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NONLINEAR WAVE EQUATIONS WITH SLOWLY DECAYING
INITIAL DATA

JAN ROZENDAAL AND ROBERT SCHIPPA*

ABSTRACT. New local smoothing estimates in Besov spaces adapted to the
half-wave group are proved via ¢?-decoupling. We apply these estimates to
obtain new well-posedness results for the cubic nonlinear wave equation in
two dimensions. The results are compared to new well-posedness results in
LP-based Sobolev spaces.

1. INTRODUCTION

Setting. We consider nonlinear wave equations with power-type nonlinearity:

Ru = Agu|ulotu, (t,z) eER xR d>2
u0) =feX, u0)=g¢€Y,

We shall analyze in detail the cubic nonlinear wave equation, where d = 2 and
a = 3. Moreover, we consider slowly decaying initial data, by which we mean
initial data contained in LP-based spaces for p > 2.

Recently, the well-posedness of the nonlinear Schrédinger equation with slowly
decaying initial data has attracted attention [7,23], in part due to the importance
of such initial data for modeling signals. The well-posedness results in this article
are proved via a simple contraction mapping argument; similar as in [23] by the
second author. We use Duhamel’s formula to write (1.1) as

sin(tv—A)g :I:/t sin((t — s)v—A)
vV=A 0 vV-=A

The proof that ®, is a contraction in a space-time function space S hinges on

linear estimates

leostV=B)flls S Ifl1x, |

(1.1)

(|u|0‘*1u)(s)ds.

u(t) = Qg q(u) = cos(t\/j)er

sin(tv—A)g V*A)QQH < llglly
v=A s~ ’

and a nonlinear estimate
Psin((t — s)vV—A o o
| [ (jupe=tu)(s)as]| 5 s
0 vV=A S

We shall use space-time Lebesgue spaces S = L7 ([0, T], LP(R?)) as iteration spaces;
possibly intersected with another function space. As spaces of initial data, for
2 < p < oo, we choose X = W*P(R?) and Y = W*~1P(R?), or we consider Besov
spaces X = B, ,(R?) and Y = B}, (R?) adapted to the half-wave group. The
spaces B2 . (RY), which are introduced in this article, are invariant under the half-

P.q,r
wave group, and they satisfy Sobolev embeddings into the standard Besov scale.
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2 JAN ROZENDAAL AND ROBERT SCHIPPA

This invariance under the half-wave group is in sharp contrast with W#P (Rd) for
p # 2, and a key motivation to consider adapted spaces.

Adapted spaces and local smoothing. The use of adapted Besov spaces builds
on recent work concerning invariant spaces for Schrédinger and wave equations.
Indeed, modulation spaces, invariant spaces for Schrodinger propagators, have been
used extensively as spaces of initial data for nonlinear Schrodinger equations (see
[1,5,6,23] and references therein). On the other hand, a scale (Hh; o (R%))1<p<oo
of Hardy spaces for Fourier integral operators (FIOs) was introduced in [10] by
Hassell, Portal and the first author. This work in turn generalizes the case p = 1
due to Smith [26], which predates [10] by decades. The Hardy spaces for FIOs are
invariant under half-wave propagators and more general FIOs, and they satisfy the
Sobolev embeddings

(1.2) W (RY) C Hp o (RY) C WP (R

for all 1 < p < oo, with the natural modifications involving the local Hardy space
HY(R?) for p = 1, and bmo(R?) for p = co. Here and throughout,
d—111 1
1.3 B ’
(13) )= 5|5~
By combining these two properties, one recovers the sharp LP mapping properties
of the half-wave group, due to Peral and Miyachi [17,20]:

(1.4) VA L WwPe(RY) 5 LP(RY)

forall 1 < p < oo and t € R, and the more general LP mapping properties of FIOs
due to Seeger, Sogge and Stein [25].

The invariance of these spaces under the solution operators to Schréodinger and
wave equations allows one to use iterative constructions to build parametrices, as
was done for rough wave equations using H%;,(R?) in [11]. It also shows that such
spaces are natural for the fixed-time regularity of these equations.

On the other hand, it was observed by Sogge [27] that considering space-time
Lebesgue norms of the solution to the Euclidean wave equation yields a gain of
regularity over the fixed-time estimates in (1.4). More precisely, in [27] Sogge for-
mulated the local smoothing conjecture for the Euclidean wave equation, which
states that

(1.5) 1€V =2 Fll e qo,g,20 ®a)) Se 1flwatm+en@ay
for all € > 0, where o(p) = 0 for 2 < p < 2d/(d — 1), and o(p) = 2s(p) — 1/p for
p>2d/(d—1).

The local smoothing conjecture implies several open problems in harmonic anal-
ysis, like the Bochner—Riesz conjecture and the restriction conjecture. A break-
through result was the proof of the sharp ¢?-decoupling inequality for the cone, due
to Bourgain—Demeter [4]. More precisely, set

s) = 4 2 <p< 2D
T s - L 2D <p <o

For k € N, let (x, ), be a partition of unity of R%\ {0} with smooth zero-homogeneous
functions, which localize to cones of aperture aproximately 2-%/2, and let g € S(R)
be such that |g(t)] > 1 for ¢ € [0,1], and supp(g) C [-1,1]. After rescaling

to unit frequencies (see e.g. [3, Section 3]), using that ||eitV*AfHLp([071]de) <
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g(t)e™ =2 f|l Lorxray and that (t,z) — g(t)e’™V =2 f(z) has frequency support
near the light cone, it then follows from the ¢?-decoupling inequality [4, Theo-
rem 1.2] that

) — S| £ 7 — 1/2
(16) 1 oo S 200 (g0 0D racan)

for any & > 0 and f € LP(RY) with supp(f) C {¢ € R? | 2714k < |¢g| < 214k},
In turn, from (1.6) follow local smoothing estimates by an application of Holder’s
inequality, to pass from the ¢?-norm to the ¢P-norm, and from a kernel estimate.
Although (1.6) is sharp, it does not imply the local smoothing conjecture; it only
yields the required bounds for p > 2(d+1)/(d—1). The local smoothing conjecture
was recently resolved for d = 2 via a sharp (reverse) L*-square function estimate
by Guth-Wang—Zhang [9], but it is still open for d > 3.

Coming back to the nonlinear wave equation, we will use local smoothing es-
timates to lower the regularity of the initial data required to solve (1.1), thereby
providing, to the best of the authors’ knowledge, a novel approach to nonlinear
wave equations with slowly decaying initial data.

Main results. Firstly, we introduce the adapted Besov spaces B, +(RY) and we
derive some of their properties. In particular, we show the Besov counterpart of the
Sobolev embeddings in (1.2):

(1.7) By (RY) C By, (RY) C By *W(R).
We also show the invariance of B, q(Rd) under the half-wave propagators. In fact,
we take this opportunity to show the sharp polynomial growth rate of the B, q( -

norm under evolution of the half-wave group. This quantifies a polynomial growth
result by the first author [22, Lemma 3.5], which was established for the Hardy
spaces for FIOs. More precisely, in Proposition 3.1 we show that

(1.8) e’ e) S (1+[t])*P|f]

for all p € [1,0¢], ¢ € [1,00), s,t € R and f € B;, (R?). In Proposition 3.2 we
show that this is sharp, by using a radial Knapp example.
Next, we obtain improved local smoothing estimates, in terms of 85)272(Rd).

qu B;’qq(Rd)

Theorem 1.1. Letd > 2, p € (2,00) and € > 0. Then there exists a C > 0 such
that

(1.9) e 7Af||Lf([0,1],LP(Rd)) <C|fl

S
Jor all f € B, 5(RY).

The exponent 3(p) in (1.9) is sharp for all 2 < p < oo, cf. Remark 4.2. In fact,

the right-hand side of (1.6) is equivalent to the Bz(g); *(R%)-norm. Hence, when

restricted to dyadic frequency annuli, Bp(2 )2+ “(R%) is the largest space of initial data

for which one can obtain local smoothing estimates when applying the £2-decoupling
inequality in the manner in which it is typically used.

