 sin(7r?)3zy 20, 0 (x) = 0 sin(7r?)3z 29,
1 ~
Aw) =1 = v, g(t,u,v) = wo® + f(1),
where 72 = |x|?. The additional forcing term f is chosen such that the exact

solution is given by

1
u(t,x) = 1—0et sin(7r?)3z, 2s.

A simple calculation shows that the regularity assumptions of Theorems 2.5 to 2.7
are satisfied. The scaling by a factor 10 is used to approximately normalize the
W1°_norm of the solution w.

Discretization. We discretize in space using the mass and stiffness matrices
Q
(Ma(un)), ; = (I Nwn))es | 05) |

(Lh)i,j = (Ve | V‘Pj)LZ(Qh) ’

where we denote by (;); the nodal basis of V},. Then the discrete solution in (2.10)
satisfies

@) (M) ;= (@i [ @5)12(,)

My, (un (£)Deen (t) = —Lyun(t) + MaIi™ g(t, un(t), vn (1)),
by abusing the notation for the coefficient vectors and their corresponding function
in V3. The Euler method in (2.17) is then given for n > 0 by

(M +7°Ly)op ™ = Mjlop — rLyuy + TMuI g(8" uft, o7,

n+l _  n n+1
Uy, = uy, —+—th ,

where we abbreviate M]" = My, (u}). For the fully discrete midpoint rule, (2.19) is
then given for n > 1 by

n 2 n 2
(M2 Lo = (M T La)oft — 7L
£ T My IS (¢ /2 gt )

n+l _ n T n n+1
Uy, —uh+§(vh+vh ),

. : _nt1/2 - —n+1/2 -
denoting the extrapolations by uZJr /2 = Sup — Luy ! and ’UZ+ /2 = Sop — Lo L

and the mass matrix by MZH/Q = M, (ﬂZH/Q). For the step n = 0, we use the
Euler scheme from above. We implemented the numerical experiments in C++ using
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0 | ,
10 10-1 - U
—2 |
6810 2 | 10
=2 —e— k=1 1073
& 1074 _ —— k=2 4
k=3 1077 —e— Euler
A k=23 105 —i— MP
]_0_6* — — LI L 11 1 B B B M M AR UM
102 10—t 100 10=% 1073 1072 107!
maximal mesh width h step size T

FIGURE 1. Left: error E(0.8) of the semi-implicit midpoint rule
(with time step size 7 = 8 - 1074 and 7 = 2.67 - 10~%) combined
with finite elements of order k = 1,2, 3 plotted against the mesh
width h. The dashed lines indicate order h* for k = 1,2, 3. Right:
Error E(0.8) of the semi-implicit Euler method and midpoint rule
combined with finite elements of order k = 3 (h = 1.52 - 1072)
plotted against the time step size 7. The dashed lines indicate
order 1 and 2.

the finite element library deal.Il (version 9.4) [2,6]. A precise description of the
implementation can be found for example in [29, Ch. 6.5.1]. For the implementation
of the initial value in (2.12), we refer to Appendix A. Concerning the computational
costs, let us note that in each step the right-hand side as well as the mass matrix
have to be assemble. The stiffness matrix is stored after assembling it before the
time stepping. In addition, a linear system for the sparse matrix M) + éLh has
to be solved in each step using the conjugate gradient method. The codes written
by Malik Scheifinger under the authors’ supervision to reproduce the experiments
are available at https://doi.org/10.5445/IR/1000163947.

Numerical results. For the problem described above, we performed experiments for
the time and space discretization, where we used finite elements of order k = 1,2, 3.
In the error bounds of Section 2, for N = 2, the norm WP x H' is used for p < 0o
arbitrarily large. Hence, we chose p = oo in our experiments, but note that the
plots were qualitatively very similar for finite p. Since the computation of the lift
of a finite element function is very laborious, and in application usually also not
available, we do not compute the full error in the form L£ju — uj. Instead, in our
numerical examples we consider the error

B(t) = un(t) — Tyu() s gy + [0n(6) = o))l 1

for the nodal interpolation operator I, which is of the same order by the standard
interpolation estimates. Note that in practice, one is only interested in wp, and
the computation of the error here is only relevant to confirm our theoretical error
bounds.

In the left part of Figure 1, the convergence of the error with respect to the
spatial mesh width h is shown when using the semi-implicit midpoint rule with
7 = 8-10~*. We observe that for finite elements of order k the error converges with
order k in space as predicted by Theorems 2.5 and 2.7 until the error for k = 3
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is dominated by the error of the temporal approximation. For k = 3, we ran the
same experiment again with the smaller time step size 7 = 2.67 - 107* to remove
this plateau. Running the same experiment with the semi-implicit Euler method
instead of the midpoint rule, yields a qualitatively similar picture. Due to slower
convergence in time, the error already stagnates at about 1073.

In the right part of Figure 1, we consider the convergence of the error with respect
to the time step size 7 for the semi-implicit Euler method and midpoint rule. In
space, we discretized with finite elements of order £ = 3 and h = 1.52 - 1072 such
that the spatial error is negligible. Aligning to Theorem 2.6, we observe convergence
of order 1 in time for the Euler method and, confirming Theorem 2.7, convergence
of order 2 for the midpoint rule.

2.4.2. Steepening wave. In this second experiment, we consider the formation of a
shock wave which is an often observed phenomenon in nonlinear waves. Since we
are in a bounded domain, we force the wave to form a large gradient close to the
origin. To this end, we chose our data by

W0 (x) = (1 — r2)3 arctan(z1) WO(x) = —(1— r2)3x§‘i11 :
Lo 2, 7
)‘(u):]-*iu ) g(t,u,v):uv +f(t)7
where 2 = |x|2. The additional forcing term f is chosen such that the exact
solution is given by
2.21 t,x) = (1 — )% arctan (——).
(2.21) u(t,x) = (1 —r%)” arc an(l—at)

We observe that for at — 1, the maximum norm of Vu tends to infinity. We
thus simulate up to the end time T = 1 for different, increasing values of o < 1,
and in Figure 2 we depicted the corresponding solutions at the end time. The
discretization in space and time is performed as described in Section 2.4.1.

Numerical results. We restrict ourselves to the approximation quality in the spatial
discretization in this case, and thus apply the semi-implicit midpoint rule with
7 = 8-107% and linear and quadratic finite elements. We then use increasing
values of o = 0.6,0.8,0.9,0.95, which can be translated into simulating closer to
the blow-up point at = 1. We depicted the convergence in Figure 3. In the linear
case, we observe that we obtain a reasonable approximation for moderate values
of «, which correspond to the smooth case. However, when a shock occurs our
method suffers from large errors due to the large gradient. Compared to the linear
polynomials, using quadratic polynomials appears to be advantageous, not only
because of the better resolution near the blow-up, but also because of smaller error
constants. Nevertheless, also in the quadratic case, the error constants become
large for o — 1.

2.5. Additional results for isoparametric finite elements. In this section, we
provide further estimates on the spatially discrete objects which are used through-
out the paper.

As shown in [16, Thm. 5.9], we have for the nodal interpolation operator for
m € {0,1}, 1 <p < oo, and 1 < £ < k the estimates

(222) (= LaZD) el oy S B olpesiniy s p € W),
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FIGURE 2. Plots of the (exact) shock wave solution given in
(2.21) for the final time ¢ = 1 and the different values of o =
0.6,0.8,0.9,0.95.

Further, by [9, Thm. 3.1.6] £ = 0 is allowed for N < p < oo. Another crucial
property of the interpolation concerns the stability when applied to the product of
functions. We give a proof in Appendix B.

Lemma 2.10. Let ¢, € Vi, § > 0, and ¢ € WHNH9(Q). Then,
11n (0 Lrm)ll L2 < Clloll g [[¥nll 2,

[0 (e Lrton)l g < Cllpllwr s [[9nll g s
where the constant C' > 0 is independent of h.

