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SEISMIC IMAGING WITH GENERALIZED RADON TRANSFORMS:
STABILITY OF THE BOLKER CONDITION

PEER CHRISTIAN KUNSTMANN, ERIC TODD QUINTO, AND ANDREAS RIEDER

Dedicated to Professor Victor Guillemin on the occasion of his 85" birthday

ABSTRACT. Generalized Radon transforms are Fourier integral operators which are used, for
instance, as imaging models in geophysical exploration. They appear naturally when linearizing
about a known background compression wave speed. In this work we first consider a linearly
increasing background velocity in two spatial dimensions. We verify the Bolker condition for
the zero-offset scanning geometry and provide meaningful arguments for it to hold even if the
common offset is positive. Based on this result we suggest an imaging operator for which we
calculate the top order symbol in the zero-offset case to study how it maps singularities. Second,
to support the usage of background models obtained from linear regression we present a stability
result for the Bolker condition under perturbations of the background velocity and of the offset.

1. INTRODUCTION

Generalized Radon transforms serve, for instance, as linear models in seismic imaging in
the acoustic regime. To this end the nonlinear inverse problem of recovering the wave speed
from reflected wave fields is linearized about a known background velocity: We start from the
acoustic wave equation

(1.1) %QQU — Axu = 6(x — X)0(t), uli=o = Oruls—o =0,
p
where v, = v,(x) is the velocity (sound speed) and x, denotes the position of the source. So,
the pressure wave u = u(t; X, x,), x € R%, d € {2,3}, at time ¢ > 0 is initiated solely by the
source at time ¢t = 0. The corresponding nonlinear inverse problem entails the recovery of v,
from measurements of u(+; x,,Xs) over a time interval at several pairs (X;,x,) of source and
receiver positions.
For the linearization we make the ansatz

1 1+n(x)

vi(x)  v(x)

with an a priori known background velocity v = v(x) which satisfies the geometric optics
assumption, i.e., points on the surface are connected to points in the subsurface by unique
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characteristic rays. Now, n is the object we seek. It is a dimensionless quantity which records
the high frequency content of v,.

Using the principles of wave propagation in geometric optics one derives the following linear
integral equation for n,

t
(1.2) Fn(t;xp,x5) = / (t — 8)72(0 — u) (s; %Xy, Xg)ds,
0

where the operator F' is given by
w(x)

(1.3) Fw(t; xy, Xs) :/UZ(X)

with the amplitude A and the travel time 7 from the progressing wave expansion of the reference
solution u which solves (1.1), however, with 1, replaced by v. So, the right hand side of (1.2)
is available from the measurements and the computed reference solution. Further, 7 and A can
be computed as well, the former from the eikonal equation

Ax, x5) A(x, %) (t — 7(x, %) — T(x, %) ) dx

(1.4) Var(oxa) = (e, x) =0

and the latter from the transport equation

(1.5) div(A?V,7) = 0.

The operator F' is a generalized Radon transform as F'n(t;x,,Xs) is an integral mean over
the reflection isochrone connecting points of equal travel time ¢ to source and to receiver. We

recall the representation of F' as Fourier integral operator (for a definition see next section).
Assuming that pairs of source and receiver points are parametrized by a variable s we have that

1 w(x
(1.6) Fuw(s,t) = oy / Uz((X;A(X, x5 (8))A(x, %, (s) ) et =#(5%) dxdw
with

(s, %) = 7(X,%4(8)) + 7(X, % (s)).
Hence, {x : t = ¢(s,x)} is the reflection isochrone at time ¢ with respect to xs(s) and x,(s).
For all the details we refer to, e.g., [22, Sec. 6] or [12]. See also [2, Appendix E] and [5, 7].

As there is no inversion formula known for F' one defines imaging operators mimicking
well-known reconstruction formulas of filtered backprojection type from X-ray computerized
tomography, see, e.g., [17]. For instance, given the data y (right hand side of (1.2)), the output of
Kirchhoff migration, the traditional inversion procedure in geophysics, can be written as F'' Ky
where K is a convolution filter and F'T denotes a dual transform (generalized backprojection).
The corresponding imaging operator F'' K F is a kind of low pass filter superimposed with a
smoothing operator, see [1]. Hence, prominent features of n are in fact visible in F' K Fn.

In a series of papers [11, 12, 13] we have demonstrated the potential of imaging operators
of the type K F*¢F from an analytical as well as a numerical point of view. Here, F™ is a
backprojection operator (i.e., the formal, possibly weighted, L? adjoint of F'), K is a suitable
pseudodifferential operator and v is a smooth cutoff function. Under a technical assumption
(the Bolker condition (2.3)) these imaging operators are pseudodifferential operators and we
have computed their top order symbols to understand how they map singularities. In case of
a constant background velocity v and if source and receiver positions are offset by a constant
vector (common offset data acquisition geometry), we have thus been able to construct ex-
plicit K’s such that K F*1) F'n enhances features (discontinuities) of n relatively independent
of location and offset.
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In the present work we extend our results to the linear background velocity model in two
spatial dimensions. This velocity model approximates well seismic wave propagation in Ter-
tiary basins [21, Lesson 37] and is, for that reason, also derived by linear regression from well
log measurements for other geological formations, see, e.g., [4]. Moreover, sound velocity in
the oceans can be calculated by an empirical formula which depends on temperature, salinity
and depth [16]. For depths below 1000m, salinity and temperature can be considered constant
and the formula is then essentially linear in depth.

First, for the common zero offset scanning geometry, we verify the Bolker condition, com-
pute and study the top order symbol of K F*v F' which reveals a fundamentally different map-
ping property compared to the constant background velocity model: singularities of n with a
vertical tangent are visible in K F*¢ F'n (for an adequate choice of v). If the offset is positive
we provide overwhelming numerical combined with analytical evidence for the Bolker condi-
tion to hold. Second, to strengthen the usage of linear models obtained by regression we explore
how stable the properties of K F*1 F' are under perturbations of the velocity model. This will
be done in a rather general framework which even covers stability of the Bolker condition under
a perturbation of the offset.

The layout of the paper is as follows. In the following section we compile background
material on Fourier integral operators and microlocal analysis on which our accomplishments
are based. The experienced reader can skip it. Section 3 is then devoted to the study of the
linear velocity model where we first validate the Bolker condition for zero offset. We succeed
here because we find an explicit parameterization of the reflection isochrones. Unfortunately,
in the positive offset case, we only have an implicit parameterization which prevents a complete
rigorous proof. We are nevertheless able to show that the Bolker condition cannot hold near the
surface. In the last part of Section 3 we study the top order symbol of A = K FiF for zero
offset and where K' = A is the Laplacian. We characterize visible and invisible singularities
and find how the top order symbol depends asymptotically on increasing depth. The latter result
leads to the definition of K’s counteracting the depth dependence. A first numerical experiment
illustrates these findings.

The Bolker condition actually is a condition on the phase function of a Fourier integral
operator. The phase function of our operator (1.6) depends on the travel time. Therefore,
Section 4 prepares our stability results by providing a stability analysis for the travel time as
a solution of the eikonal equation (1.4) under perturbation of the wave speed. To this end
we study the corresponding characteristic system (ray system). Finally, we show in Section 5
that if the phase functions of two Fourier integral operators are sufficiently close and one of
them satisfies the Bolker condition, so does the other. This is then applied twice to our seismic
situation: once for a small offset and once for a perturbation in the wave speed, using the insight
from Section 4.

In three appendices we have outsourced technical calculations which would otherwise make
Section 3 overly technical.

2. BASIC MATERIAL

In this section we not only collect essential standard textbook material on Fourier integral
and pseudodifferential operators but we also introduce our notation. See, e.g., [15, 18, 23, 24]
for proofs and further details.
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If X is an open subset of R? and f: X — R, then we define V, f = ( Of Of ... ﬂ). We

oz’ axg Oxy
let Ng = {0,1,2,...}and if @ = (1, 0, ..., ) € N, we use the standard notation for the
: : «a af . 0% 922 0%d
differential operator D by D f = BT B2 " 5

2.1. Fourier Integral Operators. For positive integers dx and dy let X C R% and Y C R%
be open subsets. Let NV be a positive integer.

Definition 2.1 (Symbol). A function p € C°(Y x X x R¥\{0}) is a symbol of order m € Z
if for every compact set K C Y x X and all multi-indices o € NYY, B € N and v E Ngy
there exists a positive constant C = C(K, «, B, 7) such that

|Dg¢DIDIp(y, %, &) < C(1+ [¢])™ 1

holds for all (y,x) € K and all £ with |€| > 1 and if p is locally integrable on K x SN~ The
set of all symbols of order m is denoted by S™(Y x X x RY).

The symbol p of order m is elliptic if for each compact subset K of Y X X there are positive
constants ¢ and M such that

2.1) Ip(y,x,8)] > c(1+[§))"

forall (y,x) € Kand all § with || > M.

Let (yo,%0,&) € Y x X x (R¥\{0}). Then, the symbol p is microlocally elliptic near
(x0,&0) if there are an open neighborhood U of X, a conic open neighborhood V' of &y, and
positive constants C' and M such that (2.1) holds for all x € U and § € V with || > M.

Definition 2.2 (Phase function). A real-valued function ® € C®(Y x X x RN\{0}) with
arguments (y,x, ) is called a phase function if it is positively homogeneous of degree 1 in &
and (Vy®,V®) as well as (Vx®, V) do not vanishon' Y x X x RV\{0}.

The phase function is nondegenerate if the set {V(y x )0, ® : j = 1,..., N} is linearly
independent on the manifold

Yo ={(y,x,8) €Y x X x RM\{0} : V:®(y,x,£) =0}

Definition 2.3 (Fourier integral operator). Given a symbol p € S™(Y x X x RN¥\{0}) and
a nondegenerate phase function ® € COO(Y x X x RM\{0}) we define the Fourier integral
operator (FIO) F applied to u € C§°(X

- / (3, %, Eu(x)e ) dx de

where the integral exists as an oscillatory integral which represents a distribution in general,
see [15, Chap. I]. The operator F maps C§°(X) continuously to C*°(Y") and can be extended
as a continuous map from &' (X) to D'(Y).

To simplify notation, and because the sets we consider are all subsets of Euclidean space, we
will identify cotangent bundles with subsets of Euclidean space; if {2 is an open subset of R¢,
we identify 7*(€) with Q x R%.

With the FIO F’ we associate the set

C={(y,Vy@(y.x,8);x, —Vx®(y,x,)) : (y,x.§) € o} C T*(Y) x T*(X)

which is called the canonical relation of F'.

The canonical relation encodes how the FIO propagates singularities. To describe this more
precisely, we define singularities of a distribution as the elements of the distribution’s wave
front set.
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Definition 2.4. Let Q) C R< be open and let u € D'(Q) be a distribution.

a) u is microlocally C'* at (xo,&y) € T*(Q) if for some ¢ € C§°(Q) with ¢(xq) # 0 and some
conic neighborhood V of & in RA\{0}, the Fourier transform (BE is rapidly decaying on V,
that is, for every M € N exists a constant C' = C (M) > 0 such that

Gu(©)] < CL+[EN™ forall§ € V.
b) The wave front set WF (u) of u is given by
WF(u) = {(x,£) € T*(Q) : w is not microlocally C* at (x,§)}.
For any u € €'(X) we have
(2.2) WF(Fu) C I 15" WF(u) = {(y,n) € T*(Y) : 3(x,§) € WF(u): (y,n;%,&) € €}

which is the statement of the Hormander-Sato lemma. Above we used the two canonical pro-
jections II;,: € — T*(Y) and Ilg: ¢ — T*(X) onto the left and right components of C,
respectively. The Bolker condition is satisfied if the left projection

(2.3) II,: € — T*(Y)\{0} is an injective immersion.