The corresponding bounds for H37,(R?), or equivalently for By, »(R ), are due
to the first author [22]. We note that

(110) Ws+s(p)+26,p(Rd) C B;J;EP(Rd) C Bs 2 2(]Rd)
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forall s € R, 2 < p < oo and € > 0, and that the B;’p’p(Rd)—norm of certain
functions is substantially larger than their B;VZ’Q(Rd)—norm (see Remark 2.5). Hence
(1.9) strictly improves upon the bounds in [22], and in particular upon the local
smoothing conjecture for p > 2(d + 1)/(d — 1). On the other hand, it is an open
question whether B, , , (R%) is invariant under general FIOs, as H3h,(R?) is. For
2<p<2(d+1)/(d—1), (1.9) neither follows from the local smoothing conjecture,
nor does it imply it.

Next, we show how local smoothing estimates can be combined with nonlin-
ear Strichartz estimates to prove well-posedness for nonlinear wave equations with
slowly decaying initial data. We write H°(R%) = |D|~*L?(R%).

Theorem 1.2. Letd =2, a« =3, and e > 0. Then, (1.1) is analytically locally well
posed with initial data space

(1.11) X XY = (B 22(R?) + HS(R?)) x (B ,5(R?) + H*/5(R?)),

and solution space St = Li*'7([0, T, L*(R?))NC([0, T], BS.5.5(R?) + H3/3(R?)) with
T =T(f,9)llxxy). Moreover, (1.1) is analytically locally well posed with initial
data space

(1.12) X XY = (Bj52(R?) + H2(R?)) x (B5,5(R?) + H™/*(R?)),
and solution space St = L([0,T), L°(R?)) N C([0,T), Bf 5 »(R?) + HY/?(R?)).

For the definition of analytic well-posedness we refer to Section 5.1. Roughly
speaking, here it means that we obtain a time of existence T'(||(f,9)||xxv), for
which there is a unique solution w in Sp which depnds analytically on the initial
data. Moreover, it follows from the proof that, for any 7" > 0, there exists some
e =¢(T) > 0 such that (1.1) is well posed in St whenever ||(f,9)|lxxy < €.

Remark 1.3. The homogeneous Sobolev spaces H3/8(R?) and H~%/8(R?) in (1.11)
can be replaced by the inhomogeneous spaces H*(R?) = W%#(R?) and H*~!(R?),
for s > 3/8, and similarly for (1.12). Furthermore, the arguments from the proof
yield local well-posedness for initial data in

(1.13) X xY = WY R?) x W—e4(R?)
with solutions in Sy = L?*/7([0,T], L*(R?)), and for
X X Y = WY/6+e6(R2) 5 J7—5/6+e6(R2),
with solution space St = L#([0, 7], L5(R?)). By the embeddings in (1.10), we have
WO (R?) C BEG 6(R?) C B 55(R?),

which shows that a local well-posedness result with initial data in B§5%(R?) su-

persedes one involving W*+1/6+¢(R%). This is not quite the case for the L*-based
result because one has the sharp embeddings

W1/8+3E’4(R2) - 82?4,4(R2) - 82,2,2(R2)-

It appears that this mismatch of 1/8 derivatives reflects the fact that £2-decoupling
does not imply the local smoothing conjecture. It would be very interesting to
eventually translate this additional smoothing effect to adapted function spaces.
However, it follows from Remark 4.2 that such an additional smoothing effect cannot

be captured by B;yqu(Rd) for ¢ = 2. We do note that, since (1.9) complements the
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local smoothing conjecture, the well-posedness result in Theorem 1.2 neither follows
from one involving (1.13), nor does it imply it.

Furthermore, we show local well-posedness for slower decaying initial data, i.e.,
with initial data in spaces B;fg’)2(Rd) X B;(;);l(Rd) and p = 4n + 2, n € Zxo,
d € {2,3}. The more technical result is stated in Theorem 5.7.

In Theorems 5.8 and 5.11 we prove global well-posedness in the defocusing case.
Global well-posedness in L2-based Sobolev spaces typically follows from conserved
quantity. This does not fit well into the LP-scale. Instead, we show global well-

posedness by adapting arguments of Dodson—Soffer—Spencer [7]; see also [15,23].

Generalizations. The presented arguments are robust in nature and allow one to
treat more general nonlinearities than o = 3 (see, e.g., Theorem 5.3). One can
also consider higher dimensions d > 3, albeit in this case with a different derivative
parameter s.

Moreover, the arguments transpire to the variable-coefficient case. Consider the
nonlinear wave equation on a compact Riemannian manifold (M, g) with dim M > 2:

O2u = Agut|ul*"tu, (t,z) R x M,
u(0) =fieX, u0)=feY.

For X x Y € W$P(M) x W*=1P(M), dim M = 2, we can argue as in the proof of
Theorem 1.2, because both local smoothing and Strichartz estimates remain true in
the variable coefficient case. Indeed, variable-coeflicient decoupling was proved by
Beltran-Hickman-Sogge [3] and local-in-time Strichartz estimates remain true on
compact manifolds, as proved by Kapitanskii [12,13]. These are the key ingredients
for the iteration argument in Section 5.

For an extension of the results on nonlinear equations with initial data in adapted
spaces, one would have to find a suitable definition on compact manifolds. On the
other hand, to prove global results it seems necessary to work with spaces of initial
data which are invariant under more general FIOs. Indeed, the solution operator
to the linear part of (1.14) is a Fourier integral operator, an observation which goes
back to Lax [16]. This motivated the pioneering works by Seeger—Sogge—Stein [25]
and Mockenhaupt—Seeger—Sogge [18] on the fixed-time and space-time mapping
properties of FIOs. It is unclear whether 627272(Rd) is invariant under more general

(1.14)

FIOs, but H3H 5 (R?) is. Moreover, one could solve nonlinear wave equations with
initial data in 37, (R?) in the same manner as we do for By , ,(R?).

Our goal in this article is not to develop a full theory of Besov spaces adapted to
the half-wave group, as has been done for the Hardy spaces for FIOs in [8, 10, 21].
The advantage of working with Besov spaces is that it suffices to obtain estimates
on dyadic frequency annuli, instead of working with square functions. On the other
hand, one only recovers the sharp fixed-time regularity for wave equations in the
Besov scale, cf. (1.7), as opposed to the LP-scale, cf. (1.2).

Organization. In Section 2 we introduce the function spaces Bj , ,.(R?), and we

determine some of their properties. In Section 3 we show that B, q(Rd) is invariant
under the action of the half-wave group, cf. (1.8), and we obtain product estimates.
In Section 4 we prove the local smoothing estimates in Theorem 1.1. Using these,
in Section 5 we derive local well-posedness results, and in particular Theorem 1.2.
In Section 5.4 we use a blow-up alternative to prove global well-posedness in the

defocusing case.
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Notation. Throughout most of this article we fix a general dimension d > 2, but
in Section 5 we will typically assume that d € {2, 3}.

For ¢ € R% we write (€) = (14]¢|2)!/2, and € = £/|£] if € # 0. We use multi-index
notation, where 0¢ = (Og,,...,0,) and O = ¢! ... 9" for £ = (&1,...,&a) € R
and @ = (v, .. .,aq) € N&. The Fourier transform of f € &'(R?) is denoted by Ff
or f, and the Fourier multiplier with symbol ¢ € S’ (R9) is denoted by (D).

We write f(s) < g(s) to indicate that f(s) < Cg(s) for all s and a constant
C > 0 independent of s, and similarly for f(s) 2 g(s) and g(s) = f(s).

2. FUNCTION SPACES

In this section we introduce the relevant function spaces for this article, and we
derive some of their properties, most notably equivalent norms and embeddings.

2.1. Definitions. We first recall the definition of the Hardy spaces for FIOs from
[8,10,21,26]. Fix a non-negative radial ¢ € C°(R?) such that ¢(¢) = 0 for |¢] > 1,
and ¢ =1 in a neighbourhood of zero. For w € §"~ 1o >0, and ¢ € R\ {0}, set
V.o (§) = c[,go( 1/“;)7 where ¢, = (fgdfl @(?1/;’) du) 72 for er = (1,0,...,0).
Furthermore, we set ¢, ,(0) := 0. Let ¥ € C®(R?) be a non-negative rad1al
function such that (&) = 0 if €] ¢ [1/2,2], with (&) = 0if |¢] ¢ [1/2,2], and

/OO 1!1(05)2%0 =1 for all £ # 0.