Concerning the adjoint lifts defined in (2.4), we show in Appendix B the following
bounds for 1 </ <k

(2.28) 1e8 el S Il uegen o€ IX(Q),

(2.23b) H(Ih - EhH*WHHh S O ||<P||H2+1(Q) ) e HZH(Q) nv.
An interpolation argument between [16, Lem. 3.8] and [14, Thm. 2.5], yields
@24) 0= Ll Vol S A Ielwrirniy. € HFAQ Y,

for 2 < p < oo, 0< /¥ <k. We will further make use of the inverse estimates, cf.
[8, Thm. 4.5.11] or [30, Lem. 5.6],

(2.25) lenlly, < Ch M lenllzaa,y: lenllpe < RN gy,
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linear elements quadratic elements

102 4
10! 4
S 1
- 10° 4
1071 4
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102 1071 10° 1072 107! 10°
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——a=06—-a=08—4+—a=09—=-—a=0.95

FIGURE 3. Error E(1.0) of the semi-implicit midpoint rule (with
time step size 7 = 8 - 10~*) combined with finite elements of order
k =1 (left) and order k = 2 (right) plotted against the mesh width
h for the values of & = 0.6,0.8,0.9,0.95. The dashed lines indicate
order h or h2, respectively.

for 1 <p<gq< .

For up, € Vi, with ||up || e < Too and ||up||y1.v+s < 7, we define an inner product
for ¢, € L?(Q,) and the corresponding L?-projection Qp,(up): L?(2,) — Vj, used
in (2.8) for ¢y, € Vj, by

(@[ ¥)y, = nA(Lrun) @ | V) 200,y » (Qn(un) | ¥n)y, = @ [ ¥n)y, »
and obtain by the standard techniques for p € [2,00] and ¥ € LP, o € H'(Qy)
(2.26a) ||7Th¢||Lp(Qh) S ||7/’||Lp(9h)a ||7Th90||H1(Q;,) S ||<P||H1(Qh)7
(2.26b)  [[Qn(un)¥ll o) S 1¥leny > N1Qn(un)ell g,y S el -

see for example [35] in the case p = co. The constants are controlled by the norms
of up, in L and WHN+9,

Finally, we introduce the first-order lift operator Lp: WP ()2 — WHP(Q)2,
£ =0,1, 2 < p < oo, the adjoint lift £},: X — X}, and the reference operator
Jp: V xV = X} defined by

(Ly O . (LY 0 (LYo
(227) Lh = ( 0 £h> ) L"h - ( 0 ‘ChH* ) Jh — 0 [/,\{'* )
which are bounded uniformly in h due to (2.2), (2.23), and (2.24). From the proof
of [20, Lem. 4.7], we then obtain the identity
(2.28) Apdn = LA,

which is used several times in the proofs.
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3. ERROR ANALYSIS FOR THE SPACE DISCRETIZATION

In this section, we give the proof of Theorem 2.5. We decompose the error into

y(t) — Lryn(t) = (Id — LnJn)y(t) + Lr (Jny(t) — yu(t))
=tey, (t) -+ Eheh(t),

where the projection error ey, is easily bounded using (2.24). The first part of
the proof consists in reducing the bound on |lep |10+ g1 to an estimate in the
stronger norm induced by [|Ap-[| y, , and not in the standard Xj-norm.

The second part consists in establishing the stronger norm bound on [[Apen|| x,
in Section 3.2. We note that a key idea is to set up an appropriate solution space
for the numerical approximation, see (3.3) below, which allows for an appropriate
formulation of the error equation. We give a detailed explanation in Remark 3.6.

3.1. Reduction to stronger norm estimates. For p* defined in (2.13), we chose
some fixed § > 0 such that

1 1 1
3.1 - - <=
(3.1) 2 N+6 7~ p*’
a radius ro < Too from Assumption 2.1, and another radius . > 0, such that
(32) Hu||L°°(L°°) < Too, and maX{||UHLoc(WLN+6) ) HaﬁuHLOC(Wl«N+5)} < %fon
where [z o x) = maxo, 1) [|z(t)]| . We denote by ¢} the time with

t, =sup{t € [0,T] | sup ||Lrun(s)|| e~ < Too and

s€0,t]

3.3

(3:3) sup [1nun()loprss s SUp [1Lnon()lprnes <00}
s€[0,t] s€[0,t]

We assume for a moment that the set is not empty and hence ¢; > 0, see Proposi-
tion 3.5. The following result is a direct consequence of Lemma 2.10 and the key
ingredient to ensure wellposedness of the discrete equation. In addition, it enables
us to employ energy techniques in the error analysis.

Lemma 3.1. Let Assumption 2.1 hold. We have fort € [0,¢], 1 < p < o0, and
7 =0,1 the bounds

107 (wn @) enl o < Cxllenllpn s 102X wn@)enll 1 < Cx llenllpo

A (un @) enl o < Oxllonllgn s A wn()en| o < Cx llpnll o s

with a constant Cy > 0 depending only on X, its derivatives and Too,7l,, but is
independent of h and tj .

Proof. We use the definition of A, and A, ' in (2.6) and (2.8), respectively, to
conclude the assertion from Assumption 2.1, the stability in (2.26), the interpolation
property (2.22), and (3.3). O

Making extensive use of Lemma 3.1, we show via energy techniques in Section 3.2
the following error bound on

(3.4) (||Ah (L) ult) — Uh(t))Hng + ||y Opu(t) — Uh(t)Hil)l/Q = ||Aheh(t)||X}L.

Note that initially the result is only valid as long as the bounds in (3.3) hold.



STRONG NORM ERROR BOUNDS FOR QUASILINEAR WAVE EQUATIONS 15

Proposition 3.2. Under the assumptions of Theorem 2.5, it holds for 0 <t < tj
HAheh(t)HXh S Chk,
where C' is independent of h and tj .

From this bound, we are able to extract convergence as well as to extend the final
time ¢; beyond T for sufficiently small h. Concerning uy, we show in the following
lemma how to obtain convergence in the maximum norm and first-order Sobolev
norms, but postpone the proof to Appendix C. Further, we may directly deduce
the bounds on uy, in (3.3). Note that this lemma can be seen as a discrete analogue
to (2.14), and is an improved variant of the results in [7,13]. Similar bounds were
already shown in [18, Thm. 1.12] and [36, Thm. 3].

Lemma 3.3. Let p* be given by (2.13). Then, there is a constant C independent
of h such that

||‘Ph||Loo(szh) + llonllypree @n) = C ||Ah‘Ph||L2(Qh)
for all oy, € V. In the case N = 3, the statement also holds for p* = 6.

A further ingredient in the proof of the main result is to employ the H'-bound
on vy, in Proposition 3.2 to derive boundedness in L> and WV *9 and thus extend
the final time ¢7 .

Lemma 3.4. Let p;, € Vi, and ¢ € WFHL2(Q) NV, and assume that
Vi k
Then, we have for p* defined in (2.13) and & chosen in (3.1)
1Lhenll o) < 0Nl oo () + ChF=N/IP",
||£h§0h||W1vN+5(Q) < ||50||W1,N+6(Q) + OhkiN/p*,
with a constant C independent of h.

Since k > 1, the choice in (2.13) enables to us to deduce the desired bounds (3.3)
in L> and WH N+ from approximation properties in H', and hence allows us to
extend the final time ¢} .

Proof of Lemma 3.4. For v, € V}, we combine the inverse estimate (2.25) and the
Sobolev embedding H'(€,) < L?" (), and conclude by (3.1)

(3.6a) nll oo () < Ch-N/P" Unll ot ) < Ch—N/p* A
(3:6b)  ¥nllwivrsany < OBV FIN byl g,y < CHTY 1nl -

with a constant C independent of h. For the desired bound, we expand with the
adjoint lift £}* and obtain by (2.24)

||£h<Ph||Loo(Q) < ||<P\|Loc(sz) + HSO - ﬁhﬁ;‘{*<ﬁHLw(Sz) + Hﬁhﬁx*s@ - ﬁhs@hHLw(Q)
< el ooy + Ch* lellwerooy +C [ @hHLw(Qh) ,

Since L} *p — ¢n € Vi, the first assertion then follows from (3.6a) together with
(3.5). The second estimate is derived fully analogously. O

Hence, once we have shown Proposition 3.2, we can give the proof of our first
main result.
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Proof of Theorem 2.5. Inserting the adjoint lift, we obtain for ¢ € [0, ¢}] with (2.24),
(3.4), and Lemma 3.3 the bound

Ju(t) = Lo @l < |04 = £2LL)0(®) i1 e+ CllAnen(Bllx, < ChE,
and similarly

[90u(t) — Lavn (@)l < |0 = LY )OO+ C Anen(Dx, < OB,

with a constant C independent of h and ¢;. Hence, it remains to show t; = T.
Combining the bounds in Proposition 3.2 and Lemma 3.3, we show by (3.2) for h
sufficiently small that

[ Lnun ()l Lo ) < lulth)ll oo o) + Ch* < T,
ILnun () llrvs iy < N1ulh)llrves ) + CRE <l
as well as with Proposition 3.2 and Lemma 3.4
Hﬁhvh(tm”Wl,Nﬂ(Q) < ”atu(t;:)”WLNJré(Q) +CHNPT < Tho-

Thus, the continuity of the discrete solution y;, and the equivalence of all norms in
finite dimensional spaces yields ¢j > T'. In particular, the statement of Theorem 2.5
is true for ¢ € [0, T]. O

3.2. Proof of Proposition 3.2. The rest of this section is devoted to the proof of
Proposition 3.2. The first step is to show that the set defined in (3.3) is not empty.