Assume that ['* I, the composition of F with its formal L?-adjoint operator £'*, is well defined.
Then, under (2.3), F*F' is a pseudodifferential operator, see [14]. Pseudodifferential operators
are introduced in the next subsection: they are FIOs with favorable qualities for imaging.

2.2. Pseudodifferential Operators. Pseudodifferential operators are FIOs where X = Y,
dx = N,and ®(y,x,&) = (y — x) - £ is the nondegenerate phase function.

In the applications we consider in the next sections, the symbols of the pseudodifferential
operators depend only on the two variables x and . All concepts and results of the previous
subsection carry over. Since X C RN we write S™(X) instead of S™(X x RY). Hence, for
p € S™(X), the linear map P: &'(X) — D'(X),

(2.4) / / (x, &)u(x)e!Y ¢ dx dE,
RN

is a pseudodifferential operator (VDO) of order m. Here, p is called the full symbol of the
operator P. The principal symbol o(P) of P is the equivalence class of p in the quotient space
S™(X)/SmHX).

Since WDOs are FIOs with specific phase functions, one might expect the symbol p in (2.4)
to be a function of (x,y, &) as in Definition 2.3. However, WDOs with symbol p(x, £) generate
the same class of operators modulo smoothing operators' as those with symbol p(x,y, £) [18
Theorem 4.5, p. 188].

The WDO P is elliptic (respectively: microlocally elliptic) if its symbol is elliptic (respec-
tively: microlocally elliptic).

Let P be a WDO of order m. When we write o(P) as a function, we understand this as the
equivalence class of the function modulo S™ *(X). We will introduce some more technical
terminology in Section 5.

WDOs do not create singularities: The Hormander-Sato inclusion (2.2) for a WDO P reads

WF(Pu) € WF(u) forany u € &'(X)
and is known as pseudo local property of WDOs. In case P is elliptic we even have equality:

WF(Pu) = WF(u) forany u € &'(X).

1Smoothing operators map &’ into C*°.
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A finer analysis of how WDOs affect singularities allows a microlocalization with respect to the
Sobolev space H", r € R. A distribution v € D’(X) is microlocally H™ at (x¢,&y) € T*(X) if
there are a neighborhood U C X of x, and a conic neighborhood V' C R%\{0} of &, such that

/]gbu (14+]€*)"d¢ < oo forall ¢ € C°(U).

Now, we define the H"-wave front set of u by

WEF"(u) = {(x,£) € T*(X) : uis not microlocally H" at (x,§)},
see [18]. Note that H"-wave front sets are indeed a refinement of wave front sets: WE(u) =
cl( Uper WE" (w)).

Theorem 2.5. Let P be a VDO of order m. If P is microlocally elliptic at (xo,&) € T*(X),
we have

(x0,&0) € WE"(u) if and only if (x0,&) € WE"™"(Pu)
foru e &(Q)andr € R.

The proof of the theorem above is given by the same argument as in [3, Proposition A.6]
which is based on [15, Theorem 4.3.2].

3. LINEAR VELOCITY MODEL

In this section we restrict ourselves to two spatial dimensions, i.e., d = 2, and consider the
background wave speed

(3.1) v(x) = b+ axy, 9 >0,

where a and b are positive constants (the positive direction of the x,-axis points downwards to
the interior of the earth). Finally, we position sources and receivers according to the common
offset data acquisition geometry on the line x5 = 0 with common offset &« > 0. Thus, source
and receiver positions are determined by a real parameter s via

X(s) = (s — a,0)7, X (s) = (s +,0)".

Under those assumptions F' from (1.3) can be represented as the FIO

(3.2) (s,1) // — O(s, x)w(x)er X)) dxdw,
compare (1.6). For defining the preimage and image spaces of F' we set
(3.3) X ={xeR*: 29 >znn} and Y = Sx |tym,o0]
where
b 22 2
3.4 Topin := — 1+ o 1|, tmn:= —asinh (a&>,
a b2 a b

and S C R being the bounded open set which contains the parameters of the source/receiver
pairs used for data recording. Note that x,,;, and ¢,,;, are both zero in the zero-offset case,
a = 0. The lower bounds z.,;, and ?¢,,;, in the definitions of X and Y, respectively, are
needed to ensure the Bolker condition (2.3) for F': £'(X) — D'(Y). If X contains points with
T9 < Tmin the Bolker condition is violated, as we will show.

Further,

(3.5) O(s,x) 1= A(x,x4(5))A(x, %:(5)) /v?(x)



SEISMIC IMAGING WITH GENERALIZED RADON TRANSFORMS 7

is a symbol in S°(Y x X x R). An explicit representation of A is given in Appendix A, see
(A.2) and (A.3). Moreover, the travel time from point x to source and receiver is also explicitly
known to be

o(s,x) 1= 7(X,%5(5)) + 7(X,%:(5))

1 2 2 2
:—acosh<1—|—a—(xl+a s) +x2>

a 2b b+ axs
1 2 A2 2
+ — acosh 1—}—&—(:101 =) +73 ,
a 2b b+ axs

see [21, Lesson 41].

In the notation of Section 2.1 we have N = 1, dxy = dy = 2, and the nondegenerate phase
function ®(y, x, &) = w(t — ¢(s,x)) where y = (s,t) and { = w. Note that V¢ is never zero
for a > 0 and x5 > x,;,. This is easy to see for « = 0 and we refer to Remark 3.2 below for
« > 0. Hence, the canonical relation of F’ is

(3.6) €= {(s,0(s,x), —wlsp, wdt;x,wVxp) : s ER, x € X, w# 0} CT*(Y) x T*(X)
and note that
3.7 R x X x R\{0} 3 (s,w,x) — (s, ¢(s,x), —wdsp, wdt; X, wVxp)

define smooth global coordinates on C.

To prove the necessary injectivity we need to recover (x,wVxp) € T*(X) uniquely from
any given (s, o(s,x), —w0sp,wdt) € T*(Y). Since s and w are immediately known from the
projection, the goal is to find x € X using that s, t = ¢(s,x), and Js¢(s,x) are known.

In the following two subsections we will investigate the Bolker condition, first we will verify
it for = 0 and then provide overwhelming evidence for it to hold even for o > 0.

3.1. Bolker condition for the zero offset case.
First we explore the zero offset situation (o = 0 yielding z,in = tmin = 0) where source and
receiver locations coincide: x4(s) = x,(s) = (s,0)". We then have

2 a® (z; — 8)* + 3
3.8 == hl14+2232 =/ 72
(3.8) o(s,x) ” acos < + % b1 azy
with partial derivative
2a T, — S

3.9) Osp = —

77 b0+ am) VAV 12
where
(3.10) a’ M

2% b+ axs

As (s,w, x) parametrize C, see (3.7), we obtain

2 w2a T, — S
Il,(s,w,x) = | s, — acosh(1 + H), , w .
a ) ( a ( ) b(b+ axs) VH~H + 2 >
To show injectivity let t > 0 be given. We introduce new (polar-)coordinates

1 =S84+rcost, xy=c+rsind,
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with 9 € [-7/2,371/2],

b / % b t
G.11) c==[coshZ—1)>0, and r=y/c2+=c ="sinh—.
a 2 a a 2

Observe that 25 > 0iff ¥ € I(c) :=] — d(c), ™ + §(c)| with 6(c) = arcsin(c/r). In the new
coordinates we have
Lo ={x(¥):9€I(c)}

as the expression H is independent of ¥:

t
(3.12) H:%:cosh%—l
yielding

¢
(3.13) VHVH + 2 = sinh% - %r.

It remains to determine ¥ € J(c¢) smoothly from knowing

d

_ 2a 1 — S _ 2cos? . ()
b(b+axe) VHVH +2 b+ac+arsing '
We show that f is strictly decreasing in J(c) by studying its derivative
—2((ac+b)sinv + ar
() = (ZS(+ ac +)ar sin 19)?2 ) '
Since sinv > —c¢/r for ¥ € J(c) we obtain

—(ac+b)sind — ar < (ac+ b)E —ar < 0.
r
Hence, f’ is negative and f is strictly decreasing. Therefore 11y, is injective.

Remark 3.1. The level sets L, are circles with centers and radii depending on s, t, and a, b:

(5, é(cosha—t — 1)), ésimha—t.
a 2 a 2

In the limit t — oo the “north pole” of the circle converges to (s, —b/a).

To show that IIj, is an immersion we compute the determinant of the Jacobian DII;,. We
rearrange the components of 1, and use the identity Os;¢p = —0,, p:

(s, w,x) = (s, w, ©, w@xlgo).

Thus,
1 0 0 0
0 1 0 O
DII; = 1P
0 0 Oy  Ony
0 0 w@ilgo Wamgamﬁp
and
(3.14) det DIIy, = w (am%p azz a’mw - 690290 851 S0) :

Using the Symbolic Math Toolbox of MATLAB (R2017b) we find that
a(ry — 8)* + xa(aze + 2b)

e o = e (o1 — o + 23) (@1 — 5 + (b T a22)?)




SEISMIC IMAGING WITH GENERALIZED RADON TRANSFORMS 9

The determinant does not vanish since w # 0 and x5, a, and b are positive, that is, Iy, is an
injective immersion. Thus, the Bolker condition (2.3) holds.

3.2. Bolker condition for the positive offset case.
Let o > 0 be the offset. In a first step towards the proof of Bolker we derive a parametrization
of the isochrone
Loo={xeR*: p(s,x) =t} NX.

W.lo.g. set s = 0. The idea to obtain a parametrization of £, is to intersect two isochrones of
the previous setting where source and receiver are located at the same position (zero offset). To
be precise: we intersect the zero offset isochrone about (—«, 0) for travel time ¥ € [0, t] with
the zero offset isochrone about (v, 0) for travel time ¢ — ¢J. All intersection points are in Lo,
and by letting ) vary in [0, t] we get finally all of L.

The resulting system of nonlinear equations is

(3.15) (14 a)® + (22 — ¢1)? =17 = ¢ + 2bey /a,
(3.16) (1 — @)* + (13 — c2)? =73 = & + 2bcy/a,
where

¢ =c1(¥) = b(cosha — 1)/a and ¢y = () = b(cosha(t — 9) — 1)/a,
compare (3.11). Subtracting (3.16) from (3.15) and assuming ¥ # t/2, i.e. ¢; # c2, lead to

(3.17) To = —b/a—2ax/(ca — ¢1).
This expression for z, plugged into (3.16) yields the quadratic equation
402 2c(b b?
(c1 — c2)? Cy — € a?

having the two solutions
ot =2E (W) = (¢ — ) dx™F
with
gt o M2 talato) VA
a((c1 — 2)? + 4a?)

where
A = 4da*a*(ciep — ) + daba®(c; + c3) — b*(c; — o).
If A < 0 then there exist no intersection points. We have that A > 0 if and only if ¢ > ¢,

and ¥ € [Upmin, Umax] Where
9 o t tmin
min / max — 9 + 9’

see first paragraph of Appendix B. In view of (3.17) we finally obtain

o =z (9) = —2 + 20 dx™

which also holds in case ¢; = ¢».
By construction the pairs (21, z3) solve (3.16) but (3.15) as well because we obtain the same

pairs when we replace ¢, by ¢; and o by —au.