Let ¢, (& fo (08)¢uw,o(€)92. Recall the following properties of ¢, € C>(R?)
from [21, Remark 3.3]:

(1) For all w € S%1 and £ # 0 one has ¢, (€) = 0 if |¢] < 1/8 or |€ — w| >
20¢|~1/2.
(2) For all « € N¢ and 3 € Ny there exists Cy g > 0 such that
N a1 lal
|(w-a§)ﬂ85<pw( )| <Oo¢,3|€| b

for all w € S%~1 and ¢ # 0.
(3) For all a € N¢ there exists a C, > 0 such that

a(/s,d_l pul@)dw) | < Cole)F 1o

for all ¢ € R? with |£| > 1/2. Hence there is an m € 54 (R) such that, if
f € 8'(R?) satisfies supp(f) C {¢£ € R? | [¢] > 1/2}, then

/= / m(D)p, (D) fdv.

For simplicity of notation, we write HP(R?) = LP(R?) for 1 < p < oo, and H!(R%)
is the classical local Hardy space. Fix a ¢ € C2°(R?) such that ¢(¢) = 1 for |¢] < 2.
We define the Hardy spaces for FIOs as follows.

Definition 2.1. For p € [1,00) and s € R, let H}375(R?) consist of all f € S'(R?)
such that ¢(D)f € LP(R?), (D)*p,(D)f € ’H”(]Rd) for almost all w € S9~1, and

) 1/p
lbigoien = WD)l + ([ WDV ol DU Wopaydis) < .

Moreover, 1350, (R?) := (H 55 (R))*.
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In fact, H5 o (RY) was originally defined in [10,26] using conical square func-
tion estimates over the cosphere bundle. This includes an intrinsic definition of
HE,0(R?) in terms of Carleson measures. The equivalent characterization in Defi-
nition 2.1 was obtained in [8,21].

In this article we consider the following Besov variant of these spaces, where
B;;’q(Rd) is the standard Besov space on R%.

Definition 2.2. For p,r € [1,00], ¢ € [1,00) and s € R, let B5 , .(R?) consist of all
f € 8'(RY) such that ¢(D)f € LP(RY), ¢, (D) f € Bj ,(R?) for almost all w € S*1,
and

1f1ls;

p,q,7T

1/q
oy = laD)fllzeey + (| IeuDIIG, gaydw) " < oc.
i FCY)

We will mostly consider the case where ¢ = r. Then one can use Fubini’s theorem
to prove the following lemma, which in turn allows one to reduce various arguments
to dyadic frequency annuli. Throughout, we fix a standard Littlewood-Paley de-
composition (¢5)72, C C°(RY), with supp(yy) C {€ € R? | 271K < [¢] < 21HF}

for k e N, and Y7 ¢, (€) =1 for all £ # 0.

Lemma 2.3. Let p € [1,0], ¢ € [1,00) and s € R. Then an f € S'(RY) satisfies
fe B;quq(Rd) if and only if (3 p o |Ye(D)f] 14 < oo, in which case

oo

118, ey = (3 (D)

P.4q,4q
k=0

q B )
B5,q.a(RY)

q )1/q
B3 4,q(RY) '

2.2. An equivalent norm. For each k € Ny, fix a maximal collection ©; C S¢~!
of unit vectors such that |v — /| > 27%/2 for all v,v/ € O4. Let (xu)eo, C
C>(R?\ {0}) be an associated partition of unity. That is, each Y, is homogeneous
of order 0 and satisfies 0 < x,, < 1 and supp(x,) C {€ € R? | |€ — v| < 21-H/2},
Moreover, 3, .o, Xv(§) = 1 for all £ # 0, and for all a € N¢ and 3 € Ny there

exists a Cy 5 > 0 independent of N such that, if 271% < |¢| < 21k then

|(é . 5§)ﬁ8?><u(§)| < C«aﬁz—k(lal/ﬂﬁ)

for all v € ©y. Also write x* := y, 1, for k € Ny and v € Oy, so that
F=323 xi(D)f
k=0rv€Oy

for f € S’(R?). Moreover, it follows from integration by parts that

nt1
(2.1) 1F O oy S 2527

for all p € [1, 00], with an implicit constant independent of k and v.
We can now give a discrete description of the B;7q7q(Rd)—norm. For p = ¢q, the
first statement in the following proposition is [22, Proposition 4.1].

Proposition 2.4. Letp € [1,00], g € [1,00) and s € R. Then there exists a C > 0

such that the following holds. Let f € S'(R?) be such that supp(f) C {¢ e RY |
271k < ¢ < 21HF) for some k € N. Then

1 spd=l(l_1 1/q
clflsg, @ < Al "))< > ||XV(D)f||(ip(Rd)) < Cllfllss., ,®e)-

P,q,q
VEOY
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Hence an f € S'(RY) satisfies f € B3, (R?) if and only if

qu

/
(2.2) <22Qk(s+d21 5—3) Z ||XV f||Lp(Rd))1 ’

vEO

is finite, and (2.2) defines an equivalent norm on B, , (R ),

Proof. Tt is straightforward to deal with the low frequencies, so we may assume that
q(D)f = 0. Moreover, by Lemma 2.3, the second statement follows from the first.
To prove the first statement, for each v € ©f write x, := Zlu/7V|§227k/2 X and

B, :={weS¥"!||w—v| <23%2) Then

(D)X (D) Fllwer = [[90(D)X (D)X (D) flwew S 2X+50 |, (D) f | 1o
for each w € E,, by a kernel estimate, and |E,| < 27%(¢=1/2 Hence

([, 1D nts) ™ < (2 [ 1ot DnelD) e

vEBOY
1/q
< 2k(s+ )|E |1/q( Z Ix. (D f”LP(]Rd))
€O
d—1,1_ 1 /q
< g+ 451 (3-3)) ( S I (D)1 ) :
€O
The other inequality follows by duality. O

Remark 2.5. Let f € BS_ (R?) be such that

P20,
supp(f) C {€ e R? | 271k < |¢] < 2tk | — | < 217F/2)
for some k € N and v € S?~!. Then Proposition 2.4 yields

k d—1 1
By, 4 (RY) ~ = ok 6 D fll Lo ray = Hf” 3D gay’

2.3. Embeddings. We first obtain Sobolev embeddings into the Besov scale. Note
that (2.3) was already stated in (1.7) in the introduction, and recall the definition
of s(p) from (1.3).

Proposition 2.6. Let p € [1,00) and s € R. Then

s—l—s d s s—s8§ d
(2.3) By (RY C By, (RY) C By *P(RY).
Moreover, one has

s+s(p) (d s d
(2.4) Bp (R)CBPPP(R ), 1l<p<2
and

s d s—s(p) mpd
(2.5) Bppp(R)ng’p,p(R ), 2<p<oo.

Proof. By recalling that the Sobolev and Besov norms of a function with frequency
support in a dyadic annulus are equivalent, (2.3) follows directly from (1.2).

On the other hand, by Proposition 2.4, we may prove (2.4) and (2.5) for f €
S'(RY) with supp(f) C {¢ € R? | 271+F < |¢| < 217} for some k € N. Moreover,
both identities follow from (2.3) for p = 2. Hence, by interpolation, it suffices to
note that

max HXV(D)fHLl(]Rd) ~ ||fHL1(Rd)7
vEBO
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where we used that the kernels of the ¥, are uniformly in L'(R9), cf. (2.1), and

that
Il = || 32 D)1 oy S 2 (D)l 0
vEO vEO)

Remark 2.7. The Sobolev exponents in (2.3) are sharp, by Proposition 3.1 and
because the half-wave propagators lose 2s(p) derivatives in the Besov scale.

By Proposition 2.6 and by standard embeddings for Besov spaces, one has

s d d —s(p) (md
By (RY) € LP(RY) € B, 5, (RY)

for 1 <p<2, and
(2.6) B:® (RY) C LP(RY) C B 3®)(RY)

.0’ \p’ p,p,p

for 2 < p < co. These embeddings are similar to embeddings for modulation spaces.

Next, we obtain embeddings within the scales of adapted Besov spaces and Hardy
spaces for FIOs. Combined with the Sobolev embeddings for H%.;,(R?) in (1.2),
this proposition implies the embeddings in (1.10).

Proposition 2.8. Let p,r € [1,00], g € [1,00) and s € R. Then

(2.7) By gar(RY) € By, 1 (RY)

and

.5) B % (RY) € B, (R

for all q1,q2 € [1,00) with ¢1 < q3. Moreover, one has

(2.9 Bplaa 7 RY € B (B

for all p1,p2 € [1,00] with p1 < pa, and for allt € [1,00] and € > 0 one has
(2.10) Byt (RY) C B, 4 (RY)

and

(2.11) Bite (RY) € H3F o (RY) C By 5 (RY).