Proposition 3.5. The initial error satisfies
1Anen(0)]x, < CR¥,
where C' is independent of h. In particular, it holds 0 < t; <T.

Proof. The bound directly follows from the choice (2.12), the interpolation proper-
ties in (2.22), and the bounds in Proposition 2.4. To show that ¢} > 0, we proceed
as in the proof of Theorem 2.5 with ¢ = 0 instead of t = ¢ . (]

With the aid of Lemma 3.1, we are able to define with Ay (yp) from (2.7) the
state-dependent inner products

(on | ¥n)a, + = An(yn(®))en | ¥n)x, » t €[0,t3], n, ¥n € Xh.
The corresponding norm is equivalent to the norm of X, i.e., we have
(3.7) cean lenlly, < llenlla, + < Cnnllenllx, > t€[0,t;], on € X,

with the constants from Lemma 3.1.

Error equation. We study the bound on the discrete error e; and derive an
evolution equation for it. Inserting the projected solution Jpy of (2.1) in (2.10), we
obtain

An(yn(t)) Jn0y(t) = AnJny(t) + Gilt, Jny) + (An(yn(t)) — An(Jny(t))) Jndy(t)
+ 0p(t)
with defect
5n(t) = (An(Jny(t))Jn — JnA(y(t)))dey(t)

(38) + (JnA = Ann)y(t) + (JnG(t,y) — Gi(t, Jny))-
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This leads us to the error equation

(3.9) An(yn(t))Oren(t) = Anen(t) + Tn(t) + 6n(t),

where the stability term is given by

(3.10) Ti(t) = (Gn(t, Jay(t)) — Gu(t,yn(t))) + (An(yn(t)) — An(Tny(2))) Tndey(t)-

Remark 3.6. Let us explain the main differences to the error analysis presented by
Maier and Hochbruck [21,31] and Makridakis [32]. In [21,31], instead of Ap(ys)
they use Ay (Iy) which has the properties from Lemma 3.1. However, to bound
the stability term, inverse inequalities are used which induce restrictions on the
polynomial degree and also the CFL-type condition. Our technique is more related
to [32], where bounds on ||up||;1.. replace (3.3).

However, in both approaches the error analysis is performed in H' x L?. They
thus have to impose stronger CFL-type conditions to close the argument. %

We introduce the state-dependent operator
An(t) = Ay (yn (1) An
and define the modified error as
en(t) = Apn(t)en(t).

Differentiating the term Ay (yp (¢))en(t) and using (3.9), leads to the following mod-
ified error equation

A (yn(t)0cen(t) = Anen(t) — (OrAn(yn(t)))en(t)
+ AR AL (yn () (Ta(t) + 8u(2))-

We state two results on the stability term and the defect, and postpone their proofs
to Section 5.

(3.11)

Lemma 3.7. For 0 <t <t} it holds
JAWTH (0], < CllAren(®)lx,
with a constant C' independent of h and tj .
Similarly, we show the optimal error bound of the defect in the stronger norm.
Lemma 3.8. For 0 <t <t} it holds
1ARGH (8)]l x, < CRF
with a constant C independent of h and tj .

In addition, we note that by (2.7) and Lemma 3.1 there is a constant C' inde-
pendent of h and ¢} such that for all x;, € X}, it holds

(3.12) [AnAR(yn(t))znlx, < CllAllx, . 0<t <1

With these two lemmas and the bound on the initial error in Proposition 3.5, we
conclude the remaining estimate.

Proof of Proposition 3.2. We first compute
O eI, .« = ((OeAn(yn(t)en(t) | en(t) x, +2(An(yn(t)den(t) | €n(t))x, -
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Inserting the error equation (3.11), we use the skew-symmetry of A; and combine
the bounds in (3.12) and Lemmas 3.1, 3.7, and 3.8 to obtain

allen )}, . < Clen®)l3, . + Ch*".

The application of a Gronwall lemma together with Proposition 3.5 and (3.7) then
yields the assertion. [

4. ERROR ANALYSIS FOR THE FULL DISCRETIZATION

We carry over the results and techniques established in the last section to the
fully discrete schemes. We work with a discrete analogous of (3.3) given by a final
time step n* which allows us to perform the next time step to ¢* *1, that is

*

n* = maX{O <n<N-1| kgé?i{,n HﬁhuﬁHLm < Two, and
(4.1)

EhaTuZHWLNH} < rgo}

N max{thu’,jHWLNH ' EthHWLN“ y

In particular, we will establish n* > N —1. Note that by (2.16) formally, we have to
show that n* > 1 for the last term in (4.1), which can be interpreted as providing
both the base cases n = 0,1 in the induction. However, the case n = 0 is already
covered by Proposition 3.2, such that the set in (4.1) is not empty, and it holds
n* > 0.

Further, note that similar to Lemma 3.1 we conclude from the bounds in (4.1)
that for 0 <n <n*, 1 <p<oo, and j =0,1 it holds

42)  [JoIx(up)enl < Oxllenlle s [[03N (widenll 1 < Oxllnll o,

and the bounds in Lemma 3.1 in the H'-norm remain valid.

Throughout this section, we employ several times the estimate from Lemma 3.3,
and also a straightforward extension of Lemma 3.4 including the temporal conver-
gence rate.

Lemma 4.1. Let ¢, € Vi, and o € WETL(Q) NV, and assume that for some
¢ e {1,2} it holds

1£Y "6 = enll i1 g,y < C (7 +15).
Then, we have
1£nnll Loe ) < 6l Lo ) + Ch=N/P" (74 + B,
|Lnonll sy < I@llwves oy + ChNP (4 hF),
with a constant C independent of h and T.

4.1. Euler. First note that for the Euler method (2.17), we have by construction
aTuZ = v’,j such that it is sufficient to check the first three conditions. As above, we
define the discrete error by e} = Jpy(t") —y;' and aim to show as in Proposition 3.2
the following bound.

Proposition 4.2. Under the assumptions of Theorem 2.6, for 0 <n < n* +1 it
holds the bound

[Anehly, < O(r+h"),

where C' is independent of h, T and n*.
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As in the spatially discrete case, this estimate allows us to immediately conclude
our main result.

Proof of Theorem 2.6. We proceed along the lines of the proof of Theorem 2.5 to
conclude the convergence up to t" *1. In addition, Lemma 3.3 and the CFL-type
condition (2.18) together with Lemma 4.1 for ¢ = 1 further allow us to prove
n* > N — 1 for h, T sufficiently small, and the assertion is shown for all n. (Il

The rest of this section is devoted to the proof of Proposition 4.2. In order to
derive the error equation, we insert the projected exact solution Jpy of (2.1) in the
scheme (2.17) and derive

An(y) Tndry (™) = ApJpy(E" 1) + Gu(t™, Jy(t"))
+ (An (i) = An(Tny (") Tndry (") + 0
with defect gt ! = 5}?'& + 5?'5111 given by
(4.3a) 52”51 = (JhA = Apdpn)y(t" ) + LG, y(t")) — Gr(t™, Jry(t™))
+ (An(Jny(t")In — JnA(y(t"))) O-y(t" ),
(4.3b) Ol = JAE))Ory (") = JA )yt
+ Gy (")) — TG, y(t)).
This yields the discrete error equation
(4.4) An(y)orep™ = Aper™™ 4 T3 4 ontt
where the stability term is given by
(45) T = (Gt Tny(t")) = Gult" yn)) + (An(97) — A (Tay(E™)) Tudy(t™ ).