Remark 3.2. The isochrone L, t > .y, is the set of intersection points of two circles. These
circles intersect at two points (A > 0) with normal directions that are not collinear. Hence,
Vxp # 0. Fort = ty, the circles touch at one point (A = 0). Thus, Vyp = 0.

In Remark 4.5 below the situation of a more general wave speed is discussed.
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Isochrone for v(x) = 0.6x2+0.5
oy 5

20

25

30 \

15 -10 -5 0 5 10 15
FIGURE 1. Isochrones £ fort € {8. 4 10,12.5} for wave speed v(x) = 0.5+
0.6 z2, x5 > 0. Source and receiver positions are indicated by black dots. The
offset is « = 5. Here, t,;, ~ 831, ¢t ~ 12.12 and x,;, ~ 4.24 which is

indicated by the dashed horizontal line.

From symmetry arguments we know two points explicitly on £, namely (0, p1) where

b
Py = — (cosh——l \/—smhz——oz2 for t > tmin.
a

These points correspond to the parameter value ¥ = ¢/2. In case

t<t 4 h(aa>
——asm
a b 2

these two points are positive and because of the symmetry of £y, with respect to the line
x1 = 0 the curve Ly, has a horizontal tangent at (0,py). As a consequence the equation
wdsp(0, ) = 0, w # 0, has the two solutions (0, p1) and I}, would fail to be injective if X
contained points with depth-coordinates x5 less than

b tmin
(3.18) o —(cosh @lmin_ 1).
a 2

Observe that x,,;, is the common limit of p, and p_ as ¢ \ tyin-
Further, for ¢ > ¢, and ¥ € [Unin, Fmax

20 (a(2b _JA
(3.19) 20 & ax- = 2@+ ala + ) ) < cosh ,
b b((Cl — 02>2 —+ 40[2) 2

see Appendix B. Thus,

a tmin

b b b2 2b + + — VA
(3.20) z5 = ——+2adx =——+— a(a( aler +c2)) ) < Tpin  for t > thin.
a a a b((c1 — ¢2)? + 4a?)

We conclude that
Lo = {xj(ﬁ) = (zf (9),25 (9)) : 0 € [ﬁmin,ﬁmax]} NX fort > tym,”
see Figure 1 for an illustration’. Recalling the geometric definition of x;" (19) as intersections of

circles, see (3.15) and (3.16), it is obvious that there is a proper subinterval [¥min 2, Umax 2| Of

>We use the subscript ¢ in x;" to emphasize the dependence on ¢.

3Under http://www.math.kit.edu/ianm3/~rieder/media/plot_isochrones.m we pro-
vide a MATLAB-function to plot isochrones for different a, b, « and ¢.


http://www.math.kit.edu/ianm3/~rieder/media/plot_isochrones.m
http://www.math.kit.edu/ianm3/~rieder/media/plot_isochrones.m
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[ﬁminy 191113‘)(] SuCh that
(3.21) LO,t - {X:_(ﬁ) € [ﬁmin,% ﬁmax,Z]} fort > t.

Analytic expressions for Umino = Umin2(t) and Jyaxs = Umax2(t) are hard, if not even
impossible, to find. One has to solve 23 (+) = Ty With Zy;, from (3.4).

To finish the proof for the injectivity of Il to determine the value of ) for each preimage
(which will determine the one preimage with x in £y ,), we have to solve the following task:
Given d € {9:0(0,x; (0)) : 0 € [Vmin2, Imax2]} determine smoothly a unique ¥ such that
d = Osp(0, % (V).

In view of (3.10), (3.12), and (3.13) we obtain

2 o () -
(3.22) 0005/ ) = = (xl <r)1+0‘ + xl(ri O‘).

This is an odd function in ¥ with respect to ¢/2. Numerous numerical experiments confirm
Dsp(0,%;(+)) to be strictly increasing in [Umin 2, Ymax2), however, an analytic proof is still
missing. But consult Appendix C for analytic arguments in case ¢ is sufficiently large. Further,
see Figure 2 for some plots of 9,¢(0,x; (+)). The numerical values used for a, b, o, and t are
noted on top of the plots.”

Conclusion 3.3. We have overwhelming numerical and some analytical evidence that the left
projection 11y, for o > 0 is injective.

To show that ITy, is an immersion we recall the zero offset situation. The representation (3.14)
for det DIIy, holds true also for non-zero offset. Since the explicit expression of det DIIy,
computed by the Symbolic Math Toolbox of MATLAB is complicated and involved, we take a
different route.

Define the mapping

P: X = R% x5 (9(0,x),0,0(0,x)) ",
and observe that det DII;, = wdet DP. Further, we have previously shown that X is the
disjoint union of level sets: X = Ut>tmin Lo N X, see (3.21). In other words, the mapping
X: {(t,0) : t > tin, U € [Drnin2(t), Imax2(t)]} = X, (£,9) = x;7(9),

is one-to-one and onto. For () := P o X we find that
T

Q(t.0) = (1.0, 90(0.x7 (9))) " = (£, —sp(0, %7 (9))) -

Hence,

1 0
DA = (Lao,0x1(0) a0ttt )
yielding
det DQ(t,9) = —0y05p(0, %, (19)).
Above we gave numerical evidence that 9,,(0,x; (+)) is strictly increasing on the interval
[Umin,2(t), Umax,2(t)] for all ¢ > ¢, see Figure 2 right column. Thus,

det DQ(t,9) < 0.

“For the reader’s own experiments, the MATLAB-function used to plot the graphs of ds¢(0,x; (-)) shown in
Figure 2 can be downloaded following this link:
http://www.math.kit.edu/ianm3/~rieder/media/plot_partial_s_phi3.m.


http://www.math.kit.edu/ianm3/~rieder/media/plot_partial_s_phi3.m
http://www.math.kit.edu/ianm3/~rieder/media/plot_partial_s_phi3.m
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(0, x7(+)) for a =1, b=1, a =1, t =2 ,2(0,x7(+)) from the left zoomed in on [t/2, P 2]
16
3
14
25
12
2 1
15 08
0.6
1
0.4
0.5 02
0 0
1 1.2 1.4 1.6 1.8 1 1.1 1.2 1.3 14 1.5 1.6
Va2 =1.6367
By p(0,57(-)) for @ =5, b =1, a =1, t =2 3,p(0,7(+)) from the left zoomed in on [t/2, Py 2]
B 0.25
0.2
15
0.15
1
0.1
05
0.05
0 0
1 1.1 1.2 1.3 1.4 1 1.02 1.04 1.06
Va2 =1.071
Bup(0,x7(+)) for a =1, b=5, @ =1, t =0.42 ,2(0,x7(+)) from the left zoomed in on [t/2, P 2]
07 0.45
0.4
0.6
0.35
05 0.3
0.4 0.25
0.3 0.2
0.15
0.2
0.1
o1 0.05
0 0
0.25 0.3 0.35 0.4 025 0.3 0.35
D s —=0.30950
Ayp(0,x7(+)) for a =1, b =1, a =0.1, t =0.2 3,p(0,7(+)) from the left zoomed in on [t/2, Py 2]
0.06
35
3 0.05
25 0.04
2 0.03
15
0.02
1
05 J oo
0 0
0.1 0.12 0.14 0.16 0.18 0.1 0.12 0.14 0.16 0.18
Va2 =0.1814
Bep(0,x7(-)) for a =1, b =1, a =5, t =T yp(0,x7(+)) from the left zoomed in on [t/2, Py 2]
2 05
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1
0.2
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3.5 4 4.5 5 5.5 35 36 37 38 39 4 41
Drnms =4.1911

FIGURE 2. The function 9s¢(0,%; (+)) in different scenarios. Left: over [t/2, Imax],
the red line indicates [t/2, Umax 2]. Right: over [t/2, ¥max, 2] Where it is always strictly
increasing. The value for ¥,,ax 2 has been determined by solving equation (C.2) numer-
ically.
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Since,
0 > det DQ(t,9) = (det DP)(X(t,v)) det DX(t, )

we must have (det DP)(X(t,9)) # 0 forall t > t,,;, and all ¥ € [Uyin2(t), Vmax2(t)]. Thus,
det DP and, hence, det DII;, cannot vanish on X.

Conclusion 3.4. We have overwhelming numerical and some analytical evidence that the
Bolker condition (2.3) is satisfied for the FIO F: &'(X) — D'(Y) as defined by (3.2) and
(3.3) for a > 0.

3.3. An analysis of the top order symbol for the zero offset case.

In this section, we calculate the top order symbol of our imaging operator
(3.23) A= AFWF

for offset « = 0 where ¢: Y — [0, 00) is a smooth compactly supported cutoff function and
A is the (negative) Laplacian with symbol | - |2. Further, F'' is a generalized backprojection
operator:

(324)  Flu(x) = / / W (s, x)u(s, )5(t — p(s,%))dt ds = /R W (s, x)u(s, o(s, x))ds

with a smooth positive weight 1. The formal L?-adjoint F™* has weight W = © and the
generalized backprojection used by Beylkin [1] has weight W = 1/©. In view of (3.5), (A.2),
and (A.3), © is a smooth positive function. We include the smooth cutoff function ¢: Y —
[0, 00) because F': &'(X) — D'(Y) but FT: &(Y) — D'(X), so they cannot be composed
directly.

To calculate this symbol, we first analyze the preimages of IIg : ¢ — T7™(X). This will allow
us to calculate the symbol of the imaging operator at (x,&) € 7%(X)\{0} by multiplying the
symbols of 1) F and of AF'T at each preimage and then adding the results. The natural projection
is
(3.25) IIg: € — T*(X)\{0}, (s,w,x) = (x,wVxyp)

where we are using coordinates of (3.6) on C.
We show that (x,§) € T*(X)\{0}, has exactly two preimages in C under IIg unless &; = 0.
To this end we need to find (s, w) from wVyp = &, i.e., from

(3.26) WOz, p =& and w0, p = &.

First, assume &; = 0. Using (3.9) and that 05 = —3,,, one sees there is only one so-
lution, s = ;. Using (3.26) one sees that w = &/0,,¢(x1,%) (note that J,,p(x1,x) # 0,
since & # 0 and w # 0). Therefore, there is only one preimage in this case: II;'(x,¢) =

{(3317 52/896290(1.17 X)? X)}
Now, assume &; # 0 and let ¢ := & /&;. Using (3.26) yields that
a$2(p —= é fry q
817130 51

Since 0., p = —0s¢, see (3.9), and
2 axy/b— H
b(b+ az2) VHVE £ 2

696290 =
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where H is given by (3.12), we obtain

. l‘g(?b + GZEQ) - (IEQ
n 26(6 + CL]IQ)

Completing the square we find the two solutions s, and s_ for ¢ where

2
(327) 51 =s4(x,q) =21 — b1 =21 + M + \/%(Qb + axy) + (—Q(b + ax2)> )

a a

with ¢ := z; — s.

Finally, using the coordinates (3.7) on €, we have the preimage of (x, ):
{(I17§2/ax290(xlvx)7x)} : 61 =0, 52 7&07

{(s,6/0,,0(5,%),x): s € {s4,s_}} = & #0.

Since ¢ from (3.8) satisfies the Bolker condition, A is a WDO of order 1 ([12, Theorem 3.3]).
Further, our representation of the top order symbol ¢(A) given in [12, Theorem 3.7] for a
constant v is valid also for any Radon transform (3.2) defined by a function ¢ for which the
Bolker condition holds. Thus,

(3.29) cN)x & =2ml¢ )

(sw,x)€elly ' (x,€)

) = det (570 )

is the Beylkin determinant (which does not vanish). This calculation is done in generality in
[19, pp. 337-338], and one argues microlocally around each preimage then takes the sum over
the finite number of preimages of (x, ) under IIg.