Proof. For (2.7) one can rely on Holder’s inequality, while (2.8) follows from the
inclusion ¢7* C ¢%2. Moreover, both (2.10) and (2.11) follow from standard embed-
dings between Besov and Sobolev spaces (see [28, Section 2.3.2]).

Finally, by Proposition 2.4, for (2.9) it suffices to show that

. delo1 1
(2.12) (D) fllwa ey S 2°7% 7778 | xi (D) | 1o (et
forall £k > 0, v € ©f and f € By qq(Rd). To this end, one can construct a

collection {x% | k > 0,v € O} C C>®(RY) of cut-offs with similar support and
decay properties as the x*, but such that ¥ = 1 on supp(x*). Then, as in (2.1),

1 1

-1y pdtl (L _ L
H]: 1(X1k/)HL:D3(Rd) 5 2 2 P1 P2 ,

1 11 e s ; : k _
where o = 1+ o T Now (2.12) follows from Young’s inequality, since xi =

XExE. 0
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3. INVARIANCE AND PRODUCT ESTIMATES

In this section we prove that Bj ,  (R?) is invariant under the half-wave propa-

gators and more general operators. We also obtain some product estimates, which
are useful for solving nonlinear equations.

3.1. Invariance. The main result of this subsection is the following slightly more
general version of (1.8).

Proposition 3.1. Let ¢ € C®(R?\ {0}) be homogeneous of order 1, and let p €
[1,00], ¢ € [1,00) and s € R. Then there exists a C > 0 such that

€4 f g, oy < CO+ D@ fllsy ey

P,4q,9
for allt € R and B, , (R 4,

Proof. By Proposition 2.4, it suffices to show that
(D) P f Lo ey S (14 [E)** P (D) fl 1o (o)

forallt e R, f € pqq(Rd), k € Ng and v € ©f. This is clearly true for p = 2.
Hence, by interpolation and duality, it suffices to show the statement for p = 1.

To do so, we rely on a dilation argument. Let {Y™ | m € Nyg,w € ©,,} € C>(R9)
be a collection of cut-offs with similar support and decay properties as the x, but
such that Y™ =1 on supp(x™). Then

(3.1) sup [[¥%, (D)e*P QHLl(]Rd) S lgllzr wey
|t]<4

for all g € L'(R?), as follows either from kernel bounds (see [25]), or from the
boundedness of e®**(?) on HL,,(R?). Either way, we may thus suppose that [t| > 4.
Let [ > 2 be such that 2! < || < 2!7!. Then the dilated function x*( \tl) satisfies

supp(x5(757)) € {€ € RY | 2FH71 < Jg| < 2FHIF2 |8y < 217 h2),

Hence one has
k+1+3

i) = > > XN

m=k-+I1—2 UJG@

where each ©,, has approximately 2/"~1/2 < |t|(»=1)/2 clements. Write f;(y) :=
[t|9f(|t|y) for y € RL. Then it suffices to combine (3.1) with dilation arguments:

X (D)e ™) fl| gy = [E~ () £2) () | o e

= I ()P fill L1 (gay
hi43

S X RO OB e

m=k+1—-2 ,cd,,
S D2 fllr oy = D2 D) )l oy,

where we used in particular the homogeneity of ¢. O

IA

The bounds are sharp for p = ¢, since otherwise they would imply sharper bounds
in the Besov scale than are known to be possible, by (2.3). Moreover, the following
radial Knapp example shows sharpness of the polynomial growth bound for general
p,q, since the By q(Rd) norm coincides with the LP(R?) norm for low frequencies.
The analog for the Schrédinger equation was considered in [23, Corollary 1.4].
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Proposition 3.2. Let d > 2 and p € [1,00]. Then there exist an f € LP(R?) with
supp(f) C B(0,1), and a C > 0, such that

oy _ 1_1
e 7AfHLP(Rd) > C(1+ [tV ”|Hf||Lv(Rd)
for allt € R.

Proof. We can suppose that ¢ > 1, and by duality it is enough to consider p € [1, 2].
Let x € C°(B(0,1)\B(0,1/2)) be a radial bump function, and let xo be such

that x (&) = xo0(|¢]). We consider as initial data f with f(f) = x(&) and rewrite the
linear solution by radial symmetry:

(@B ) = [ ey (g
R4

:/ ds/ do(0)e’(@s0+ts) =1y 1 (s).
0 §d—1

[, e an = a5 e (el

with J, the Bessel function of the first kind:

‘We have

(r/2)" /1 it _ 42—+ 1
() = — L T — )V, —=.
J (’I“) F(V+1/2)7T1/2 _16 ( ) v > 2

We have the following asymptotic expansion by [19, Section 10.17]:

1
Ju(2) = (=)* COS‘”Z kaQ;Qk —SIWZ ka?z?il ))

with w = z — 1vr — L7, Hence, we can write

Xo(8)(sl2) =7 Tz (s]a]) = lel’* ]Z sl e (s) + Ol =7 M)

with x;+ € C*(B(0,1)\B(0,1/2)). We find
, M d—1 . - - d—1
(V=2 (@) =D fal~ 7 Z/Remils‘zl)(j,i(S)ds +O(|e|~ T M),
j=0 +

Let t > 1 and ||z| — ¢t| < 27'°. In this case st + s|z| is a non-stationary phase,
which means for j = 0 the contribution of x( 4+ can be neglected against xo . But
by the explicit form of x; _, we have

‘/eiSt_islx‘Xo,,(S)dS’ Z 1.

Thus, the higher orders can be neglected against the contribution of xo _ likewise.

This shows |V =2 ug|(z) 2 [t|~"= for ||z| —¢| < 270, and this concludes the
proof by integration. O
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3.2. Product estimates. We begin with a simple bilinear estimate.

Lemma 3.3. Let p1,po,p € [1,00] be such that % = =+ —, and let s > M.

Then there exists a C > 0 such that, for all f € Bp17171(R ) and g € B5, | 1(R?),
one has fg € By, 1 (R?) and

I£9lls: | ey < CIIf]
Proof. We use paraproduct analysis. More precisely, one has

115y, ety = Z?’““?ZHZ > XEDLD)f (D))

veEOL Im=0weO;,uc€0,,

< Y Y DD D)

k,l,m=0 VEOL,WEO,LED,,

By . 1(Rd)|\g\ By, 11 (RY):

Lr(R%)

by Proposition 2.4. We write the latter expression as I + I + I3, where I involves
the sum over m <[ — 3, Iy the sum over [ —2 < m <[+ 2, and I3 the sum over
m > 1+ 3. Moreover, by symmetry, it suffices to consider only I; and I.

For the High x Low term I, we only need to consider | —3 < k < [+ 3, since the
low-frequency factor XT(D)Q does not essentially change the dyadic localization.
However, it can change the angular localization. For [ > 0, m <1 —3, w € O
and u € ©,,, we decompose the support of xj;’, which is approximately a 2m/2 %

X 2M/2 % 2™ glab, into 2™/2 x ... x 2M/2 x 2min(l/2.m) glabs. Let (X["")ier be
a corresponding partition of unity, with |I| = 14 2"~!/2. Then the support of the
convolution of x with a given XZ” can only intersect the support of O(1) elements
of ©. Hence the support of the convolution of x{ and x#, can only intersect the
support of O(1 + 2™~1/2) elements of ©. Since m —1/2 < m/2, we obtain

3 co 1—3
DI IDIF e > X (DY (D) £ - X (D)g)| Lo gy
j=—31=0 m=0 vEO4;,wEO,UEO,,
oo -3
_d-1y,m m
S Z ls=5)+3 Z ”XL(D)f”LPl(]Rd)HXH (D)QHLP?(Rd)
1=0 m=0 WEO,UEO,

< flls;, o lgllsg, e,

where in the final step we used Proposition 2.4 and that s > (d 4+ 1)/4.
For the High x High term Io, all information on angular localization is lost. By
trivially summing over v € Oy, using also that s > 3(d — 1)/4, we obtain

%) +2 1+5

=3T3 YT S D) AD)f D)) e

=0 m=1—-2 k=0 VEOL,WEO,LED,,
00 +2 1+5

s d—1 bt
SO D 2REEE N L (D) flles ey X (D) g Lo ray

=0 m=[—2 k=0 WEO,UEO,,
S lsy, L @nllgllss, | @) O

A trilinear estimate can be proved by similar means.