In order to obtain a recursion for eZH, we recall the state-dependent operator and

define the corresponding resolvent

n - n n -1
(4.6) = Ahl(yh)Ah, Rgyn = (I — TAh) .
A simple calculation shows that for the inner product
(en | ¥n),, = (An(yp)en | ¥n)x, » ©n, Yn € Xp,

which satisfies by (4.1) the same bounds as in (3.7), we obtain
[Reunenll, < llenll,
and rewrite (4.4) as
ep™ = Rpunel + TRean A () (Th + 054 ).
Since A’ commutes with Rg, ,, we obtain
Alept! = RpunAler + TRuwn ALAL (uh) (Th + 05t t)

which has to be resolved. Proceeding as in Lemma 3.7, and noting that for any
norm it holds

(4.7) 19y (")l <, _ max | 10y (DI

[tn—l’tn
we have for 0 < n < n* the stability bound
”AhFZHXh <C ||AheZHXh



20 B. DORICH

with a constant C independent of h, 7 and n*. Similarly, we show the optimal
consistency error of the defect in the stronger norm, see Section 5 for the proof.

Lemma 4.3. For 0 <n <n* it holds

(EVLy

i llx, s Cr+ 1Y)

with a constant C independent of h, T and n*.
Hence, we have already established the estimate
k
(4.8) A% er ], < IAReRl, + O [Aneklly, +Cr(r + ),
and the last step towards the main result is to change the norms.
Lemma 4.4. For 1 <n <n* it holds for all o, € V},
A% enll, < 1+ C7) AL onl],,
with a constant C independent of h, T and n*.
Proof. Expanding the norm as
2 _
A% @nll, = (Anen | Ay () Anen) x,
_ 2 _
= || AL onl|_, + 7 (Anen | 37Ah1(yg)Ah<Ph)Xh
and using (4.2) several times, gives the assertion. ]

With this we are able to proof the estimate on AheZ“.

Proof of Proposition 4.2. We first consider the case n* = 0. Hence, (4.8) withn =0
directly yields the assertion without the use of Lemma 4.4 and hence without any
bound on d,uf. With this, we established n* > 1.

In the case n* > 1, we employ Lemma 4.4 in (4.8) and make use of the norm
equivalences to obtain

|A%er ], < 0+ COn)[|A e,y + O (r + h").
Resolving the recursion and using Proposition 3.5 yields the result. (]

4.2. Midpoint. The proof is very similar to the Euler method and hence, we only
sketch the relevant details. First note that by construction in (2.19) it holds

Dy, = 5 (v + 05,7,

such that the last bound in (4.1) does not have to be shown separately. Again, we
aim at the following bound.

Proposition 4.5. Under the assumptions of Theorem 2.7, for 0 <n < n* +1 it
holds the bound

ekl < €624+,
where C' is independent of h, T and n*.

Combining Lemma 4.1 with the weaker CFL-type condition (2.20) yields the
convergence result.

Proof of Theorem 2.7. As in the proof of Theorem 2.6, the convergence follows
directly. To show that n* > N —1, we employ Lemma 4.1 with £ = 2 together with
the CFL-type condition (2.20). O
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Hence, it remains to show Proposition 4.5. As for the Euler method, we derive
the following error equation

(4.9) M )0t = Anel T T+ B
with a stability term similar to the one in (4.5) satisfying
(4.10) IARTx, < C(IAnehlx, + [|Aner ™ |5, )

and a composed defect 67! = (5”“ + 6"“ The first component is basically the
same as JZEI (4.3b), and the second satisfies

T = A0 () — T () (1)
(4.11) + JA (Y 2) = Fy () + y (™),
DG,y () = S G, g ),
such that we derive in Section 5 the desired order of convergence.
Lemma 4.6. For 0 <n <n* it holds
485, < O + 1)
with a constant C independent of h, T and n*.

We solve for e ™! in the error equation (4.9) and define for the solution-dependent

operator AnJrl/2 A, (5" /2) Ay, the maps
+1/2 _
Rint1ye =1+ LA} 2 Ry = R,}n+1/272+,n+1/2~
A simple calculation shows that for the inner product

(Qﬁn | wh)n+1/2 — (Ah( n+1/2)§0n | wh)Xha <Pna¢h S Xh7

we have
||R:,1n+1/2‘ph“n+1/2 < Hcph||n+1/2, ||Rm7"+1/290h||n+1/2 - ”‘Ph”n+1/2'
Rewriting (4.9) and multiplying by AZH/ 2, we obtain
An+1/2eﬁ
et AN G (0 4 55

Finally, we have as in Lemma 4.4 the following bound when changing the norm.

n+1/2 n41
Ah €n = Rm n+1/2

(4.12)
+7TR_

Lemma 4.7. For 1 <n <n* it holds

A2 (1+C7)|| A} ?on

‘ph||n+1/2 n—1/2

with a constant C independent of h, T and n*.

Proof. First note that

IA

3 l19rubll e + 3 197 ] e

10- Gk = 50Dl

as well as

e = 3un~ [l = [luk + 500k e -
This allows us to proceed as in Lemma 4.4 and to bound 97 Ay, (3 ”+1/2) 7 =0,1,
and the inverse A; ' (g"+1/2). O
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We are then able to conclude the error bound for the midpoint rule.

Proof of Proposition 4.5. Using the error equation (4.12), we employ Lemmas 4.6
and 4.7 and (4.10) to obtain

HAZH/%ZHHHH/Z <(1+ Cr)||A7}171/2e}§|\n_1/2

+ CT(HAhBZHXh + [|Apep Hxh) +COr (72 + F).

With the bound on Aye) from Proposition 3.5 and using the fact the first step is
given by the Euler method, we obtain with Proposition 4.2

1Anerllx, < Cr(r+h%),
which yields by a Gronwall lemma the assertion. (I

4.3. Exponential Euler. For the exponential method, we apply a similar ap-
proach and derive the necessary bound in the stronger energy norm. However,
there is no direct relation to the discrete derivatives of the error. In this case, we
have to prove an additional error estimate.

Proposition 4.8. Under the assumptions of Theorem 2.8, for 0 < n < n* 41
there hold the bounds

[Anerly, < C(r+h"),
and for1<n<n*+1

[0-ei ]|, < C(r+h5),
where C' is independent of h, T and n*.

Once this is established, the last main result directly follows.

Proof of Theorem 2.8. In order to conclude the convergence rates, we only employ
the first estimate in Proposition 4.8. To show n* > N — 1, again the first estimate
allows us to guarantee the first three bounds in (4.1). The bound on L;d,uf
follows from the second estimate in Proposition 4.8 combined with Lemma 4.1 and
the CFL-type condition (2.18). O

The rest of this section is devoted to the proof of Proposition 4.8. We introduce
the auxiliary approximation g™ (t"™ + s) for s € [0, 7] as the solution of

(4.13) An(yp)0wg" (1" +s) = Ang" (" + 5) + Gu(t", yy), 9" (") =

and thus satisfies " (t"+7) = yﬁ“. In order to derive the error equation, we insert
the projected exact solution Jyy in (4.13)

An(yp) JnOy(t™ + 8) = ApJpy(t™ + s) + Gp(t", Jry(t™))
+ (An(y) = An(Iny (™)) JnOey(t" + 5) + Ot (8" + s)
with defect dpia, = 52}1{& + 5?:51311 given by
S e (1" 4 8) = (JnA — ApJn)y(t" + s) + JuG(", y(t")) — Gr(t", Jny(t"))
+ (An(Jny(t™))In — JnA(y(t"))) ey (" + ),
O b (t" +8) = TRA(y(t™)Dey(t" + )= < TpA(y(t" + 5)Opy(t" + 5)
+ LGt + s, y(t" + 5)) — JLG{E", y(t"™)).
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Similarly, we define the auxiliary error by

ER(t" + 8) = Jpy(t" +5) — g (t" +5), ER{t") =ep, et +71) =e€p
This yields the discrete error equation for s € [0, 7]
(4.14) An(yp)oeen(t™ +s) = Apep(t" +s) + TR (" +s) + 5giElu(t” +s)
with stability term
TR +5) = (Galt™, Ty (") =Gt )+ (An(h) ATy (7)) Tndea((£"+5).
Using the variation-of-constants formula with the state-dependent operator defined
in (4.6), we obtain from (4.14)

En(t" + 5) = ™Al + / ) AN () (TR (" + 0) + 0t (t" + o)) do.