To analyze the symbol of the imaging operator near £; = 0, we note the following limits,
which follow from (3.27):

(3.28) ;! (x, €) = {

Y(s, (s, %))W (s, x)O(s,x)
lwB(s,x)|

where

S+<X7 Q) q—>_o°> o0, S,(X, q) (]_)—Oo> T,
(3.30) o o
sy (x,q) — 1, s_(x,q) —— —o0.

We emphasize that the sum on the right of (3.29) is smooth even at (x, (0, &;)) because, by
(3.30), one of the two values s4(x, &, /&;) for (x,&), & # 0, grows without bound as §; — 0
(the other value converges to x; by (3.30)). Hence, the cutoff function 1) becomes zero as the
one value of s becomes unbounded. Put differently, the sum in (3.29) transitions continuously
from two terms to one term as &; — 0 because one of the values of s in the sum becomes
unbounded and the other converges to the preimage for §; = 0.

Next we explore properties of A inspecting its top order symbol: In view of Theorem 2.5 we
want to know where is it microlocally elliptic? Further, how does it behave asymptotically as
Lo — 007

To this end we first consider 1/|wB(s, x)|. Using £ = wV,p(s,x) for (s,w,x) € ' (x, &)
and Os¢ = —0,, ¢ we find that

wB(s,x)| = | det (5" %’;‘; ox ) = et (amvf;@,x)) |

=140 1x280(5 X) — 523951@(37}()‘-
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Further,
2 (s x) = a® (s - 1) (a(s — x1)* + za(azy + b))
1,10 P\S) b3 (CLIQ + b)2<H + 2)3/2H3/2
and , .
52 (s, x) = la_ r3(ary + 2b)? — a?(s — x1)
20 (axy+ b)3(H + 2)3/2H3/?

with H from (3.10).
In case & = 0 and & # 0 we have s = x; leading to

1 1

jwB(s,x)| |f2’| 2 o(x1,x)|
The situation is a bit more involved in the general situation of £; # 0. Setting

2
(331) S:I: = S:I:(X7Q) — X1 = M + \/@(2()—{— a$2> + (Q(b+ CLQ?Q))
a a a
we have X
- = N
|CL)B(8:|:,X)| i(X7 5)
where
Ni(x,€) = b’ (H + 2)¥2H%2(azs + b)?
+ 9 L

a3 |3 (23(azs 4 2b)2 — a251) & — (aza 4 b) Sy (aS2 + x2(azs + b)) & |
using the abbreviation H from (3.10).

The following result characterizes visible and invisible singularities with respect to A.
Proposition 3.5. Let (y,n) € T*(X) and define

Cly) =Ci(y)UC_(y)U{EeR*: & =0, ¢(y1,9(y1,y)) > 0}

where

= {5 eR*: ¢ #0, w(si(%&/&)v‘P(Si(%&/gl))»}’)) > 0}-

a) (visible singularity) If n € C(y) then A is microlocally elliptic of order 1 at (y,n) which
yields
(y.n) € WF'(u) <= (y,n) € WF"'(Au)
forany u € &'(X) and any r € R.
b) (invisible singularity) If n & C(y) then Au is microlocally C* at (y,n) for any u € &'(X).

Proof. a) According to Theorem 2.5 we only need to validate the statement about the microlocal
ellipticity of A.
First, let 7; > 0. Define 7 := 7 /7; and the cone
Vo={(Am\) :AX>0,me[m—em+e}
where € > (. Obviously, V, is a conic neighborhood of 7 and

(3.32) V¢ e VA{0}: m—e§§§m+e.
1

Let B, C X be a closed ball centered at y with a sufficiently small radius p > 0. Since
ne€ C(y)andn # 0wehaven € C,(y)orn € C_(y),say,n € C,(y). Using

1 _ N+(X,(1,§2/51>)
wB(s4, x)] &l
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we obtain
¥(x,¢)
&

o(A)(x,€) = [¢[*

with numerator

N(x,8) = ¥(54(x,8/61), 0(54(x,6/61), %))W (s4(x, &2/&), %)
X @(8+(X, 52/51),X)N+(x, (1,52/51)).
In view of (3.32) and by continuity we may decrease € and p such that X attains a positive
minimum in B, x V.\{0}:
Cepi=min {8(x,§) : x € By, £ € V.\{0}} > 0.
Hence,

VEe VA{0}, Vxe B,: o(A)(x,) > cep ﬂ €] > cep €]

131
The case 7; < 0 can be handled similarly.
Finally, we consider n € C(y) with 7; = 0. Assume 7, > 0. Here, we choose ¢ > 0 and

Ve={(m\A)" :A>0,m € [—¢€}
as conic neighborhood of 7 with the property that

(3.33) V¢ e VA\{0} : <e

3
&

Let ¢ € V.\{0}. Note that |£,/&;| > 1/e (where 1/0 := 00). Consider for the time being
& > 0. Then, for any 6 > 0 we can find € = ¢(§) > 0 and p = p(d) > 0 such that

(3.34) VE e VA\{0}, Vx e B,: s_(x,&/&) € [x1—0,21+9] and si(x,&/&) > 1/0

where B, is as above (in case of §; < 0: s1(x,&/&) € (1 — 9,21 + 6] and s_(x,£2/&1) <
—1/0). Thus, for § sufficiently small

w(sf(x, §2/61), p(s—(x, 52/51)73‘1)) >0 and 1/1(5+(X752/§1)780(5+(X; 52/51)7X)) =0

for any £ € V\{0}, & > 0, and x € B,. Now, 0(A)(x, ) consists of one term only (namely
the one with s = s_). We write

1 _ N_(x,(&1/&,1))
lwB(s-,x)| &2l
to get
o) (x, &) > [g? Z08)
I
with

2(X7 g) = ¢(5—(X7 62/51)7 @(S—(X7 62/51))7 X))W(S—<X7 52/51)7 X)
X @(3_(X, 52/51),X)N_ (x, (&1/&a, 1))
By continuity, (3.33), and (3.34) we may decrease ¢ such that

Cep i=min {B(x,€) : x € B,, £ € V.\{0}} > 0.

Similar arguments in case &; < 0 let us conclude with

VECVAO}, Yx e B, s o(A)x,6) >y "5—\ €] > co €]
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The case 7, < 0 can be treated analogously.
The proof of part b) follows the lines of [20, Rem. 3.3]. ]

The result of the above proposition differs fundamentally from a similar result in the situation
of a constant sound speed v(-) = b where singularities (y, ) of n with 7o = 0 are not visible in
An (whatever the choice of ¢ and S is), see [10]. The increasing sound speed (3.1), however,
allows to recover those singularities, in principle.

Now we investigate how the top order symbol o(A)(x, ) behaves as depth increases, that is,
as ro — oo while x; and £ are kept fixed. In case £; = 0 and &, # 0 we have s = x; leading to

1 1 a x
lwB(s,x) |§2 2 (s x)’ 4 |§2|

where =< indicates that the terms are asymptotically equal. The situation is a bit more involved
in the general situation of &; # 0. From (3.31) we obtain

(3.35)

as xo — 00

Six a/:tl'Q as ro — OO

with ¢4 := g+ /1 + ¢*> and ¢ = & /&;. Using

(H 4 2)3?H3? < 863 (1+§i)3x§ as ro — 00
we arrive at
1 a (1+¢%)? 3
(3.36) - = — — —=as Ty — 00.
jwB(s+,x)] 8 |[(1—q1)q/2 — qx| €]

Next, we investigate the asymptotics of O(s,x) as 13 — co. Now let (s,w,x) € TI;*(x,£),
£ # 0. By, (3.5), (A.2), (A.3), and (3.31),

2 21
3.37 &) -4 = - — 0.
(3.37) (81,%) e as To — 00

In case &, = 0 we have s = x; and

20? C*

(3.38) O(s,x) <X — —g‘ as Ty — 00.
a’

We summarize our results in the following proposition. For its compact formulation we intro-

duce new notation:
\IJ:I:(Xa Q) = ’lvb(s:t(xa Q)a (p(s:l:(xa q)a X)) :

Proposition 3.6. Ler (x,£) € T*(X). Set q = & /& for & # 0, gz = ¢+ /1 +¢% and
Ei = [(1-43)q — 2q=|.
IfW =0 in (3.24) (i.e. FT = F*) then

b2 Cﬁx \If+(X, Q) \P,(X, Q) ’5‘2 .
QWEx—%( :+ + = )H 'gl#oa
o(A)(x,§) =
21 bt %w(x @ 4 =
4 1,§0(5L'1,X)) : 51_()’
T2 &2

as ro — 0.
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IfW =1/0 in (3.24) then

1 + ~2\2 1 + A% 2 2
"l (wx, DIEL) g (o LTS 'é—'| 6 A0,
i i 1
o(A)(x,§) =<
T 4 2 £J?
5@ m2¢(x17g0(x17x))_ : 51207
2 I3
as Ty — Q.
Proof. We only need to combine (3.29) with (3.35), (3.36), (3.37), and (3.38). ]

The above proposition clearly reveals that the top order symbols for both weights depend
on z5. Hence, jumps in n having the same height but being located at different depths should
be reconstructed with different jump height in An. While the weight W = © diminishes,
the weight W = 1/O magnifies jumps. These shortcomings can be overcome by a slight
modification of A. Indeed, let My be the operator which multiplies a distribution in D’(.X') by
the monomial z5. Then, the imaging operators

Amod1 = AMGF*YF for W =0 and  Apeqo = AM;2FIF for W =1/

are still WDOs of order 1 with top order symbols which are asymptotically independent of the
depth variable. Hence, jumps in n should be reconstructed relatively independently of their
depths (provided the jumps of n are visible in Ay,0q,7, compare Proposition 3.5).

Remark 3.7. We expect statements analogous to Propositions 3.5 and 3.6 to hold even for
a > 0 because the geometry of the isochrones (3.21) that determine the visible singularities
are similar to those spheres which are the isochrones for o = 0, compare Remark 3.1 and see
Figure 1.

We finish this section with a numerical example where the underlying background sound
speed is v(x) = 0.5 4+ 0.1z, and the used common offset is & = 5. Thus, the characteristic
values are

foin & 17.63 and T =~ 2.07,

that is, the Bolker condition is satisfied in the sense of Conclusion 3.4 for X = {x € R?: x5 >
Tmin} and Y = S X (tmin, 00) but it is violated off these sets. We use the phantom n shown in
the left of Figure 3 together with some isochrones to travel times close to t,,;,. The isochrone
for t = 1,y 1s the geodesic connecting source with receiver.

The numerical approach of [11] has been adapted to non-constant background velocity and
yields the numerical approximations to An = AF*1g and Ayeq1n = AM2F*t)g presented in
the bottom of Figure 3 from discrete data ¢ = F'n. The reconstructions exhibit some cutoff-
artifacts but the parts of the singular support of n with horizontal normal directions are visible
as predicted by Proposition 3.5. Moreover, while the ellipticity of A deteriorates with depth,
the ellipticity of Ay,.q,1 is asymptotically independent of it.

The illustration and numerical approximations in Figure 3 were kindly provided by Kevin
Ganster’. The underlying algorithm and further examples will be published elsewhere.