3 1
=170 and let s >

—1,%L). Then there exists a C > 0 such that, for all f; € B5. 11 (RY),

Lemma 3.4. Let p1,p2,p3,p € [1,00] be such that % =5

max @



NONLINEAR WAVE EQUATIONS WITH SLOWLY DECAYING INITIAL DATA 13

1<i<3, one has [[_, fi € B; 11 (RY) and

HHfZ S fCHHfZ

Proof. The approach to the proof is 51mllar as in Lemma 3.3, so we only indicate
how to deal with the relevant terms, involving indices k, k; € Ny for 1 <14 < 3.
For the High x Low x Low term, we consider 2¢ =~ 2F1 > 2k2 > 23 and the

term
_1-_4-1
[ = 2kC-1=50) 3 ‘XV (qul )
VEO

for v; € O,, 1 <1 < 3. We have to estimate the number of v for which the support
of x, intersects the support of X;’f} * ng * Xl’fg Note that X;’Z * Xﬁg is supported in a

11 (RY:

Lp (Rd)

slab of dimensions approximately 2max(ks:k2/2) 5 9k2/2 5 9k2/2 » 9k2  This we
subdivide into cubes of side length no more than 2¥1/2, of which there are no more
than approximately (1 4 253=51/2)(1 4 2+2=%1/2) This yields

[S2MeT= A 427 ) (1427 an,,l ) fill Lo (rey-

Since s > %, this suffices for the High x Low X Low term.
Next, suppose that 2% = 2%1 = 2k2 > 92%3 Then we obtain, by trivial summation,

gh(s—1=5) §~ ’xu (wa )

V€O

3
_14d=1 ;
S 2SI T I (D) fill s ey
=1

Lr(R%)

This suffices for the High x High x Low term, since s > max(@ -1, %).
The High x High x High term is also dealt with through trivial summation,

using that s > (d — 2)/4. By symmetry, this concludes the proof. a

d
4. LOCAL SMOOTHING IN B3 5 5(RY)

In this section we prove Theorem 1.1. The proof is analogous to that of [22,
Theorem 1.1]. In particular, the key to the proof is the following proposition, which
generalizes the case ¢ = p in [22, Corollary 4.2] to arbitrary ¢ € (1, 00).

Proposition 4.1. Let p € [1,00], ¢ € [1,00) and s € R, and let 0 # g € S(R).
Then there exists a C > 0 such that the following holds. Let f € S'(R%) be such
that supp(f ) C {¢ e R? | 2714k < [¢| < 2'%F} for some k € N. Then

s 11 N 1/q
7||fHB§qq(Rd 2k( 5 z ( 4 ( Z ||XV Zt f”Lp(]Rde))
vEO
,q(RF)
Hence an f € S8'(R?) satzsﬁes f €B,, q(Rd) if and only if
s (-1 et a
(4.1) (22‘1’“ CHFE ST g™ A (D)D) 1, e cne )
veEO,

is finite, and (4.1) defines an equivalent norm on By , ,(R?).
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Proof. 1t is straightforward to deal with the low frequencies, so we may assume that
q(D)f = 0. Moreover, by Lemma 2.3, the second statement follows from the first.
For the first statement, note that there exists an N > 0 such that

I (D)™™ =2 fll o ray S (L4 [tV X0 (D) f | £ (o)

for all v € O and t € R, as follows either from kernel bounds, or by combining
Remark 2.5 and Proposition 3.1. Either way, one thus has

) 1/
I (DO Fliaasy = ([ 1oOlIDAD) 5 1 gyt)

S ||XV(D)f||LP(JRd)-

It now follows from Proposition 2.4 that

(A itV 1/aq
D (3 D) TS g
vEOY
n—1 1
SR ED (D D) s, e
VvEO

On the other hand, for all v € O one has

TR (D) f e ey S llg(t)e’™Y X0 (D)

||XV(D)f||L”(Rd) =le f”LP(Rd)

on any compact interval I C R such that |g(¢)| 2 1 for all ¢t € I. Hence

s (1-1y 1/q
11y , ey = 22 G (3 1 (D)l )

vEO
k(s+ l,l Zt /A 1/q
<2 (3 q ( Z HXV f”Lp(]RX]Rd)) s
vEO
again by Proposition 2.4. O

The proof of Theorem 1.1 is now almost immediate.

Proof of Theorem 1.1. Let g € S(R) be such that |g(¢)] > 1 for ¢ € [0,1], and
supp(g) C [-1,1]. Let ¢ > 0 and f € Bj,,(R?). We apply the Littlewood-
Paley decomposition (1), to f. Moreover, we can use a kernel estimate for the
low-frequency term, so we may assume that 1o(D)f = 0. Then the ¢?>-decoupling
inequality (1.6), with e replaced by £/2, yields

€Y =2 Fll Lo 0,1, 20 (Ra)) < Z €Y= 241 (D) fll L2 (0,1, Lo (R2))
k=1

o ) 1/2
522k(s(p)+e/2)( S llg(®)e™ 2y, (D) (D )flligz(Rxm) :
k=1

VEOy

Now Proposition 4.1 implies that the final quantity is equivalent to

Zr&“uwk )/l s(pHa(RdﬁZz-an\

This concludes the proof. O

S(P)+E(Rd) ||f‘ Bif;’?;i(Rd)'
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Remark 4.2. For each 2 < p < oo the exponent 5(p) in Theorem 1.1 is sharp, in
the sense that, for any s < 5(p), there does not exist a C' > 0 such that

(4.2) ||€” f”Lp([O 1],LP (R4)) =

for all f € By, ,(RY).
To see this, first note that (4.2) and (1.10) combine to yield

(4.3) 1€ =2 FllLeo,),20 Ry Se 1f lwrstsmr+2em Ry

for all f € Wsts(P)+2¢2(R?) and ¢ > 0. Hence, for p > 2(d+1)/(d—1), by choosing ¢

sufficiently small, (4.3) improves upon the conjectured local smoothing estimates in

(1.5). Since these are known to be sharp, (4.2) cannot hold for p > 2(d+1)/(d—1).
On the other hand, suppose f € B, 5(R?) is such that

2,2(RY)

supp(f) C {6 € R | 2717F < jg] < 2'HF |6 — v < 2172
for some k € N and v € S?~!. Then Remark 2.5, Proposition 3.1 and (4.2) yield

le**v= f||LP

1l @ay = 1 flls0, , @) = (0,118, 5 (R%))

= 1€V =2 Fllr oy, rwayy S IF

Since 3(p) =0 for 2 < p < 2(d+1)/(d — 1), this leads to a contradiction, and (4.2)
cannot hold for such p.

B} 5 5(RT) ~ [fllws»@ey = QkS”fHLP(]Rd)-

5. WELL-POSEDNESS FOR NONLINEAR WAVE EQUATIONS

In this section we will mainly focus on the cubic nonlinear wave equation

(5.1) 0?u — Aygu = £|u?u, (t,2) € R x R?
' w0)=freX, Ww0)=fey,

outside L?-based Sobolev spaces.

We first collect some preliminaries. In Section 5.2 we then prove local results
for slowly decaying initial data, including a theorem for the quintic nonlinear wave
equation. The local results do not distinguish between focusing and defocusing
nonlinearity. In Section 5.3 we then prove local results for initial data which decay
even slower than in Section 5.2, and finally we prove global results for the defocusing
equation, that is, (5.1) with a minus sign on the right hand-side.

5.1. Preliminaries. Our notion of well-posedness is based on [2, Section 3]. We
recall the key elements. We use Duhamel’s formula to write (5.1) as an abstract
evolution equation:

(52) u:L(fvg)+N3(uau7u)7

where u € S, which is a space-time function space, L : X x Y — S is a densely

defined linear operator, and N3 : S xS xS — S is a densely defined operator which

is either linear or antilinear in each of its variables. In our case one has

sin(tv/—A)
L(f,g)(t) := cos(tvV—-A)f + ———,
(F.0)(t) = cos(tV/=R)f + P2

sin((t — s)v—A)

N3 (u1,ug,us)(t) := :t/ up(s)ua(s)us(s)ds.

0 AVEYAN
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We say that (5.2) is quantitatively well posed (with initial data space X x Y and
solution space S) if there exists a C' > 0 such that

(5.3) IL(f. 9)lls < CI(f, 9)llxxv,
3

(5-4) N3 (1, ug, u)lls < CTT lluills,
i=1

forall (f,g) e X xY andu; € 5,1<i<3.