0

To obtain the error bounds stated in Proposition 4.8, we need the following two
estimates which follow along the lines of Lemmas 3.7 and 4.3: For 0 < n < n* it
holds

(4.152) sup [ARTR (" + 8)llx, < ClAneplx,
sel0,7
(4.15b) s%p] | AR, (" + S)HXh < C(r+h"),
sel0,7

with a constant C' independent of h, 7 and n*. This allows us to conclude the
bounds in the two stronger norms.

Proof of Proposition 4.8. We proceed as in the proof of Proposition 4.2 in order to
obtain the bound on Apé} in the form

(4.16) sup ||Axép(t" +5)Hxh <C(r+h"),

s€[0,7]
which implies the first statement in the proposition. For the discrete derivative of
the error we employ (4.7), (4.14), and (4.15) to conclude

Io-cillx, < gp 19 C"+ 9,

+CAnegllx, +C(7+15)

< C sup ]HAhéZ(t" + S)Hxh

s€lo,7
< C(r+ 1Y),
where we used (4.16) in the last step. O

4.4. Exponential midpoint rule. For the exponential midpoint rule, we combine
the approaches presented for the semi-implicit midpoint rule and the exponential
Euler method. In particular, we have to prove error bounds in the stronger norm
as well as for the discrete derivative of the error.

Proposition 4.9. Under the assumptions of Theorem 2.9, for 0 < n < n* 41
there hold the bounds

[Aneh |y, < C(7° + "),
and for 1 <n<n*+1
[0-¢pl x, < C(r* +hF),

where C' is independent of h, T and n*.
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Once this is established, the last main result directly follows.

Proof of Theorem 2.9. We only combine the argument presented in the proofs of
Theorems 2.7 and 2.8 to conclude the assertion. O

The rest of this section is devoted to the proof of Proposition 4.9. We introduce
the auxiliary approximation §"(t" + s) for s € [0, 7] as the solution of

(4.17) A @0 (" + s) = Apg(t" + 5) + Gu (¢ T2, g7

with §"(¢") = y2, and thus satisfies §"(t" +7) = y;'"'. In order to derive the error
equation, we insert the projected exact solution Jy in (4.17) and conclude

An(@ ) ThBey (8" + ) = ApJuy(t" + 5) + Gp(tHY/2, T+ /2)
+ (A 2) = An(Ing" ) Jndy(E" + 5) + O (" + 5)
with defect ophl = 523&4 + 5Z)E>1(M71 + 5Z)E>1(M72 given by
52:&(1\/{@" +3s) = (JhA — AhJ;L)y(t" +s)+ JhG(tn+1/2, ﬂn+1/2) — Gh(thrl/z, Jhg”“/Q)
+ (AR (g T2 In = TG ) By (" + 9),
O it (1" + 8) = MG T2y (8" + 5) = TaA(y (") Dy (1" + 5)
I GE 2y (EY2) = G gy,
O b2 (1" + 8) = T A(y(1" T 2) Oy (8" + 5) — JuA(y(t" + 9))0ey(t” + 5)
+ Gt + 5, y(t" + 5)) — J G T2y (1 T/2)).
Deriving the error equation and using the variation-of-constants formula, we obtain
with the state-dependent operator AZ+1/2 = A;l(gZH/Q)Ah
62+1 _ eTAZ+1/26,Z +/ e(T—U)AV;'L+1/2A}71(g}TLL+1/2)(Fz(tn + O') _’_6]75;:1\1/1(1571 +J)) do
0
with stability term
DR(t" + 5) 1= Gyt Y2, Tyt /2) — G (e T2 g1 /%)
+ (M@ ™) = ARy 2) Dy (1 + 5).

Unlike for the exponential Euler method, one has to pay more attention to the
derivation of the error bound on the discrete derivatives. In order to show the
error bound, we do not only apply AZH/ % to the error equation, but also apply the
discrete derivative 0. In a straightforward manner, one can derive the following
auxiliary result.

Lemma 4.10. Under the assumptions of Theorem 2.9, it holds for 0 <o < T
AnHL/2 AnHL/2
107 (7% i) — e 0rgp]| . < CTllAngillx,
with a constant C independent of h, T and n*.

This leads to several error terms which appeared above similarly. Along the lines
of Lemmas 3.7, 4.3, and 4.6 we immediately conclude the following bounds: For
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0 < n < n* the stability terms are bounded by

(4.18a) :%P] IARTH (" +9) ] x, < C(lAneqllx, + |Aner |y, )
(4.18b) zl[lp] |0 TR(E" + ) x, <C > o-enlls, + el x, s
s j€{n—1,n}

and further the defects satisfy

(4.19a) S%p ARG B (" + )|, + ’s%p 007 e (87 + 5)] [, < Ch*,
(4.19b) zt[gp ARG Fan 1 (8" + 9)]| ., + zup 10:87 Eai 1 (8" +5)||, < COT2,
(4.19¢) Sup ||Ah57 ExM, o(t" + S)HXh <Cm

sef0,T

with a constant C' independent of h, 7 and n*. The main difficulty is to extract the
additional order of convergence in the defect 07 ;. We show in Section 5 the
following lemma.

Lemma 4.11. Under the assumptions of Theorem 2.9 it holds
n T r—o)A" Y n n n
HA +1/2/ el an 2Ah (Y, +1/2)5TEEM2(t +U)) dUHXh <C7°,
H/ olm— U)An+1/2A (¥ n+1/2)8 5:2'11M2(tn+0)) dUHXh < CTS,

with a constant C independent of h, T and n*.

From this, we conclude the error bounds in Proposition 4.9.

Proof of Proposition 4.9. Following the lines of the preceding proofs of Proposi-
tions 4.5 and 4.8, one establishes the error bound on [[Axe |y, . Applying the
discrete derivative to the error equation and employing the bounds in Lemma 4.10
combined with (4.18) and (4.19) yields

0,657 =& o ek [ el A AL G 0, 0 (1 4 0) do -+ A,
0
where the remainder term A} satisfies
1A%k, < Cr(llo-eqllx, + |0-en~ ) + CT(r? + h*).
Finally, the application of Lemma 4.11 yields the desired estimate on ||d;€}! | X, and
O

closes the proof.

5. ESTIMATES FOR STABILITY TERMS AND DEFECTS

This section is devoted to the proofs of the postponed stability and consistency
estimate from Sections 3 and 4.
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5.1. Stability. In the following, we give a detailed proof for the stability term
given in (3.10). We emphasize that the corresponding bounds used in Section 4,
are derived fully analogously, and we thus refrain from giving the details here.

Proof of Lemma 3.7. We consider the two contributions of ', in (3.10) separately.
(a) We first note by (2.6) and (2.7) that

Ing(t, Lo LY u, Ly LY *Ou) — Ing(t, Lrup, £
An(Gi(t, Jny) — Glt,yn)) = ( ng(t, LrLy ", Ly éu) ng(t, Lnun hvh)>.

Without loss of generality, we show the assertion only for g(¢, u, Ou) = g(dsu), and
obtain

| AL (Gr(t, Jny) — Gu(t,yn)) HX;L
= |[Ing(LrL) *Opu) — Ihg(ﬁh”h)th,

1
= HIh (/ g’(aﬁhﬁ,‘{*atu —+ (1 — U)ﬁhvh) do (ﬁhﬁx*a{u — Ehvh)) ||Vh
0

1
< H/g'(o—chq*atu + (1= 0)Lyvn) do|| i wss || Lr LY Oru — Livny,
0

where we used Lemma 2.10 for the last estimate. The latter term is estimated with
(3.4) by Apep, in the Xj-norm. For the integral part, we use the stability of £, £} *
in (2.24) with £ = 0 to bound it by a constant depending on the W N*%_norms of
Oru and vy. Hence, the bounds in (3.3) yield the stability for Gy,.