3 Department of Mathematics, Karlsruhe Institute of Technology, kevin.ganster@kit.edu
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FIGURE 3. Top: Illustration of phantom n. It consists of a superposition of indicator
functions of circular disks and a half-space. The colors white, grey, and black repre-
sent the numerical values 0, 1, and 2 respectively. Moreover, the colored curves are
isochrones L for ten selected travel times as specified in the legend. The black dots
mark source and receiver positions.

Bottom: Numerical approximations of An = AF*g (left) and Ayoq,11 = AM3F*1pg
(right) computed from g(s,t) = Fn(s,t) for discrete values s € [—10,10] and
t € [17.628,47.628]. Both reconstructions show those parts of the singular support
of n with horizontal normal directions (indicated by red dots in the top image).

4. STABILITY OF THE TRAVEL TIME WITH RESPECT TO SOUND SPEED
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In this section we study the dependence of the phase function @ in the FIO representation
(1.6) of the operator F' on the background sound speed v = v(x). We recall that the phase
function is given by

where

O(s,t,x,w) = w(t — ¢(s,x)),

(s, %) = 7(x,%s(8)) + 7(X, % s))

and 7(x, Xs) is the solution to the eikonal equation (1.4). Hence we first consider this equation
in the following section.
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4.1. Solving the eikonal equation. We denote by R = {z = (z1,...,74) € R? : 24 > 0}
the subsurface (here d = 2 or d = 3). In ]Ri we consider the eikonal equation

1
v(x)?
for the travel time 7 of rays starting from a fixed point xo € JR% on the surface. Here v €
C*(cl(R%)) denotes the smooth and positive sound speed in the subsurface, and we write
C*(cl(Ry)) for the set of all functions g: cl(R%) — R that are C> in R% and, together with
all derivatives, have continuous extensions to cI(R%).

We also need that the solution 7 is a smooth function of the initial condition x € 8Ri in

order to get a smooth phase function, but we will suppress this dependence for the moment.
We study (4.1) as a special case of the equation

H(x,u,Vu) =0

for a real-valued function u = u(x) on a subset of R? where the Hamiltonian is given by

4.1) V7 (x)]* =

1 1 ;
H(X,U,p):§<pp—w) fOprR.

Note that H (x, u, p) = H(x,p) does not depend on u in our case.
According to [9, Chapter 10], solutions are thus obtained via solving the characteristic sys-
tem

- aPH<X7 p) - pa
= —0<H(x,p) = — o)

U(X)3 I
= P9 H(x,p) — Hx.p),= 3 (Ipf + 7).
We see that u is obtained by simple integration and thus we can concentrate on the (x,p)-

subsystem.
The initial conditions corresponding to those in (1.4) are

“3) x(0,€) = xo, p<o7§>=®£, u(0,€) =0,

where £ € S9! = {¢ e R?: |¢] = 1,&, > 0} as we are considering the subsurface.

o

(4.2)

Remark 4.1. If there is an =q > 0 such that v(x) = vy > 0 for x € cl(RL) with x4 € [0, ),
then if a ray starts from Xqo € 3Ri in a direction £ € Si_l, we have an explicit formula for
t € [0, eqvp], namely

x(,€) = xo + Uiof, p(t.€) = Uioé, ult,€) = io

which, for x € R% with |x — xo| < &, leads via vo(x — xo) = t€ to t = vo|x — Xo| and the
_ Ix=x0|

well-known 7(x) = u(x) -

We want to solve the system (4.2) for ¢ > 0 with initial conditions (4.3). Assuming
(4.4) v(x) is bounded away from 0 and Vv is bounded,

the system (4.2) with initial conditions (4.3) has a unique global solution: local existence and
uniqueness hold by Picard-Lindel6f, and since the right hand side of the (x, p)-subsystem has
linear growth in p the solution exists globally (this is an application of the Gronwall lemma).
Since v is defined on cl(R?), “globally” means here that, for fixed ¢ € S¢ !, the maximal
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t-interval is either [0, 0o) and we set Ty (€) := oo or it is a compact interval [0, Tinax(€)] with
X(Tmax(€), €) € OR?, which means that the ray resurfaces.
In order to obtain a solution 7 of the eikonal equation (4.1) we parametrize Si’l by £ in

the open unit ball B;_; in R%! via ¢ = (£’, /1 — ]§’|2). We let Tyax (&) := Tmax(§) for
&' € By_1 and denote by

Qmax = {(t7§,) € (07 OO) X Bg1:t€ (OﬂTmaX(g/))}

the (open) parameter set for the family of maximal solutions of (4.2) with (4.3). We introduce
the map

Uso: Quax — R, (£,€) = x(1,€),

where the subscript x, refers to the point xy € 8]1%1 we fixed at the beginning. (Of course, also
the solutions x, u, p, and the maximal existence time 7p,.x(£’) depend on x, but we skip this
dependence in notation.)

If the sound speed is constant, v = vp, then Qnax = (0,00) X By_; and ¥y, : (0,00) X
By 1 — Ri is a diffeomorphism (see Remark 4.1 above with 5 — o0). For our linear velocity
model only the ray with £’ = 0 does not resurface and we have T}, (') — 0 for [£'| — 1 (see
Appendix A), but also here the map ¥, above is a diffeomorphism. Observe in both cases that
the diffeomorphism W_ 01 “degenerates” as we approach the initial point x, from the subsurface.

In the general case, rays may intersect in the subsurface, and this is something we want to
exclude. So we let

Quniq = {(t,€') € Qumax + (Ux,) ™" (Vo (£,€)) = (1,6}

This means that Wy (Quniq) is the set of points in the subsurface that are hit (exactly once) by
a unique ray from x,. In the two examples of a constant v = v, or a linearly growing v we
clearly have Quniq = Qmax-

In the following we thus consider Wy : Quniq — Ri. We might only have that a suitable
restriction of this map W, is a diffeomorphism. Hence we assume for the sound speed v:

there exists a continuous 7': B;_; — (0, 00) such that the restriction of Wy, to

“.5) Q:={(t,¢&):¢ € By1,t€(0,7(¢))} is adiffecomorphism onto ¥, (Q).

Since () C Quniq, in particular each point x in the subset Wy, () of the subsurface is hit exactly
once by a unique ray emanating from the fixed point x¢ on the surface. Under (4.5) the function

7(x) := 7(x, %) 1= u(¥ 1 (x)), x € U, (Q),

X0

is the desired solution to the eikonal equation (4.1), existing on W, (). As explained above,
in our linear velocity model, we can take () = Quax and have Wy (Qmax) = Ri. Varying the
source point x of the rays in an open set L C bd(Ri) we assume moreover

(4.6) v is such that the map Uy, : @ — R?% depends smoothly on x, € L.

Here we assume for simplicity that the same () can be used for all x, € L. In particular, this
means that the () in (4.5) has to be a subset of Q)u,iq for every x, € L. Obviously, this is no
restriction if v only depends on depth, i.e., only depends on z,. The assumption (4.6) is clearly
satisfied for the linear velocity model where (x,Xo) — 7(x, Xo) is smooth on RY x OR? (see
Appendix A).
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4.2. Perturbation of the sound speed. Let v, be a given sound speed satisfying (4.4), (4.5),
and (4.6) in place of v. We now assume that v; € C*°(cl(R%)) is another sound speed satisfying
(4.4) such that

4.7 the support of v; — vy is contained in {x € R% : x4 > &0} for some g9 > 0.

For j = 0, 1, we denote by x7, p;, u; the solution to the characteristic system (4.2) with sound
speed v replaced by v; and with the same initial values (4.3), which then induces a function
T3t Ba—1 — (0, 00], parameter sets Q7. and Q7 ;. and amap WJ : @7, — R% as before.
We denote by 74(-) the solution to (4.1) with sound speed v for a fixed initial value x, €
OR< (which exists by assumption (4.5) for vg). By a perturbation argument, we shall obtain a
solution 71 (-) to (4.1) with sound speed v;. The assumption £y > 0 guarantees that 9 and W}
coincide for small values of ¢. For the perturbation argument we thus can stay away from x
where the diffeomorphism \Ifgo degenerates. More precisely, we shall consider compact subsets

K C Q of the form
(4.8) K ={(t,£): ¢ € Ko, t € a(), 0]}

where Ky, C B, is the compact closure of a smooth domain and a,b: K, — (0,00) are
smooth and satisfy, for any ¢’ € K,

0<a()<bE)<T(E) and {x(t&):te(0,a()]} C{xeR: z4€(0,2)}
The following is the main part of the perturbation result.

Proposition 4.2. Let vy € C* (cl(Ri)) be a sound speed satisfying (4.4), (4.5), and (4.6) in
place of v. Let K C ) be compact and of the form (4.8) above. Let § > 0 and let K C Ri be
the compact closure of an open neighborhood of W), (K). If v € C*(cl(RY)) satisfies (4.4)
and (4.7) and is sufficiently close to vy in C*-norm on K, then K C QL and \I/}(O QL =
RY, (t,&) — x*(t,&'), gives rise to a diffeomorphism of an open set U D> K with cl(U) C Q
and V), (K) C W, (U) and the solutions 1o and 71 (x) := uy (¥} ) "' (x)) satisfy

X0
(4.9) |70(x) — T (x)] < 6,
forallx € ¥ (K).
IfC C (9Rﬂlr is compact, then Ky is the compact closure of an open neighborhood of
Uspec VY (K), and if vy and v, are sufficiently close in C*-norm on K, then, for xy € C,

X0

71(+, Xo) exists on Uy, (K) and we have
|7'0<X, X()) — Tl(X, X0)| S )
forallx € W) (K) and x, € C.

Proof. Clearly we obtain the solutions x!, p, u; by letting, for ¢’ € Ky and t € [0, a(£)],
Xl(t>£) = Xo(taf)v Pl(tf) = pO(ta€>7 U1<t,£) = uO(t7£)a

and then solving (4.2) with initial conditions

x'(a(€),€) =x"(a(£),€), pi(a(€),€) = po(a(§).€), wi(a(),€) =uo(a(¢),§),
which are non-degenerate. Here we have used assumption (4.7).

If v; — vy is sufficiently small in C*-norm on K then the solutions x°(¢, ¢’) and x' (¢, £'), as
well as ug(t, &) and (¢, &) can be made arbitrarily close in sup-norm on K, since solutions
to ODE systems depend continuously on the right hand side and on parameters.

Here we need also that derivatives of W3 and W} with respect to ¢ and the parameter &’
are close to each other. This follows by the same arguments, as 8t\119(0 and 85/\1120 are given as



SEISMIC IMAGING WITH GENERALIZED RADON TRANSFORMS 23

solutions to ODE systems involving derivatives of the right hand side of (4.2). We thus need
that v; is close to vy in C?-norm on K.

On the compact set K’ we have inf |det DU}, (¢,&')| > 0, and if DV, (t,£) and DV, (t,£')
are sufficiently close on K we infer that DU} (¢,¢') € R is regular for each (¢,¢') € K.
Hence \Il,lco is locally an isomorphism on an open superset U of K and we may assume cl(U) C
(. Thus it only remains to show that \If}co is injective on K.

By smoothness of a and b on the compact set K, the set A has a Lipschitz boundary and
there exists ¢ > 0 such that, for any two points (t1,&}), (t2,&,) € K, we find a C*-curve
7v:[0,1] — K connecting these two points with length L < ¢|(¢,&]) — (t2,&5)|- Then we have

UL (1. 6)) — UL (11.€)) = / (DUL) ((r))3(r) dr

1
=W, (12,6~ Wiy (0.8 + [ (DWL, DI ()il ar
By compactness of K we obtain a constant 179 > 0 such that
W5 (t2, €5) — Wa, (11, €0)| = mol (t2, &) — (1, 61)] forall (11, €1), (t2,) € K.