If (5.2) is quantitatively well posed, then it follows from a fixed-point argument
(see [2, Theorem 3]) that (5.2) is analytically locally well posed. In particular, there
exist Co, 0 > 0 such that, for all (f,g) € B(x,y)(0, o), there exists a unique solution
ulf,g] € Bs(0,Coep) to (5.2). Moreover, the map (f,g) — ul[f,g] is Lipschitz
continuous from B(x y)(0, o) to Bs(0, Coeo), and one can expand u[f, g] in terms of
its Picard iterates. That is, define the nonlinear maps A, : X XY — S recursively:

Al(fag) = L(f7g)7
(5:5) An(fr9):i= D> Na(Am,(f,9), Ay (f,9), Ay (f,9)) for m > 1.

mi,mz,m3>1:
mi+mat+mg=m

Then
u[fa g] = Z Am(fag);
m=0

where the series converges absolutely in S for all (f,g9) € B(x,y)(0,£0). In the
following we define solution spaces locally in time S — Sp and by improving the
estimates (5.3) and (5.4) to

IL(f. 95z < CT°|I(£, 9)llx %y

(5.6) R
INs (1, ug,us) |l s < CT° [ luillsy

i=1

for some § > 0, we can find T = T(||(f,9)|xxv ), also for large data, such that we
find analytic dependence on the initial data in Sp.

We use the following sharp local smoothing estimate due to Guth-Wang-Zhang
[9] to prove the linear estimate (5.3) for initial data in LP-based Sobolev spaces.

Theorem 5.1. Let p € (2,00) and s > max(5 — %,O). Then there exists a C > 0
such that
€Y =2 Fll L2 o7, 20 m2)) < ClIf llwer(m2)

for all f € W#P(R?).

The smoothing estimate for data in B;’Q’Q(RQ) is provided by Theorem 1.1. For
the proof of the nonlinear estimate (5.4), we use Strichartz estimates (cf. [14]).

Theorem 5.2. Let 2 < p;,q; < 0o, %—i—% = %, 85 = 2(% — qi) — i. Then, we find
the following estimate to hold:

(DY~ ull o1 (0,7, s (m2))

S 1u(0) |2 g2y + [[(D)*2 (i0; + M>UHLP/2([O T),L% (R2))’
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5.2. Local well-posedness results. We begin with the local well-posedness result
in Theorem 1.2 and Remark 1.3.

Proof of Theorem 1.2 and Remark 1.3. As explained above, it suffices to prove (5.6).
In what follows, let T" < 1, which simplifies powers of T'.

We first consider the linear estimate (5.3) with initial data in W*?(R9), as in
Remark 1.3. Theorem 5.1 and Holder’s inequality in time yield

||61t f||L24/7 [0,7],L4(R2)) ~ T’1/24||f||W5 4 (R2)>

1= Fll s o, 1), o)) S T 2N fllwsores @e)-

This yields the linear estimate for cos(tv/—A)f and for the high frequencies of
sin(tv/—A)

Ve On the other hand, the low-frequency estimate holds since

sin(tv/—A)
V—=A
for some cut-off y € C°(R?) near zero and all 1 < p < oo, due to Mikhlin’s theorem.

Now consider the linear estimate (5.3) for initial data in Bf , 5(R?) + HY(R?),
cf. Theorem 1.2. Recall that in this case we consider the solution space

(5-8) St = L*/7(10,T), L*(R?)) N C([0, T]; By 5 o(R?) + H*/*(R?)).

(5.7) x(D) : LP(R?) — LP(R?)

To obtain the linear estimate for the first space on the right-hand side, we again
rely on Holder’s inequality, Theorem 1.1, and on linear Strichartz estimates as in
Theorem 5.2. More precisely, let f = fi + fo with fi € Bj,,(R?) and f, €

H3/3(R?). Then Theorems 1.1 and 5.2 yield

Helt _AfHL24/7 ([0,T],L4(R2)) S T1/24(||f1||32,212(R2) + ||f2||H3/8(R2))'

Note that we can likewise estimate fy in H*(R?) for s > 3/8. By taking the infimum
over all decompositions f = fi + f2 in Bj 5 5(R?) + H3/8(R?), we find

H COS(tV _A)f||L24/7([0 T],L4(R2)) ~ <1 24||fHBE 52, 5 (R2)4-F3/8(R2)"

Next, write g = g1 + g2 with g1 € B, L(R?) and g, € H_5/8(R2). To obtain

‘ sin(tv/—A) ‘

a7
one proceeds in the same way when it comes to go and the high frequencies of g1,
using the additional smoothing. On the other hand, for the low frequencies of g1,
one can argue as in (5.7). Indeed, one has

sin(tv/—A)
v—=A
Here we used Proposition 2.4, Mikhlin’s theorem and trivial summation to obtain
the mapping property, and (2.3) and standard embeddings from Besov spaces into
LP(R?) for the inclusions. This proves the linear estimate (5.3) for the first space
on the right-hand side of (5.8).
To show the linear estimate involving the solution space C([0,T7]; B  o(R?) +

H3/3(R?)), we use the invariance of B 5 (R?) and H?/3(R?)) under the half-wave
group, as well as (5.9) to deal with the low frequencies of sin(ty/—A)(—A)~1/2.

< l/24
L7 (0,1, L4(R2) ~ (

||91||B§3}2(R2) + ||92||H*5/8(]R2))

(5.9)  x(D)—7=—: B;,5(R?) = ByP)F*(R?) C B; ,(R?) C LP(R?).
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Finally, by relying instead on the L5([0, T'); L%(R?)) smoothing estimate in The-
orem 1.1, as well as the LY([0, T, L5(R?)) Strichartz estimate, we obtain

[ cos(tvV =) fllLs 0,71, L5 ®2)) < T1/12||fHBgY2,2(R2)+H1/2(]R2)'

Similarly,

< /e i
L4([0 T] LG(RZ)) HgHBG 212

sin(tv/—A) ‘
V-A

Moreover, to obtain the linear estimate for the solution space C([0, T]; B 5 5(R?) +

(R2)+H1/2(R2):

H'/2(R?)), one argues as above. This takes care of the linear estimate (5.3) for
both Theorem 1.2 and Remark 1.3.

We turn to the trilinear estimate (5.4), as a consequence of Strichartz estimates,
and begin with the estimate

| [ ==

__ d ’
(u1Tau3)(s)ds L2Y7(j0,T),L4(R2))

ST H il 27 (0,79, 4 m2y) -
=1

The low frequencies x(D)(ujUzu3) are again estimated via Mikhlin’s theorem. For
the high frequencies, we use Theorem 5.2 with p; =8, ¢; =4, i = 1,2, to find

H/ il A)(l—x)(D)(u@ug)(s)ds]

LY 7([0,T],L4(R?))
|D| /8
|D|

3
ST lill 2077 0,29, 2oy
=1

This already concludes the proof for initial data in W&4(R?) x W=1¢4(R?). For
initial data involving the 3272,2(R2)—spaces, we also need to consider the solution
space C([0,T], H3/3(R?)). Here we estimate by Minkowski’s inequality

H/ sin((t — s) A)X(D)(“1@U3)(S)ds"

ST - x)(D)(ulma\

< T1/8||U1’LTQU3||L§/7L4/3

Lf/7L4/3

Lg=([0,T),H3/8 (R2))
3
i
< H’(‘”UQU?)HL1 [0,T],L4/3(R2)) T H ||UZ||LZ4/7 ([0,T],L4 (R2))

for the low frequencies, again by Mikhlin’s theorem. For the high frequencies, we
use a Sobolev embedding:

H/ s t_s A)(l_X)(D)(Ulﬁzu:s)(s)

5 ||<D>_5/8(u1%u3)||L%([O,T],L2(R2)) ~ T3/24 H ||ulHL24/7 ([0,T],L4(R2))"
i=1

’ Lg=([0,T],H3/3(R2))

This proves the required supremum norm bounds, while the continuity statements
are automatic, since the half-wave group is strongly continuous on H*(R?). This
also concludes the proof for initial data as in (1.11).
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Finally, we consider the trilinear estimate with parameter p = 6. First consider

H/ sin((t — s) A)(UllTQU;g)(s)ds’

The estimate of low frequencies is as before, so it suffices to use Strlchartz estimates
with p; = ¢1 =6 and ps = 00, g2 = 2:
H / sin((t — s)v—A)
V=A

< T1/12 i
L4([0,7],15 (R2)) H [l ||L4 [0,T7],L5(R2))"