(b) Next, we consider by (2.6) and (2.7)

Ah (Ah(Jhy(t)) _Ah(yh(t))Jhaty(t) _ <7Th (Ih ()\(’Ch’cx*u) ; )\(Ehuh))'c}l/*afu>> ,

and estimate with the stability of the L2-projection in (2.26) and of the interpolation
(2.22), the algebra property of W+ and the stability of £}* in (2.24)

([ An (An(Tny(t) — Mn(yn () Tn0ey(1)|| .,
<C H (A(ﬁhﬁx*u) - )‘(Lhuh)HleNM ||£X*3t2u||WLN+5
<C Hﬁx*u - uhHW1,N+5 Hatzuuwl,z\urs )

with a constant depending on the W1 N*%_-norms of u and uy. Using Lemma 3.3
and (3.4), the first term is bounded by Apey in the Xp,-norm. O

5.2. Defects. We first estimate the spatial defect (3.8) which will reappear in a
modified form in the defects of the full discretization.

Proof of Lemma 3.8. (a) We compute with (2.27) and (2.28)

(ﬁﬁ“—ﬁﬁﬂAu)
0

and, inserting the interpolation, estimate with (2.22), (2.23), (2.24), and (2.25),
|An(JnA — Ath)y(t)HXh < OB || Aul| gt -

AAhAAMwMﬂAM%EDAMU<
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(b) As above, we only consider the case g(t,u,0u) = ¢g(0;u) and obtain with
(2.6) and (2.7)

Vi _ Vx
An(JnG(t,y) — Gr(t, Jny)) = (Eh 9(0) Iohg(ﬁhﬁh 8tu)) .

From this, we conclude with (2.22) and (2.24)
AL (JnG(t,y) — Ga(t: Tay) |,
<Ly = 1n)g(@w) ||y, + [[Ing(Beu) — Ing(LnLy* Opu

<ChF | g(0u)ll gruss + C ||(1d — LoLY )0y 1. o
< C(Ilg(de) || grss + |0t yrnsr.oe ) B,

v,

which gives the desired convergence rate.
(¢) We compute with (2.6) and (2.7)

Vx 2 _ Vx V%92
An(InA(y) = Mu(Jny) Jn) Oy = <Eh Ao 7rh(IhoA('Ch'Ch R 8tu)>,

such that again (2.22), (2.23) and (2.24) yield the estimate
| A (JnA(y) — Ah(Jhy)Jh)ﬁtyHXh
< ey = E M@kl + 1L - muy AW,
+[|Mw)dFu — L ALR Ly ) Lh Ly 0 ul|
< CUNW e - |07 yyur, o) BE + RTH(CR = T Ly )M w)OFul| -

The last term is estimated using [16, Lem. 8.24] to obtain
IR = Al S W 15 Al
S I = A @)+ BE ([T A(w)OFul|,

and (2.22) together with (B.2) gives the desired bound. O

For the fully discrete defects, we rely on further Lipschitz bounds of the nonlin-
earities A and G which we collect in the next lemma. Since, we work in a first-order
framework we denote in the following for any function x € X, the projection onto
the first and second component by x1 or xs, respectively.

Lemma 5.1. Let x,y,z € X, and let Assumption 2.1 hold.
(a) If 1,91, 20 € WH(Q), then

1A = A2l < Ol — il

where the constant depends on the WY -norms of x1, 1, z2.
(b) If z1, 22, y1,y2 € WH(Q), then

[A(G(t ) = G(s,9) |y < C(1t = sl + o1 = wnll g o) + 22 = v2ll i1 ()

where the constant depends on the WH>®-norms of x1,x2,y1,ya.
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Proof. We expand the difference in part (a) as
[A(AG@) = A2l = | (A1) = Aya) 22
1
= ||| Nomi + (1= am)an - waall
0

S sup HX(U% + (1 - Uyl))le,oo lz1 — y1||H1 ||Z2||W1,oo )
c€(0,1]

and the assumptions in the lemma yield the bound. The very same computation
yields the second estimate (b). O
Thus, the defect of the Euler method can be bounded in a straightforward way.

Proof of Lemma 4.3. We recall the splitting o' = 57! + 5?:5111 of the defect in
(4.3), and note that by proof of Lemma 3.8 it holds

14807 Bl x, < OB

We treat the two parts in (4.3b) separately. The second term involving G is bounded
using (2.28) and Lemma 5.1. Further, we expand

AnJnA(y(E™)0ry(E" 1) — ApJp Ay (")) Oy (¢ 1)
=LRA(A(Y(E") = Ay ) Dy (") + LLAA(Y(E™)) (0ry(t") = Dpy("F1)),

such that Lemma 5.1 is employed on the first part. For the second part, note that
by the fundamental theorem of calculus we obtain in any norm

)

[0:2(t" 1) = 9z(t™ )| < T sup ||07z(t" + s)
2 sef0,7]

and the claim follows. O

Similarly, we bound the defect of the midpoint rule in (4.11), and as above we
do not have to treat the spatial part (52&1

Proof of Lemma 4.6. We first note that from Taylor expansions and the Peano
kernel theorem, we conclude in any norm the bounds

2
o2+ )| < 37 swp[lota(e” +)]]
se€(0,7
2
Hz(t""‘l/z) =3z + 2(tM)]| < TZ sup [|07z(t" + 5)| ,
s€[0,7]

3 2
J22) = (32" = 32" )| < = sup [[9F2(e" +5)]
s€[0,7]
Combining this with Lemma 5.1 and the proof of Lemma 4.3 yields the desired
bounds on the defect. O

We finally treat the principle defect of the exponential midpoint rule. We pursue
the strategy adapted from [12, Prop. 5.3]. Before we give the proof, we need two
auxiliary results. The first one allows us to compare function evaluations of finite
element objects with their interpolation. The proof is given in Appendix B.
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Lemma 5.2. Let L € N and assume that f: RY — R is sufficiently often differen-
tiable, and that @; , € V3, satisfies

1@inll Lo + l0inllyra <C

fori=1,....L. Then

(@1 hs s 0nn) = Inf(Lrpins - Laprn)ll g2,y S h°

1f(@erns s orn) = Inf(Laprns - Loorm) g,y S
with a constant independent of h.

On the continuous level, the chain rule allows us to bound terms of the form
A(p(u)w) by the norms of Au and Aw. Even though, this is not straightforward
in the discrete case, one can establish a very similar result. We recall the Ritz
projection Ry defined in (2.5), and note that the proof is given in Appendix D.

Lemma 5.3. Let up,w, € Vi and assume that |Apupll2 + [[Apwnll. < C.
Further, let p: R — R be twice continuously differentiable. Then

[ AnRy (u(un)wn)ll 12(q,) < C
with a constant C independent of h.

With these preparations, we can provide the error bounds on the defects of the
exponential midpoint rule.

Proof of Lemma 4.11. Let us denote
dy (1) = Jn (Ay (" 712) = Ay(#))) ey (D),
di(t) = Jh (G(t7 y(t)> - G(tn+1/27 y(tn+1/2)))7

then it remains to show for ¢ = 1,2

|agre / NN G A (4 o) do| <O,
0

Xn

< cri.

Xn

H/OT AT AL G )0, (17 + o) do‘
Following the lines of the proof of [12, Prop. 5.3], we observe that for the first bound
on d}, we have to establish the bounds
(5.1a) AR A2 @) I (0 A (1)) dry(8) |, < €
(5.1p) |ARAT @) T (A 72) = Ay(®) 82y, < O,

(5:10) 1AM @) I ((O2A W) Aw(t) + (DA w(0))9y(®) ||, < C.
as well as for d2 the bounds

(5.2a) [ARAL 2N G ) Ia Gty (1), < C

(5.2b) AR, @ YD) In02G (L y(1) |, < C.