Since

[ (0w, = DY) G0)ieI ] < s [(D, = DY) )| Lt ) — (1.6

t,8)eK

we thus obtain, if DW} and DV are sufficiently close on K,

[Py (t2, €3) — Wy, (11, €1)| > %Ktz,ﬁé) — (11, )] forall (1, &), (12, ) € K.

In particular, \If}(o is injective on K, and we find U as desired.

We may run the same arguments with a superset K’ O K of the form (4.8) satisfying K C
int(K’) and U9 (K') C int(K;). The boundary points of W) (K') and W) (K’) are close if vg
and v; are close in C*-norm on ;. Hence we can arrange for W) (K) C U9 (K') NV} (K').

Letting 71 (x) := uy ((V},)~'(x)) for x € ¥ (K’) we have, for x € W, (K') N V) (K),

[70(%) = 71(3)] < Jua (W)™ (%)) — uo((Wsey) ™ ()| + [0 (V) ™ (%) — uo(W5,) ™ ()]
< sup f(ur —uo)(t, &)+ sup [Vuo(t, &) [(Wy,) ™ (%) — (¥5,) " (¥)I.
(t.£")eK’ (t.£)EK'
We know that u; —ug can be made small in sup-norm on K’, and from the arguments above it is
clear that (W] )~' and (U3 )~ are as close as we wish on V) (K) if vy and v, are sufficiently
close in C%-norm on K.
Using (4.6) and another compactness argument we prove the last assertion. U

For application of Theorem 5.2 below to our situation, we need closeness of the correspond-
ing phase functions ¢, and ¢ in C®-norm, see (5.14) and the definition of P;, (5.4). We recall
that, e.g., ¢q is given by

©o(s,x) = 1o(x,x5(8)) + 70(X, X (8))

where xg,x,: 5" — GR‘fr are smooth parameterizations of the source/receiver pairs over an
open set S’ C R%!. In the situation of Proposition 4.2, i.e. if v satisfies (4.4), (4.5), and (4.6),
and

(4.10) xs(S") Uxe(S") C L,
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we have that ¢ is defined at least on the set
(4.11) U = {(s,%) € &' x RY : x € Wy )(Q) N 3, (Q)},

this set is open, and ¢y: Uy — R is smooth.
The following notion seems natural in the given situation.

Definition 4.3. For a subset K C U, we define the ray closure r(K) C cl(R%) (with respect to

vp) to be the union of all trajectories of the parts of rays connecting Xs(s) or x,(s) and x where
(s,x) € K.

The motivation for this definition is that, for any (s,x) € K, the travel time from xs(s) or
X, (s) to the point x is affected by the values of the velocity on the trajectory of the ray that hits
x before it hits. Observe that the ray closure of a compact set K is a compact subset of cl(R%).

Theorem 4.4. Let v, satisfy (4.4), (4.5), and (4.6). Let S’ C R be open and assume that
Xs, Xr: S — ORY are smooth and satisfy (4.10). Let v; € C™(cl(RY)) satisfy (4.4) and (4.7).
Let K C Uy be compact and 5y > 0. If v, — vy is sufficiently small in C°-norm on the compact
closure M C Cl(]Ri) of an open neighborhood of the ray closure of K then

o1 — wollesx) < do-

Moreover, if Vo # 0 on K and ||vy — vo||csary is sufficiently small, then we have in addition
that Vxp1 # 0 on K.

Proof. Applying Proposition 4.2 we obtain ;. We have to look at derivatives of ¢y and ¢
with respect to x and the parameter s, i.e. at derivatives of solutions to the eikonal equation
(4.1) with respect to x and initial values x,. Hence we need derivatives of solutions v, (and u)
to (4.2) with respect to ¢, £’ and x, as well as derivatives of the diffeomorphisms (¥°)~! and
(U1)~L. The latter boils down to derivatives of U° and ¥'. All these derivatives are solutions to
ODE systems involving derivatives of the right hand side in (4.2). The first claim now follows
by the same arguments as in the proof of Proposition 4.2.
For the proof of the second claim we put

.....

By compactness of K and assumption we have d; > 0. Now we choose 0 < do < min{dy, 01}
and apply the first claim with J; in place of dp. Then we have, for (s, x) € K,

777777777

which proves the claim. U
Recall that ¢ is just a part of the phase function
Dy(s,t,x,w) =w (t — @o(s,x)),

and in order to satisfy Definition 2.2 we need ¢, defined on a set S” x X, where X, C Ri 1S
open, and we need that —V, Py = wV (s, x) does not vanish on S’ x X, where w # 0, i.e.
we need Vypg # 0on S” X Xj. In a first step we let

(4.12) Zo =[] Ul (Q) N (Q).

ses’
Observe that S’ x =y C Uy. Then we set

(4.13) Xo:=1int ({x € 2o : Vxpo(s,x) #Oforalls € S"}).
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Finally, for our applications below, the second claim in Theorem 4.4, applied to a compact
subset K C S” x X makes sure that in the situation of Theorem 4.4 also the perturbed function
(1 gives rise to a phase function

O(s, t,x,w) =w(t — ¢i(s,x)),
in the sense of Definition 2.2.

Remark 4.5. The condition Vxpo(s,x) # 0 means Vx7(xs(s),x) # —Vx7o(X(8),X). By
construction via the characteristic system (4.2), Vx7o(Xs(8),x) = —V7o(X:(8), X) means that
the ray emanating from Xs(s) and the ray emanating from x,(s) meet smoothly at x (cp. [22,
p- 351) or, in other words, it means that the prolongation of the ray from x4(s) to x eventually
hits x.(s). So we have to exclude points of = lying on trajectories of rays that directly connect
source Xs(s) and receiver x.(s). We mention here that the argument [22, p. 35], where no
points have to be excluded, relies on the assumption that the velocity v is constant close to the
surface (and on uniqueness of connecting rays).

In our linear velocity model, where all (but one) of the rays starting from a fixed point x
resurface, and in the common offset geometry with parameter o« > 0 source x4(s) and receiver
Xy (8) have a fixed distance 2c. Rays connecting xs(s) and X, (s) only reach a certain maximal
depth. In other words, points in X, need to have a certain minimal depth, given by x.;, in
(3.4).

5. STABILITY OF THE IMAGING OPERATOR WITH RESPECT TO PHASE FUNCTION

The main result of this section, Theorem 5.2, asserts that if the phase functions of FIOs Fj
and F) are close enough in a precise way and if F{ satisfies the Bolker condition, then F also
satisfies the Bolker condition. In section 5.3, we will apply this to the seismic operator with
small offset and to operators with travel time close to ones for which the forward operator
satisfies the Bolker condition.

5.1. The setup. First we provide some notation. Let U and V' be subsets of R?. If cl(U) is
compact, then we say U is precompact. If U is precompact and cl(U) C V, then we write
UeV.

If M is a matrix in R™*", we define the sup norm of M, ||M ||, to be the maximum of the
absolute values of the entries of M.

If G is a differentiable map with domain B and cl(A) C B, then we will say G is an
immersion (respectively, injective) on A if G is an immersion (respectively, injective) on some
open neighborhood of cl(A). Let X be an open subset of R? and ¢ € N. Finally, let G be a
C* function from X to either R” or R™*" for some m,n. If A € X, then for m € N, we
let [|G|| g 4y denote the maximum of the sup norm of the component functions of G and their
derivatives up to order m on A.

Let X be an open subset of ]Ri, and let S be an open subset of R. For j = 0, 1, assume that
F; is an FIO from £'(X) to D’(S" x (0, 0o)) with phase function

(51) @j(Sﬂf,X,W) :W(t—@j<S,X)),

where ¢;: 5" x X — (0, 00) is smooth.
In this case, F; is a FIO given by

(5.2) Fin(s,t) = /exp (1®;(s,t,x,w)) O;(s,t,x)n(x) dx dw

where ©; is a symbol satisfying Definition 2.1.



26 P. C. KUNSTMANN, E. T. QUINTO, AND A. RIEDER

The canonical relation for £ is
C; = {(s,t, —wispj, wdt; x,wVxp;) : (5,x) € 5" x X,w e R\{0},t = ¢;(s,x)},
and it can be given global coordinates
(5.3) ' x X xR\{0} > (s,x,w) = (s,9j(s,X), —wisp;j(s,X),wdt; x,wVxp;(s,x)) € C;.

For j = 0,1, we will let I, be the left projection from €; to T*(S" x (0, 00)) and H{;l, be
the corresponding right projection. Let A be a subset of S” x X. Then the projection II] is
injective (or an immersion) on A x R\{0} (using coordinates (5.3)) if and only if

(54 Pj(‘S?X) = (s,goj(s,x),ﬁsgoj(s,x))

has the same property for (s,x) € A. We introduce the function P; to simplify the calculations
since w is given by the dt coordinate of Iy, in (5.3).
Note that if A € S’ x X, then

(5.5 o1 = @ollesay = 1P1 = Polloza -
Our next proposition is a key to the proof of Theorem 5.2 below.

Proposition 5.1. Let S € 5" and Q) € X both be open and let P; be as given in (5.4) where F;
and @; are as given in (5.1) and (5.2) for j = 0,1. Assume Fj satisfies the Bolker condition.
Then, there is a 61 > 0 such that if

(5.6) o1 = wollos(srxxy < 01,
then,
(a) P is an immersion above cl(S x ), so Cy is a local canonical graph, and

(b) There is an €1 > 0 depending on 0 (and g, S,S’, ) and X) such that for all (s,x) €
cl(S x Q), the function Py : B.,(s,x) — R3 is injective.

Proof. We need to take some estimates on a superset of S x €2 with compact closure in S” x X,
so let S and 2 be open sets such that S € S € S’ and Q € ) € X.

First, we prove part (a). Because F satisfies the Bolker condition and CI(S X Q) is compact,
there is an m > 0 such that the derivative matrix satisfies

(5.7) |det (DPy(s,x))| >m forall (s,x) € cl(S x Q).

The determinant function is continuous on the space of 3 X 3 matrices in sup norm, so there is
a 0; > 0 such that

if ”gpl - SOOHCB(C](S'XQ)) < 261, then

(5.8) o~
V(s,x) € cl(S x Q), |det (DP;(s,x)) — det (DPy(s,x))| < m/2.

Therefore, |det (DPy(s,x))| > m/2 for all (s,x) € cl(S x Q), so P; is an immersion on a
neighborhood of 01(5 X Q) and ITj is an immersion above S x Q. Then, [1} must be an immer-
sion above this set by [15, Proposition 4.1.4] because C; is a Lagrangian manifold. Therefore,
@y is a local canonical graph above S x  x R\{0}.

Without loss of generality, we will assume §; < 1.

Now, we prove part (b). For A € R3*3, let || Al op denote the operator norm of the map
R? 5y + Ay. Then, A — ||A|,, is a continuous map in the sup norm on R**®. This is true
because all norms are equivalent on finite dimensional normed linear spaces, due to the Heine
Borel Theorem.
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Since the map A — A~! is continuous on GI(3), we see that

(5.9 A ||A7 HOp is continuous on GI(3).

We now prove that there is a d > 0 such that || DP"(s,x) Hop < dforall (s,x) € cl(S x Q)
and all o, satisfying (5.6).