(1= X)(D)(urzus ) (s)ds|

Li([0.T],L8(R?))

| [ OB 4 ) sz )|

LSLS
3

S T1/12||U11TQU3||L}L§ ST H lwill Lo, 17,5 R2))-
=1

This proves the required statement for initial data in W1/6+2:6(R?) x W —5/6+2.6(R?)
and concludes the proof of Remark 1.3.
On the other hand, for the local well-posedness with initial data in B , 5(R?) we

also have to consider the solution space C([0,T], H'/2(R?)), in the following sense:

H / sin( t —s)V=A) (w33 ) (3)ds

The estimate for the low frequencies is carried out by Mikhlin’s theorem, while for
the high frequencies the argument is
H / sin((t — s)v—A)
VSN

3
1/12 _
L= ([0,T), E1/2(R2)) ~T 1;[1 sl o.y.co@e)-

(1 = x(D))(u1uzus)(s)ds S llurtzusl|pr 2

Ly HY2 ™

3
ST H luillLazs-

i=1
This concludes the proof. O

We remark that there is slack in the spatial regularity in the nonlinear argument.
This can be translated to solve the quintic nonlinear wave equation
(5.10)

2u — Agu = £lultu, (t,2) € R x R?
u(0) = f € B ,(R?) + H'2(R?),  a(0) = g € By, 5(R?) + H'/*(R?)

in the solution space Sp = L{([0,T], LS)NC([0, T], B§ 5 o(R?) + H'/2(R?)) for small
initial data. The crucial nonlinear estimate reads

H/ sin((t — s) A)ﬁui(s)ds’
<[ 11+

with Strichartz pairs (p;,¢;) = (6,6), i = 1,2, because inhomogeneous Strichartz
pairs as in Theorem 5.2 lose exactly one derivative. Note that we cannot afford to
apply Holder’s inequality in time anymore. Hence, this argument does not allow to
prove well-posedness for large initial data. This is not surprising because (5.10) is

L3([0,T],L8 (R?))

S H HquLG [0,77,LS(R2))

Ly ([0,T],L5/5(R2)) ™
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H'/2(R?) x H~'/2(R?)-scaling critical. Easy variants of the above arguments yield
the following theorem.

Theorem 5.3. For any T > 0, there is an € > 0 such that (5.10) is ar_aalytically
locally well posed with v € Sp = LS([0,T], L°(R?)) N C([0,T], B 5., + H'/?*(R?))
provided that

1 llge , ,r2yinrewey T M9llgss y -1/ <€
5,2,2(R?) (R2) 6,2,2

5.3. Results for slower decaying initial data. In the following we point out
how considering higher Picard iterates allows to construct solutions for very slowly
decaying initial data. The arguments are similar to [23] and [7], albeit with the
difference that the Duhamel integral has a stronger smoothing effect. We consider
the cubic nonlinear wave equation in d dimensions:

Pu—Agu = +u?u, (t,r) eRxRY d>2,
’LL(O) = f1 S X, U(O) = f2 S Y,

although our main results concern d € {2,3}. We write the solution abstractly:
- L(fla f2> + N3(’U/,’LL7’U/),

as in Section 5.1.
For d,n > 2, we consider initial data in L*"t2-based spaces, and we let

u’(t) = L(f1, f2),
ut(t) = N3(u®, u’ uo)

Ng(Zu Zu Zz;] )—Zz_:_luk, (j > 2).

We will prove the existence of a
v e SU([-1,1] x R?) == L®([=1,1]; L3(R?)) N Ly ([~1, 1], L (R?))
which solves

n—1
v=u— E u’.
=0

We can rewrite this as
n—1 n—1 n—1 n—1
R e D SURTD SURTD OB
=0 =0 =0 =

for 5 > 2. One can check that u? contains only terms Ay with k > 2j 4+ 1, where A,
is as in (5.5) (see [24, Section 4.2]). We therefore obtain estimates for such terms.

Lemma 5.4. Let d € {2,3}, n > 2 and s > 452(1 -
C >0 such that

[Am (f1, f2)

4n+2) Then there ezists a

Lo ([—1,1]; Li(Rd)) < C(”lerI/TIL/SA"Jr?(Rd) + Hf2||nV7[I/5’1’4"+2(Rd))'

forallm € {1,...,2n — 1}, f; € WnT2(R?) and fo € We—LAn+2(R4),
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Proof. First note that A,, = 0 if m is even. Hence we may suppose that m = 2k+1
for some k € Ny. Let € > 0 and set p :=4n + 2 and ¢ := (4n + 2)/m. Then, by the
embeddings (2.6) and (2.8), one has

[Am (f1, f2)leeors S NAm(f1, )l poo e S N Am(f1s f2)ll oo gta-1/a
t “q,q’,q’ t Pgq,1,1
5 ||Am(f17f2)||LtooB;(ll)l+E7

since s(1) = (d—1)/4. We can use this regularity to iterate the Duhamel integral in
adapted spaces, by Lemma 3.4 and because d € {2,3}. First, we split the Duhamel
integral into low and high frequencies:

z(t V=4
||/ U1U2U3)(5)d‘9HL?"BZf11,)r€

ez(tfs)\/j
< |Ix(D) ; ﬁ(ull@uB)(s)d’sHLgoLg

t
L1 x(D)) / eIV (i) ()31 o155
0 t Pg1,1

The low frequencies are estimated by Mikhlin’s theorem:

z(t s)\/—A
(D) (ugugus)(s)ds| e
N / () ()],
3 3

STlwuguspers ST [ il poe oo STT] il o g5y e
i=1 i=1
which allows for iteration. Moreover, for the high frequencies we use the bounded-
ness of ¢™V=2 on the adapted Besov spaces, and iterate the trilinear estimate in
Lemma 3.4 k times, to obtain

1,J2 co 9(1)+€ 1 s(l)+E 2
[Am(Fs £ ppeprse S Il + 012
<A e+ 1

P,p,pP

Sl s+ sy+sen + Hf2||ws<1>+s(p>—1+ss,p-
Here we also used the embeddings (2.7), (2.10), (2.11) and (1.2). By choosing ¢

s<1)+s 1
n+2,1,1

6(1)+25 1

sufficiently small, this concludes the proof. O
Similarly, we can iterate
[Am (f1: f2)llLgeree S ‘|A7R(f1af2)”L?cBi 1ee S ||f1\|moc L. + ||f2||m; 2 e
and
A1 jazrse S AN gl S Hfll e S llwes
for s > o with o o o
(5.12) a::d;1+d;1+d;1(%—%):%(1—%”%.

This shows that
[Am (f1, f2)ll Loz S 1 f1llTs0 + 1 f2llie 10
We can argue like above to find
[Am (f1, f2)llge o= Hf1||m 1. +||f2|\md L.

ooll ooll




22 JAN ROZENDAAL AND ROBERT SCHIPPA

Now we use the embeddings

/]

s < <
tenn S0 o SIS sy
p,1,

This shows that
VA (Frs ) lezeee S IAIE ,, + 1fel e,

for s > a with

d—1 d+1
1 h=—— 4+ —.
(5.13) ! 1 + 5
We have proved the following lemma, regarding the u; from above.

Lemma 5.5. Letd € {2,3}, n>2,0<j<n-—1. Then, fore >0, thereise, <1
and £, <1 such that

”uj”Lff’z [0,1]xRd) T ||Uj|| dnt N ||f||Wa+E)4"+2(]R'i)

n+2
L2 L2+ ([0,1]xR9)

holds true provided that | f|lwe-te ant2@ay < €, and

109 ez oarn + 101 S e, e

provided that ||fHBZ_¥’::f2,2,2(Rd) < &y

With the estimate for the higher Picard iterates at hand, the following proposition
is proved like in [23, Proposition 4.6]:

Proposition 5.6. Letd € {2,3}, ¢ >0, n > 2, and e, &, <1 like in Lemma 5./.
Then, there is a unique v € S°, which solves (5.11) with v(0) = ©(0) = 0.

This yields the following theorem on local well-posedness for slowly decaying
initial data. We focus on the two-dimensional case with small data to simplify the
Strichartz space, but there are clearly analogs available in higher dimensions.