For the discrete derivative, we have similar terms which have one Aj less, and

instead O, applied to objects following A,:l(gZ'H/ 2). In the following, we only

discuss the bounds in (5.1a) and (5.2a) since the remaining ones are more standard.
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Denoting wy, == L}*(N(u) dyud?u), it is sufficient to show for the bound in
(5.1a) the estimate

|80 Qu ((TnA (L, ™) ywn) ||y, < C,

since the first component vanishes. In the following, we will often use that by (2.28)
and the assumptions of Theorem 2.9 it holds

1ARw 20y = L5 AN () O 0Fu) || 2 g,y < C
and to keep the notation simple, we will write wuj instead of ﬁZH/ . We split the

term using the inverse estimate in the form (A.1) in

180 Qn (TaALrun) ™ wn) ||y, S [ AnRe(Aun) ™ wn) ||,
+hTH[Qn (I (Lrun)) ™ wn) = R (Mun) " wn) ||, -

The first term is bounded by Lemma 5.3 using
_n+1/2 n n—
180T o,y S 1ANURN 2, + 180U | 2o -

To split the second term further, we add and subtract in the second term Qp, ()\(uh)_lwh),
and obtain for the first term with the L?-stability of Q) in (2.26) and the inverse
estimate (2.25)

W[ @n ((InA(Lhun) ™ = Mun) ™ Dwn) |,
<h2[[(InALrun)) ™ = Mun) ™[ 1, lwnll
< B2 I A (Lrun) = Mun) | 12 g, 18R] L2(q,)
where we used in the last step Lemma 3.3, the identity
(I A(Lrun)) ™ = Mun) ™" = (I A (Laun)) ™ (Aun) = (InA(Lrun))) Mun)

and the maximum norm estimate on uy. Finally, Lemma 5.2 leads to a uniform
bound in h. Using the identity

Qne — R = Qn(e — Ing) + R (Inp — ¢),

the assertion follows, once we have established
2 (1d = 2n) (Aun) ™ on) [ 2,y + 27 (1d = Zn) (Mun) ™ on) [ 4 ) < C-

However, applying Lemma 5.2 once more gives precisely this estimate. The bound
in (5.2a) is derived in the very same way. O
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APPENDIX A. MODIFIED RITZ MAP

In this section, we discuss the approximation property of f{h as well as its com-

putation. Note that the same reasoning is valid in the conforming case.

Proof of Proposition 2.4. We use the definitions in (2.4b) and (2.11) to compute

(LY — Rl o)y, | = |(u] Lagn)y — (T | Ln Lnpn)y |
|(u— LrIyu | Lrgn)y|

— -~
+ | (Lnlnu | Lnen),, — (Inw | Ln Eh@h)f/h|
— A+ A,

IN

We employ the stability of the lift in (2.2) and the interpolation property in (2.22)
to obtain

A1 S B |lull s g llonlly, -
()
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The geometric estimate in [16, Lem. 8.24] together with (2.2) allows us to bound

B0 S ¥ |[Buallg, 120~ Caenlly, S B lulzirss o ion

and the claim follows setting k' = k + 1. Further, we use the definition of A}, in
(2.9) and the inverse estimate (2.25)

(A1) [Anunlre = — (un | Apun)y, <A unlly, |Anunllg:

and obtain the second bound with one power less in h. O

Vi

In order to compute (2.11), we have to solve a linear system with the stiffness
matrix corresponding to the bilinear form (- | -)y. and right-hand side £,. For a
basis p;, ¢ =1,..., L, of V},, the entries are given by

~ ~ 1
(Lu)i = (Inu | Lp ﬁh%‘)f/
Gomg through the construction explained in [15, Sec. 4.1.2-4.2], one observes that

; = Eh ﬁhcpl € Vh, however ¢; is not a nodal basis function. Since also Ihu S Vh,
one only needs to modify the routines which are used to assemble the stiffness matrix
corresponding to (- [ -)y, . In particular, denoting for the reference element K by

»; and 1@- the nodal basis polynomials of P* (I?) and P¥ (I/(\')7 respectively, one is
left to compute the inner products

(ij ‘ V@')Lz(f{)'
Then, the transformation maps to the elements in (NZh are used to assemble the
right-hand side £,,.
APPENDIX B. INTERPOLATION AND ADJOINT LIFT

In this appendix, we provide the proof of Lemma 2.10, (2.23), and Lemma 5.2.
The following estimate appears to be standard, but since we could not find a refer-
ence in the literature, we provide its proof here.

Lemma B.1. Form = 0,1, there is a constant C,, > 0 independent of h such that
11 (Lapn - Lon) ey < Oon [1Eon - Lntn ey
for all op,vp € V.

Proof. Writing L, I, = Id+ (LI, —1d), by (2.2) it is sufficient to show the assertion
for LI, — 1Id instead of Ij,. Passing to the reference cell K, we only consider the
case m = 1. We define the map

1d = Iy (Par(K), ) = (Pr(K), Ml )
which is a bounded linear operator with a constant C', such that for any ¢ € sz([? )
10d = 20|l a2y < Cleelin iy
Then, employing [16, Lem. 4.12] yields the result on an arbitrary cell K. O

With this, we directly conclude the desired stability estimate.
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Proof of Lemma 2.10. By the nodal interpolation property (2.3) and Lemma B.1,
we obtain

1n (e - Latbn)lly, = Mn(Lnlie - Loon)lly, < ClLuIRe - Lrpnlly, -

Using Sobolev’s embedding and the stability of the interpolation from (2.22), we
further estimate

I1LnIhe - Lrenlly, < CILLIEPllwrn+s lonlly, < Cllellwnes lenlly, -
By the same reasoning, we obtain the bound in the L?-norm. O

Proof of (2.23). The stability of £I* directly follows from the definition (2.4) and
the stability of the lift £;, in (2.2). For the error bound, we first observe

= L3Nl = | s (= L300 1 00) o
l¥nll g, =1

= sup (Lol = 1) | Latn) o)
lln 4, =1

+ (Ine | ¥n) p2(q,) — (Lrlng | L:hwh)LZ(Q))'

For the first term we apply (2.22), and for the difference we use [16, Lem. 8.24] to
obtain

H(Ih - EhH*)SDHH,L N Rt ||SD||H2+1(Q) +ht ||£h1h50||L2(Uh)
with the boundary layer U, := {z € Q| dist(z, 9Q) < h}. Below, we show
(B-l) ||£h1h<P||Loc(Uh) Sh ||Ih<pHle°°(Qh)
and use this together with vol(U,)'/? < h'/? to estimate
||£hfh90||L2(Uh) S h'/? ||£hIh<P||Lvo(Uh) S h*/? ||Ih<PHW1,oo(Qh) Sh ”Ih(pHleﬁ(Qh) J

where we used the inverse inequality (2.25) in the last step. The stability of the
interpolation (2.22) and the Sobolev embedding yield

(B.2) 1£nTnell 2w,y S POl a2 »

and thus the assertion. To show (B.1), we pick some xg € U, and yg € 9 with
|zo — yo| < h such that

(Lalne)(yo) =0, [(Lalne) (o)l = |Ladnell poo (17, -
Then we use the fundamental theorem of calculus to see

|(Lrdne)(xo)| = [(Lnlnp)(zo) — (Lrnlny)(yo)l

1
= / (VLnIng) (520 + (1 — 8)y0) (20 — yo) ds|
0

< ||£hfh<p||W1,oo(Q) lzo — yol,

which gives the assertion. ([l

For the interpolation estimate in Lemma 5.2, we exploit that the (k + 1)-st
derivative vanishes for polynomials of degree k. With this one can gain an additional
power of h, but does not have to apply an inverse estimate to the highest derivative.
In a different context, this was also used by Nitsche in [35, p. 7].
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Proof of Lemma 5.2. We perform the proof in the case L = 2, and explain the

generalization in the end. Thus, consider ¢y, € V}, satisfying the assumptions
of the lemma. We expand the expression over all elements, which gives

1 (onwon) = InF(Lrons Lotbn)32gny = O I (0nswn) = Inf(Lnon, Lol e
K
5 h2(k+1) Z ‘f(soha wh)|§—lk+1(K)
K

SBY TRPED | F (s n) s (1)

K

as well as

1 (Pns n) = Tnf (Laens Loton) 3y S 02D 02F D1 f (0ns ) Frwsn i) -
K

In the following, we show on each element K
p20k=1) 2 <C 2 2 2
|f($0h»1/1h)|Hk+1(K) = (”f(%"hvwh)”LZ(K) + ||SDhHH1(K) + Hwh”Hl(K)
4 4
+ ||SDhHW1,4(K) + H1/1h||wly4(K))7

which, by summing over all K, gives the assertion by the Cauchy—Schwarz inequality

S llnllars ey 1z ey < el sy oz
K

2 2 2 2
Z ||</7h||wl,4(K) ||7/’h||wlﬁ4(K) < ||‘Ph||wlq4(9h) ||711h||wl,4(9h) .
K

The constant C depends on the maximum norm of ¢j, and ¥, and is thus uniformly
bounded by assumption.