Let Cy = DPy(cl(S x Q)). As the derivative D P, is a continuous function, Cj is a compact
subset of G1(3). Now, let C' be the union of all closed balls of radius v/34; in R**3 centered at
points of Cy. Since Cj is a compact subset of Gl(3), we may assume C' C GI(3) (by making
01 smaller if needed).

By (5.5), for each (s,x) € cl(S x Q), |[DPi(s,x) — DPy(s,x)| < /36,. Therefore,
DPy(cl(S x Q)) € C. By (5.9), there is a maximum d > 0 on the compact set C' to the contin-
uous function A — [|A~"[| . Therefore, for all (s,x) € (S x Q), DPfl(s,x)Hop < d.

Let ¢ = 1/d, then

(5.10) V(s,x) € cl(S x Q),Vy € R3, |(DPy(s,x))y|| > ¢|ly]|-

For the rest of the proof let pf;(s, x) denote the ij entry of the 3 x 3 matrix D P} (s, x) for
E=0,1.

We claim there is an L > 0 depending only S x Q and o such that all first and second
derivatives of ¢, have Lipschitz norm bounded by L on any convex subset of cl(S x ). First,
by compactness of CI(S X Q) there is an L/ > 0 such that all second and third derivatives of g
are bounded above in sup norm by L'. Then, since (5.5) holds and §; < 1, all second and third
derivatives of ¢, are bounded above in absolute value by L = L’ 4 1. Then, a straightforward
Mean Value Theorem argument shows that all first and second derivatives of ¢, have Lipschitz
norms bounded above by L on any convex subset of cl(S x €2).

This implies that

(5.11) [pij(5:%) = pis (£, ¥)| < L(s,%) = (£,y)]
for all (s,x) and (¢,y) in any convex subset of cl(S x Q).
Let
c
5.12 = —.
( ) €1 6L

Perhaps by making £, smaller, we can assume that the open ball B.,(s,x) C S x Q for all
(s,x) € cl(S x Q). By (5.11),if (s,x) € cl(S x Q) and (¢, y) is in the convex set B, (s,x) C

S x €, then
c
(5.13) |(s,x) = (t,y)| <1 = ’pgj(s,x) —pilj(t,y)‘ < &

This is exactly inequality (16.14) in the proof of Theorem 16.9 in [6] where the ¢ in (5.10) is
exactly the constant in inequality (16.13) in [6]. The rest of our proof follows word for word
the proof of Theorem 16.9 in [6]. The conclusion of that theorem is that P; is injective on
B.,(s,x). Since (s,x) € cl(S x Q) is arbitrary, ¢; is independent of (s,x), and for every
(s,x) € cl(S x ), P, is injective on B, (s, x). d

5.2. Nearby travel times and the Bolker condition. We now state the main theorem of Sec-
tion 5.

Theorem 5.2. Let Fy and Fy be FIO from domain &'(X) to D'(S" x Ry) given by (5.2). We
assume Fy: E'(X) — D'(S" x R, satisfies the Bolker condition.
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Let 2 € X and S € S’ both be open. Then, there is a dy > 0 such that if
(5.14) o1 = @olleasrx) < o
then Fy: E'(Q2) — D'(S x R,) satisfies the Bolker condition.

Proof. Our assumptions allow us to use Proposition 5.1 for S x 2 C S’ x X. Let §; be as in
(5.8) and let £; > 0 be as in part (b) of Proposition 5.1 for S x €. Then, there is a o €]0, J;]
such that

forall s € S and x and y in (),

5.15
(5.15) Po(s, %) — Po(s,y)| < 20 = |(5:%) — (s,3)] < e1.

This is an immediate consequence of the fact that P, ! is uniformly continuous from the com-
pact set Py (cl(S x )) to cl(S x Q) because P, is a smooth injection on S” x X and therefore
P; ! is also a smooth injection.

Now assume [|1 — @ol[ (s x) < o- Let (s,x) and (¢, y) be in {2 and assume P (s,x) =
Pi(t,y). By the definition of P, s = ¢t. Now, using (5.14) and the triangle inequality, one
sees that |Py(s,x) — Po(s,y)| < 2d0p. By (5.15), |x —y| < &1, 50 (s,y) € B, (s,x). Since
P, is injective on this ball by Proposition 5.1, x = y. Therefore, P is injective on .S x {2 and
Fi: &'(Q) — D'(S x R, ) satisfies the Bolker condition. O

Somewhat related estimates have been used to prove injectivity of Radon transforms with
measures that are close to real analytic measures using the injectivity of Radon transforms with
those real analytic measures [8, Section 5].

5.3. Applications of our stability results. In this section, we apply the results of the previous
sections to show that the Bolker condition holds for a broader range of operators than just those
for the linear velocity model, as long as they are close to operators satisfying Bolker.

5.3.1. Small Offset. In Section 3, we showed that the seismic operator with linear wave speed
in dimension two satisfies the Bolker condition for zero offset, « = 0. We now show that
the operator with sufficiently small offset & > 0 also satisfies this condition. However, our
theorem is more general, and we will prove it for any travel time for which the zero-offset
operator satisfies the Bolker condition. The proof rests on the fact that ¢, for small offset, «,
is close to o (which satisfies the Bolker condition), and this allows the use of Theorem 5.2.
Assume that the travel time 7 is smooth from R? x 9(R%) to (0, c0). For o > 0 define

D (s,t,x,w) = w(t — vals,x)),
(5.16) where
0a(s,x) =7(x,(s — a,0)) + 7(x, (s + ,0))
and let

(5.17) Fun(s,t) = /exp (1Du(s,t,x,w)) Ou(s, t,x)n(x) dx dw

where O, is a symbol according to Definition 2.1.

Theorem 5.3. Let X be an open subset of Ri. Using the notation of (5.16) (5.17), assume
Fo: &(X) — D'(R x (0,00)) is an FIO satisfying the Bolker condition. Let 2 € X be open
and let S € R be open.

Then, there is an oy > 0 that depends on 1, S, X, and (), such that F,: £'(2) — D'(S x
(0, 00) satisfies the Bolker condition for all o € [0, ay).
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Remark 5.4. Our theorem is valid in a somewhat more general setting. Assume that ty > 0,
a>0,and F5: &(X) — D'(S" x(ty,0)) is an FIO satisfying the Bolker condition (assuming
the function A(x,xs) in (1.6) is smooth). Then, our proof below shows there is a 6 > 0
depending on v, S', X, S, and Q) such that F,,: £ (Q) — D'(S x (to, 00)) also satisfies Bolker
for |a —@| < 6. This is true because our proof rests on compactness and uniform continuity
arguments that can be used to show @, is sufficiently close to pg if « is sufficiently close to .

Theorem 5.3 can be applied to linear, increasing wave speed, (3.1) as we now discuss. We
will write the constant Ty, in (3.4) as Ty = Tmin(Q) since its dependence on « is important.

To apply Theorem 5.3, we first recall that F satisfies the Bolker condition as shown in
Section 3.1. Then, we choose an ay > 0 and choose xo > Tyin (). We let

X = {(1‘1,1'2) }I’Q > l‘o} .

Therefore, isochrones intersect X only for t > tyin(az). This allows us to use the arguments
in Section 3, including Remark 3.2, to assert I, is an FIO for o € [0, as]. Next, we apply
Theorem 5.3 to conclude, for some o € (0, s, that

(5.18)  F,: &(Q2) — D'(S x (0,00)) satisfies the Bolker condition for all o € [0, ).

The statement (5.18) includes no specific condition on X, but there is an implicit condition
since Q) € X, so xy is bounded away from x for all points in ). By the discussion in Section 3.2
for linear wave speed, the Bolker condition holds only if xo > Ty (ag) for all x € Q. Once <)
is chosen, this gives an implicit restriction on o, namely i, (g) < 3 for all x € .

Proof of Theorem 5.3. As mentioned at the beginning of this section, all we need to show is
that ¢, is sufficiently close to ¢ for « sufficiently close to zero.

We first show that F}, is an FIO for sufficiently small «. When F,, is an FIO, its canonical
relation is

Co = {(8,t, —W0s0, w dt; X, wVxps) : (5,x) € S x Qw € R\{0},t = pu(s,x)},
and €, can be given coordinates
(5.19) (s,%,w) = (8, 0als,X), —wWspa, wdt; X, WVxpa) -

Let a; > 0. Let X be an open, precompact, convex set containing cl(€2) and let S’ be an open,
precompact, convex set containing cl(S + [—aw, as]). Then, S’ x X is an open, precompact,
convex set in R3.

Note that the symbol of F, Ai’g’(’ff
function A(x,x,) must be smooth for s € R and x € X, and all . Therefore, the symbol of
F,, is smooth.

To show that ®,, is a nondegenerate phase function on S” x (0, 00) x X x R\{0} for small «,
we note that %@a = w is nonzero for all . Therefore, we only need to check the x derivative.
As Fy is assumed to be an FIO satisfying Definition 2.2, —V,®y = wVxpo(s,x) is nowhere
zeroon R x R?.

Note that the differentiable map

(see (1.6)) is smooth by assumption. This means that the

[—ag, o] x (cl(S") + [—an, as]) x cl(X) 3 (a, 8,%) = Vi7(X, (s — a, X)

is uniformly continuous because this domain is compact. Therefore, («, s,%X) — Vx@a (S, X)
is uniformly continuous on [0, as] X cl(S” X X ). Now, using uniform continuity and that V
is bounded away from zero on the compact set cl(S” x X)), there is an a; € (0, ] such that
Vx@a(s,x) is bounded away from zero for all («, s,x) € [0,a1] x S’ x X. This shows for
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a € [0, aq] that ®,, is a nondegenerate phase function according to Definition 2.2, and F, is an
FIO from &'(X) to D'(S” x (0, 00)) satisfying Definition 2.3.

Let dg be as in Theorem 5.2 for this ¢, S, .S, 2, and X. We now show that for some o €
(07 Oél],

(5.20) Va € [0, agl, [[pa — <P0”c3(c1(5/xx)) < do.

This follows immediately since the function («, s, X) — ¢, (s, x) and its derivatives up to order
3 in (s, x) are uniformly continuous on the compact set [0, o] x cl(S’ x X)), therefore there is
an ap € (0, ay] such that

10%@a(s,x) — 0Ppo(s,x)| < &, fora € [0,apand (s,x) € cl(S x Q)

for all partial derivatives in (s,x) up to order three, i.e., for || < 3. Taking the sup over all
these derivatives shows that (5.20) holds for all « € [0, ap.

By Theorem 5.2, this implies that F,: £'(2) — D’(S x (0, o) satisfies the Bolker condition
for all a € [0, o). O

5.3.2. Seismic operators with close traveltimes. In this section we show that, if the velocities
for two seismic experiments are close and the associated seismic operator for one satisfies the
Bolker condition, then the other seismic operator does, too, as long as the operators agree near
the surface, OR?. We use the results of Section 4 to relate the velocities to the traveltime and
then use Theorem 5.2.

Theorem 5.5. Let vy € C™(cl(R%)) satisfy (4.4), (4.5), and (4.6). Let S' C R*™! be open
and assume that Xg,%X,: S’ — 3Ri are smooth and satisfy (4.10). Let =y be given by (4.12),
assume that X, defined in (4.13) is not empty, and that vy induces an FIO Fy: &' (Xy) —
D'(S” x (0, 00)) satisfying the Bolker condition.

Let v; € C*(cl(R%)) satisfy (4.4) and (4.7). Let S € S” and Q! € X, be open.