Theorem 5.7. Letd =2,e >0, n > 2, and (f1, f2), €n, and &, like in Proposition

5.6. Let % + 4n1+2 = 3. Then, there is u € LY([0,1], L*"*2(R?)) which solves (5.1).

Furthermore, for

||(f1, fQ)HWoz+s,4n+2><Wo¢+a—l,4n+2 + H(917gQ)||Wo¢+5,4n+2XW@+£—1,4TL+2 <en

or H(fh f2)”Bij-izz‘zxgijizz,z + H(gl’gz)”Bi;};;zXB?;:;;z < éEn

we have for the corresponding solutions ||u; — u2||Lp([071LL4n+2) — 0 provided that
the initial data are converging in the spaces of initial data.

5.4. Global well-posedness results. We prove global results for the defocusing
cubic nonlinear wave equation in two dimensions:

Pu—Ayu = —|ulu, (t,x) € R xR?
u(0) = fi € B;,(R?),  a(0) = fo € B3 (R?).

D2

(5.14)
We focus on the case p = 6.
The main result of this section is the following:

Theorem 5.8. Let s > 1/2, and (f1, f2) € B§ 5 2(R?) x BSE}Q(RQ). Then, for any
T > 0, there is a global solution u € L}([0,T], L°(R?)) to (5.14).
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In the following the arguments from [23] are adapted, which were previously ap-
plied to nonlinear Schrodinger equations. To avoid technicalities, we shall consider
Schwartz initial data which admit global solutions and allow for integration by parts
arguments. The a priori assumption can be removed later by well-posedness and
limiting arguments. We denote the linear part of the solution to (5.14) by

B — sin(tv/—A)
w(t) = cos(tvV—A)f1 + A ———fs.

The difference with the full solution is given by

/t sin((t — s)v/—A)
0 vV-A

We have the following blow-up alternative (cf. 23, Lemma 4.9]):

Lemma 5.9. Let s > 0, (f1, f2) € (Bg22(R?) + H'(R?)) x (B ,5(R?) + L*(R?)),
and u be the solution to (5.14) provided by Theorem 1.2 in L$([0,T], LS(R?)). If T*
is mazimal such that u € L$([0,T], LS(R?)) for T < T*, butu ¢ L}([0,T*], LS(R?)),
then limy 7« ([[o(t)[| g1 (r2) + |0:0(t)|| 12) = oo with v defined like in (5.15).

(5.15) v(t) = u(t) —w(t) = — (Jv + w)*(v + w))ds.

Proof. We note that for the free solution we have

(5.16) tSUP [|w(t)] Bg 5 ,+H! St lI(f, g)”(557212+H1)><(Bg,_2712+L2)7
I e L T
c 2, 2, 2,

We further argue by contradiction. Suppose that there is a sequence (t,) C [0,T%)
with ¢, T T and

(5.18) lim ([0t 1 52, + [0(t)12) < C:
n—oo
But by Theorem 1.2, we can solve the nonlinear wave equation with initial data
w(ty) +v(tn) € Bg,Q,Q + Hla w(tn) +0(tn) € Bg,_2,12 +L?

for times T' = T(|lw(ty) + v(tn)l5g, ,+m1, [[0(tn) + 0(tn)]| 823}2+L2) and by (5.16),
(5.17), and (5.18), we find

[w(tn) +v(tn)

Sre C+ IS, g)H(8312)2+H1)><(B§_”2112+L2)'

By aatit T 0(t) + ()l gg s 1 pe

This means the local existence time is bounded from below, which yields a con-
tradiction because it means we can continue the solution beyond T*. The proof is
complete. O

Hence, for the proof of global well-posedness it suffices to show

sup_([[v(t)[|m(re) + 100 (t) || 22(r2)) < C(T).
te[0,7)

Recall that mass and energy are conserved quantities for (smooth) solutions to
(5.14):

(5.19) M(u) = /R lufd,

1 1 1
(5.20) B(u) :/ Lol + 219l + Luftde.
e 2 2 4
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But the quantities are not conserved for differences of solutions or v. Still we can
control M (v)+ E(v) by Grgnwall’s argument for sufficiently regular initial data like
in [7,23] in the context of the defocusing nonlinear Schrédinger equation. In the
proof we have to control ||w(t)||ze(r2) and |[w(t)|| ;e ), for which we use embed-
dings, namely (2.6), Propositions 2.6 and 2.8, and a standard Sobolev embedding:

Hw(t)||L6(R2) S Hw(t)”l’ﬁ’éﬂi“ﬂ%% /S ||w(t)||5é{2§;5(R2)7
lw@®llze@e) S llw®)llwrssesmz) S lwt)lgizsee @)
We show the following:

Proposition 5.10. Let ¢ > 0 and (f1, f2) € Bylaa  (R?) x By oy T*(R?). With
notation as above, we find the following estimate to hold:

(M) + E(v)+1)(t) Sr M(v)+ E(v) +1
forall0<t<T.
With Proposition 5.10 in place, we find by Grgnwall’s argument
(M(v) + E(v) +1)(1) < elo )
and hence, M (v) does not blow-up. Theorem 5.8 follows.

Proof of Proposition 5.10. We introduce the notation

(r9) =R [ r)gla)ds.
For the growth of M (v), we find
O M(v) = 2(0w,v) < E@)2M(v)? < M(v) + E(v) + 1.
For the time-derivative of F we find
O E(v) = ((020), 0pv) + (0;V v, Vov) + (Opv, |v|*v)
= (0, 020 — Av + |v|*v)
= (O, —|v + w|* (v + w) + |v[*v)
S (0w, [0]*w)] + [ (Opv, v[w]?)| + [(rv, [w]*w)]
SN0l e vl lwl e + 100l 2 [[vl] 22wl Fe + |0ev]l 2 w726
Sr E(v) + E(v)"2M (v)'/? + B(v)'/2.
This finishes the proof. g
We sketch the extension to slower decaying initial data:
Theorem 5.11. Let d = 2, ¢ > 0, n > 2, & like in (5.13). Let (f1,f2) €

Bfrﬁz’zg(RQ) X Bfrff;)%’z(RQ). Let % + 525 = 5. Then, there is some p < p

such that for any T > 0 there is u € LP([0, T], L*""2(R2)), which solves (5.14).

The key point is that solving (5.14) in LY L%-spaces provides us with a blow-up
alternative:

Lemma 5.12. Let s > &,
(fla fQ) € (Bin+2,2,2(R2) + Hl(R2)7 Bir_L—il-Q,ZQ(RZ) + L2(R2))7

and let u be the solution to (5.14) provided by Theorem 5.7 in LP([0,T), LA"+2(R2)).
If T* is mazimal such that u € LY([0,T], L*"*2(R?)) for T < T*, but we have
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w ¢ LP([0,T], L +2(R2)), then limy_p- (||0(t)|| g1 +||0s0(t)|| 2) = 0o with v defined
like in (5.11).
The proof of Lemma 5.12 follows along the lines of the proof of Lemma 5.9. We
turn to the proof of Theorem 5.11.

Proof of Theorem 5.11. By Lemma 5.12; for the proof of Theorem 5.11 it suffices
to show

Ew)+M@w)+15r 1
We use again Grgnwall’s argument: We have like above
M (v) S M(v) /2 E(v)"/2,

) 1
and we compute with wu,, = ano u?

O E(v) = (v, 3t v) + (0: Vv, Vv) + (Opv, |v|2v)
= (0w, 0}v — Av + |v[*)

n—2 n—2

— (atv,—\v+un|2(v—|—un) + \v|3 + | Zujyz Zu])

j=0 §=0
We can write schematically

n—2 n—2

— \U—l—un|2(v—|—un) + \v|3 + ’ Zuj’22uj

=0 =0
= A1) (v,un) + Aq2) (v, un) |Z“j| Z“J—\Z“J\ Z
=0

with A(; ;y(f,g) denoting terms which are homogeneous of degree i in f and of
degree j in g. We can estimate [|u,(t)||L> <S¢ 1:

St
(B, A1y (v, un))| S (10wl L2 v l| 7 lun || L Sz E(v),
and
0w, A2y (0,un))] S 100l L2 0] 2 lunF oo Sz E(0)Y? + M(0)'2.

At last, we rewrite

n—1

|Zu3| Zuj—|2uj| Zuﬂ :—Zunflukum
k,m

up to complex conjugates on the right-hand side. This allows to estimate by Holder’s
inequality

|@rv, > S u" k™) |<Z||3tv||L2||U" U gnse || panse[[u™ | panse Sz E(0)/2

L2n—1
k,m

noting that u* € L*"*2 for any k > 0. This shows
O (E(v) + M(v) +1) S C(T)(E(v) + M(v) + 1),
and the proof is complete. O
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