If we denote by K the reference element, and denote by Ax the affine part of
the element maps, we know from [16, Lem. 4.12] that

1Pnll 2 ) S 1 det Axc| ™ llonll 2 iy »

@alars i S Bl det Akl ™2 ol g ey
2 - 2
|S0h|W1,4(f() S h2| det Ag| 1/2 ||30hHW1~4(K) :

On the other hand, by the same lemma [16, Lem. 4.12] it holds

k+1

RE 1 (ons ) s iy S | det A2 05D £ dn) |, -
r=0

We now treat the summands separately, and show
(B.3)
| det AK|1/2hk_(T+1)‘f(<ﬁh7¢h)’H7~(f()
2 2 2 4 4
S (1 ns¥r)ll 22y + Nenllar ey + 1¥nllEn ey + lenllwraey + 19nlwra )

for r =0,...,k + 1, which then implies our claim. In the case r = 0, we directly
obtain

|detAK|1/2hk_1Hf(@h,izh)HLz(f() S Con ¥l pz gk »
and (B.3) follows.
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For r > 1, we use the inverse estimate on the reference element in the forms
||vm¢\hHLq(f() 5 ||v(0\h||Lq([A()7 mZ laqe [1700],
Hv‘ﬁhHLq(f() 5 ”@hHLoo(f()a qc [LOO];

differentiate the term f(@p, @h), and reduce all derivatives by the inverse estimate
to V@p,. Then using the maximum norm bound on @, and 1y, we obtain

(B4) |F@nTn) ey < (197 @ll s + (V@0 o+ 90011 ,2)" + 197 2)-

Note that for » = 1, the quadratic term can be dropped. For r < k, we employ the
inverse estimate once more, to obtain with k — (r +1) > —1

W=D @ On) ey S (1980l + ([ 900 2)
< [det Axc |2 (lenll g aey + 190121 (x0))

and (B.3) also follows for 1 < r < k.
For r = k + 1 we exploit that 9**1%;, = 0, and thus (B.4) yields

1@ ey S 0198 o+ (19900 0)°
< [det Ak|” 1/2(||<Ph||W1 ax) T M’hHW14 K))

This gives the claim of the lemma in the case L = 2.
In order to treat L > 2, we only need a modification of (B.4) since nothing
changes for » = 0. A straightforward computation gives

L
£ @Bl ey S an et 3 19l 98l
i,j=1

and the same ideas apply. |

APPENDIX C. DISCRETE SOBOLEV EMBEDDING

The proof is adapted from the conforming case presented in [7, Lem. 4.1], but
is able to cover a larger range of exponents. Similar results including the discrete
differential operator Ay, are shown in [18, Thm. 1.12] and [36, Thm. 3].

Proof of Lemma 3.3. First, we define the inverse Sy of Ay, form (2.9) by
(Sheen | n)y, = = (on [ ¥n)g, s n¥n € Vi,
and its continuous counterpart S = A~ satisfying
Seld)y == V)g, pyeV

We further define the modified solution operator :S’vh = /.ZX*SE;“ and write S;, =

Sh + (Sp — §h) For the first term, we use the stability of the Ritz map in W#"
from (2.24) with £ = 0 and (2.14) to obtain

HSh‘thww Q) ~ HSEh‘thWIP Q) ~ HSEh‘thHz(Q) H“thm )
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It remains to bound the difference, stemming from the nonconformity, by the inverse
estimate (2.25)

1Sk = Supnllyr.om g,y < CHNP N2 Shon — Suenlly,

<Ch! sup <§h§0h — Sheon | %)V
h

eenly, =1

=Ch™" sup  ((on | ¥n)g, — (Lason | Laton) g )-

llnlly, =1
We use [16, Lem. 8.24] to obtain
\(on [ ¥n) g, — (Lason | Lovon) | S hllonll gz onlly,
which yields
1Shenllpee ) + 1SheR e @, < Clenlliz,) -
and hence the assertion. (]
APPENDIX D. CHAIN RULE FOR THE DISCRETE DIFFERENTIAL OPERATOR

In this section, we provide the proof of Lemma 5.3. We recall the Ritz projection
defined in (2.5) and first show a crucial bound in LZ.

Lemma D.1. Let up, @ € Vi, and assume that p: R — R is continuously differ-
ential. Then it holds

B ((un)en)ll L2,y < Cllutun)llwsves i,y lenlleq,)
with a constant C independent of h.
Proof. We first estimate
[1Ba(u(un)on)l L2,y < luCun)enll L2,y + 110d = Bu)(u(un)en)l 2, »
and show in the following
(D1)  [11d = Ra)aun)on) | ey S ol GaCun)on) s o
Sh Hﬂ(uh)”WLNH(Qh) ||80hHH1(Qh) :

Using the inverse estimate (2.25), we conclude the assertion.
We now show (D.1) by an Aubin-Nitsche trick. We define e = (Id — Rp,)w, for
some w € H}(Q4), and consider the solution z € H2(2) N H}(Q) of

(= @)Hé(@) =(Lre|@)r2): ¢ E€ Hy(9).
This gives
2
H£h€||L2(Q) =(z| Eh@)Hg(Q)
= (2= Lndnz | Lne) i) + (Lalnz | Ln€)yiq) — (Inz | €)gca,)
+ (Unz | €)paa,) -
The first term is bounded using (2.22) and elliptic regularity by
(z = Lplpz | £h€)Hg(sz) S hllzll gz llell g < Rllellpe llell g,
and, using the geometric estimates in [16, Lem. 8.24], for the second term it holds

(Lnlnz [ Lne)pyo) = Unz | &gy, S Pzl llell g < Pllell e el -
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By the definition of e and Ry, we have due to Ipz € V},
(Inz | e)Hé(Qh) =(Ipz|w— Rhw)H&(Qh) =0,
and the claim follows. O
With this, we obtain the boundedness in the discrete chain rule.
Proof of Lemma 5.3. We use the definition of Ay, in (2.9) to obtain

AR R (u(un)wn)l 2o,y = sup (u(un)wn | on) g
lonl s, <1

= sup / W (up)Vupwp Vo + plup)Vw, Ve, do.
H‘Ph”Hhél Qh

The idea now is to express the integral in terms of Apup and Apwy, and lower order
terms, where the is no gradient on ¢j. Employing the identities

1 (un)wn N on = V(1 (un)wnipn) — V(1 (wn)wn) e,
((un)Von = V(pu(un)pn) — ' (un) Vunpn,

we derive

/ w (up)Vupwp Vo + p(up)Vwp Ve de
Qp

= VupV (1 (un)wiipn) da — VurV (i (up)wp ) en dx
Qp Qp

+ A thV(u(uh)aph) de — A NVwp, (1 (up ) Vur)on do
h h
= (un | 1 (un)wnpn) g + (wn | p(un)en) g
—/Q YunV (p' (up)wp)en do 7/9 Vwp (1 (un) Vun)pn dz
h h
= — (Apun | Rup/(un)wnen) 2 — (Anwn | Rup(un)en) e
-, VupV (' (un)wn ) d — A V(1 (un) Vun) o da.
This yields with the hstability of Ry, shown in Lemfna D.1 the estimate
[ARR ((un)wn)ll 20,y S ARl L2 |1 (wn)wnllyrves + | Apwnll e [|0(un) v
+ IVurV (1 (un)wn)ll g2 + [VwnV (1 (un)un) |l 2 -
We then use Lemma 3.3 in the form ||¢n || y1.nv1s S [|Anton|| 2, and thus the first

two terms are bounded. The other two are similar to each other, and it thus suffices
to bound

[VunV (' (un)w) | 2 < IVunp” (un) Vupwpll o + [[Vupp! (un) V|| 2
2
S IVunllpe + [IVunll o [Vonll L
where we again used the maximum norm bounds u; and wy, and p € C?(R), and

the claim is shown. O
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