If vi — vy is sufficiently small in C®-norm on the compact closure M of an open neighborhood
M of the ray closure (Definition 4.3) of cl(S x Q) and if the amplitude function Aq is smooth
on (M N R%) x L, where L is from (4.6) and (4.10), then v, induces an FIO Fy: &'(Q) —
D'(S x (0,00)) that satisfies the Bolker condition.

Proof. We choose S’ and X suchthat S € S’ € 9, Q C X € X,, and M is still the closure
of an open neighborhood of the ray closure of CI(S’ x X). We shall apply Theorem 5.2 to
Fj: &(X) = D'(S x(0,00)), j = 0, 1. Clearly, Fy: &(X) — D'(S" x (0,00)) is an FIO that
satisfies the Bolker condition.

We have to check that v; induces an FIO F;: &'(X) — D'(S’ x (0,00)) and we have to
make 1 — o small in C®-norm on cl(S” x X), which is a compact subset of S” x X,. To
this end we use Theorem 4.4, which asserts the required smallness of ¢ — g, if v1 — vg 1S
sufficiently small in C®-norm on M, which is the compact closure of an open neighborhood of
the ray closure of cl(S’ x X).

Moreover, by Theorem 4.4 we also have that v; induces a phase function ®; on CI(S "x X).
For the amplitude function A;(x,xy) we solve the transport equation (1.5) (with A; and 7 in
place of A and 7, respectively) as in [2, eq. (E3.9)], see also (A.1). Observe that the ray Jacobian
appearing there is just the determinant of D\IJZCO (t,&') in our situation. As initial values we can
take those of Ay(x,x() for x with z; € (0,&) since v1(x) = vo(x) for such x. Hence we
conclude that v, gives rise to an FIO Fy: &(X) — D'(S' x (0,00)). Now application of
Theorem 5.2 finishes the proof. U
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APPENDIX A. THE AMPLITUDE FUNCTION

To find an explicit representation of the function © = O(s, x), see (3.5), we will use (1.5)
to get hold of A along seismic rays which are the characteristic curves of the eikonal equation
(1.4), see, e.g., [2, Appendix E2]. We rely on the ray system (4.2) (¢ > 0 is the running
parameter)

dr dp Vu(r) £

=, 0 = Xg;, -, — ) = )

a P 0 =x i~ oo PO w0y
with a unit vector £ = (£1,&)" € R? (we denote the rays here by r rather than by x as in (4.2)
to comply with the notation of (3.5)). Note that p(t) = V7(r(¢)). Before we proceed with

solving the system we establish the connection of the rays to the amplitude: via the divergence
theorem follows from (1.5) that

__ G

| det Jr(t)]
where C4 > 0 is a suitable constant and Jr is the Jacobian of r with respect to ¢ and a variable
which parameterizes &, the initial directions of the rays, see [2, eq. (E3.9)].

For the time being let r(0) = 0 yielding p(0) = &/b. Then, the ray system has the following
explicit solution

2
ri(t) = p1(0)t = %tu ro(t) = S(\/l - 2—45% 2+ 2%52?5 — 1>,

which can be verified by plugging in. We are only interested in down-going rays, so that &, > 0.
Further, ro > 0 for ¢t € [0, t;ax] Where ¢ = 222 & &1 # 0 (these rays re-surface at t,,,,). In

a g’
case & # 0, the orbits of the rays are arcs on the circles with centers z = (9 &2 —9) and radii

R = |z|. This fact was already reported in [21]. te
As & = \/1—75% we use & as additional parameter for the rays, that is, r = r(¢, ;). Hence,
t
E21/bt — a2€2 42 + 2ab2Eyt
For given x € X, x; # 0, we now find the unique ray connecting 0 with x. To this end we
need to determine the corresponding &; where we use the feature that rays follow circular arcs

with centers z as explained above. For symmetry reasons we may assume that x; > 0. Thus,
2

b\?2 2 b 2
<$2+a> +(ZL‘1—21) :§+21

(A.1) A*(x(t),x(0))

| det Jr| = |04110¢, 12 — O4120g, 11| =

yielding
1 ( +b)2+ , b
z2n=—1|x2+— T — =
! 21, S La2
— 2
Since zlzg 21 L we get
1
&1 =84(x) = > . 22
\/1+4b§—x§((a:2+5)2+x%—a—2)

x

x| \/1 + L2y + S |x|2
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Further,

bxy a?

r(t(x),&(x)) =x  for t(x) = £ ) = b x| \/1 + %xg + 4—b2|x‘2.

We conclude that

e 600 VO = P80 () + 2609 1x)
: 1) |

(A.2) A?(x,0)

For arbitrary source position we get
(A3) A(x,x5(s)) = A(x — x5(5),0).
Remark A.1. We do have that lim,~ A(x,0) = Cavb\/To/|x|. This limit is an amplitude

belonging to the wave speed v(x) = b with travel time 7(x,0) = |x|/b. Indeed, \/x5/|x| solves

(1.5) for that T. Another solution is 1/ \/m . Observe that the quotient of both amplitudes is
bounded from above and from below by positive constants on each cone given by |z1| < cxs
where ¢ > 0. In particular, both amplitudes have the same asymptotic behavior as x4 — 00
while x1 remains bounded.

APPENDIX B. PROOF OF (3.19)
We sete =1 — t/2 € [—t/2,t/2] and express c; as well as ¢, as functions of €. Then,
c1 + o = 2b(cosh(at/2) cosh(ag) — 1)/a, cicy = b*(cosh(ag) — cosh(at/2))?/a®.

Further,
(c; — ¢2)? = R*sinh®*(ac) with R = 2bsinh(at/2)/a.

It follows that
2 9

A = b (R?* — 40?) (1 + ab2 — cosh2(a5)).
Hence, A > 0 if and only if t > .5, and € € [—¢,, &,] where cosh®(ae,) = 1 + a?a?/b?, that
is, €4 = tmin/2.
In this notation, (3.19) is equivalent to
2b h(at/2 h — VA
(B.1) o coshat/2) coshae) — VA < — cosh(ae,) fore € [—¢,, &.].

402 + R2sinh*(ae) 2a
As the left hand side is even in ¢ we restrict our attention to [0,¢,]. We observe (B.1) to hold
for e = 0 since

20 cosh(at/2) — VR? — 402 ac/b < 2a cosh(ae,)
<= b(cosh(at/2) — cosh(ae,)) < ar/R%/4 — a2
which is true for ¢ > t,,;,. Further, (B.1) is also true for € = ¢, and ¢ > ¢,,;; according to
40” cosh(at/2) cosh(ae,) < 4a® + 4a” (cosh®(at/2) — cosh®(ae,))
<= cosh(at/2) cosh(ae,) < 1 + cosh®(at/2) — cosh*(ac,).
To validate the general case we rewrite (B.1) equivalently into
R?cosh(acg,) < f(e)
with
f(g) := R?cosh(ac.) cosh®(ae) — 4a*(cosh(at/2) — cosh(ae.)) cosh(ag) + 20V A/b.
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We have just established that
f(0) > R*cosh(ae,) and f(e,) > R?cosh(as,).
To finish the proof of (B.1) we consider the derivative of f:

f'(¢) = 2asinh(ae)(g(e) + h(e))
where
g(e) = R?cosh(ae,) cosh(ae) — 2a” (cosh(at/2) — cosh(ae.))

av/ R? — 402 cosh(ae)
\/ cosh?(ae,) — cosh?(ag)
The function g is positive and strictly increasing whereas h is negative and strictly decreasing
to —oo in [0, €,[. Further, there is at most one € € |0, €[ such that g(€) = —h(e).
We distinguish three cases.
(1) g(0) + ~(0) > 0: Then, g + h > 0 in a neighborhood of £ = 0 and ¢ exists, that is,
g+h>0on|0,&]. Hence, f'|pz > 0on[0,] and f|joz > R?cosh(ae,) since f(0) >
R? cosh(ae,). However, f|iz..] > R?cosh(ae,) as well since g+ h is negative on [£, &, |
implying f’|z.; < 0 which yields the stated estimate by f(c,) > R? cosh(ac,).
(2) g(0) + h(0) < 0: Then, g + h < 0 in a neighborhood of ¢ = 0 which readily implies
that g + h < 0 on all of [0, £,] because g + h has one zero at most and has to approach
—o0. Hence, f'[jp..; < 0and f|j.. < R?cosh(ae,) by f(e.) > R? cosh(ae,).
(3) ¢(0) + h(0) = 0: Then, either g + h > 0 or g + h < 0 in a neighborhood of ¢ = 0 and
we can proceed as in (1) or (2), respectively.

and

h(e) = —

APPENDIX C. ON THE INJECTIVITY OF II;, FOR POSITIVE OFFSET

Here we prove injectivity of the function s (0, x; (+)) over [Umin.2, Imax.2], see (3.22), if ¢
is sufficiently large.
Using the notation of Appendix B we get, for € € [—¢,, £,],

o N B 4sinh(ag)
Je) = 890(07}% (t/2+ 5)) B (R? — T?)sinh?(ac) + R2
X (R_2 cosh(ae) — T(da’ + R sinh(ac) )
aa aaT cosh(ag) + by R? — 4a? \/cosh2(a5*) — cosh?(ae)
_ 4sinh(ae)/a/a
(1-1T?/R?) sinh?(ag) + 1
= g(¢)

aaT(R? — 4a?) + cosh(ag)bR*V R? — 402 \/coshz(as*) — cosh?(ae)
acT' R? cosh(ae) + bR?*V R? — 402 \/coshQ(ag*) — cosh?(ae)

(& J/
-~

=: h(e)
where T' = 2bcosh(at/2)/a. Since T'/R > 1 the function ¢ is strictly increasing in [0, €,] with
g(es) = 4/((1 — T?/R*)a*a?/b + b). Further, the function £ is strictly decreasing in [0, &,]
from h(0) = 1 — 4a*T/(T + VR? — 4a2)/R? to h(e,) = (R? — 4a?)/R?/\/1 + a?a? /2.

X
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Further, A/(0) = 0 and lim._,., h'(¢) = —oo. Hence, f strictly increases to its maximal value
attained at an ey, € |0, £,[ and then decreases strictly on [€pax, £4)-

To validate the required injectivity we need to show that ¢, 5 := Uyax 2 — t/2 is less or equal
t0 emax. However, explicit values for both, €, and €, », are hard to find. We can, nevertheless,
guarantee that €, o < ey for large ¢. Indeed, by lim,; ,., 7/R = 1 and lim;,oc R = 00 we
find f to converge uniformly on [0, €,] to

(e 4sinh(ae) a0+ cosh(as)b\/coshQ(as*) — cosh?(ag)
(€)=

@ gacosh(ag) + b\/coshQ(ae*) — cosh®(ae)

o0
max

oo
max

This limit function attains its maximum, say, at €>° and e, ~ €20  for large ¢. Since

(C.1D €42 — Ofort — oo

and 27 only depends on a, b, and o, we have the claimed injectivity for large ¢.
We close this section with a proof of (C.1). Recall that €, 5 is the positive solution of x5 (¢/2+
€) = Zin With z;, from (3.18). In view of (3.19) and (3.20) (where the minus sign in front of

the square root has to be replaced by a plus sign) this equation reads

a2a2 aaT cosh(ag) /b + v R? — 4a? \/coshz(ag*) — cosh?(ae)
(C.2) 14 — %20 __ .
b2 R?sinh*(ac) + 402

—: D(e)

For D we have D(0) = cosh(at/2)+ \/sinhQ(at/Q) —a’a?/b? — coast — cobut D(e) — 0
as t — oo for any € # 0. Hence, (C.1) holds true.
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