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STRICHARTZ ESTIMATES FOR MAXWELL EQUATIONS IN
MEDIA: THE PARTIALLY ANISOTROPIC CASE

ROBERT SCHIPPA

ABSTRACT. We prove Strichartz estimates for solutions to Maxwell equations
in three dimensions with rough permittivities, which have less than three dif-
ferent eigenvalues. To this end, Maxwell equations are conjugated to half-
wave equations in phase space. We use the Strichartz estimates in a known
combination with energy estimates to show the new well-posedness results for
quasilinear Maxwell equations.

1. INTRODUCTION

In the following Maxwell equations in media in three spatial dimensions, the
physically most relevant case (cf. [6, 12]), are analyzed. These describe the propa-
gation of electric and magnetic fields (£,8) : R x R* — R3 x R3, and displacement
and magnetizing fields (D, H) : R x R® — R3 x R?. The system of equations is given
by

ID=VxH-Fe, VD =p,
(1) OB =-VxE=Tpn, V-B=pn,
D(0,-) = D, B(0,-) =By

(pe, pm) : R x R3 — R x R denote electric and magnetic charges and (Jo, Tm) :
R x R3 — R3 x R3 electric and magnetic currents. There is no physical evidence
for the existence of magnetic charges or magnetic currents, but we include them to
highlight a key aspect of the analysis.

The notations follow the previous work [19] on Maxwell equations in two spatial
dimensions. We denote space-time coordinates = = (20, z1,...,2") = (t,2') € R x
R™ and the dual variables in Fourier space by £ = (£°,&1,...,€") = (1,¢') € RxR"™.
In this work we supplement Maxwell equations with time-instantaneous material
laws, relating £ with D and ‘H with B:

D(z) =e(x)E(x), €:RxR> = R3>3

® B(z) = p(x)H(z), p:RxR> = R3S,

¢ is referred to as permittivity, and p is referred to as permeability. In some cases we
shall assume that p = 1, which means that the considered material is magnetically
isotropic. This is a common assumption in nonlinear optics (cf. [17]). Like in the
preceding work [19], we want to describe the propagation in possibly anisotropic
and inhomogeneous media. We suppose that ¢, y are matrix-valued function €,y :
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R x R? = R3*3 with Ay, Ay > 0 such that for any ¢ € R? and 2 € R x R3

3

(3)  MEP <) RT@EE < M€ K (2) = #(2), € {en).

ij=1

The case of diagonal ¢ = diag(e1,e2,€3), 4 = l3x3 covers the physically relevant
case

(4) (&) = (1 + |E])1sxs

of the Kerr nonlinearity. The permittivity depends on the electric field itself. We
denote

0 —05 0»

_ -1
5) co)=|(a 0 -a], P(z7D):<Cag3><§1 %(D)M )
—02 O 0 (D)e 1133

(1) becomes

D Te V-D= Pes
o nn(@-() {13
Like for the two-dimensional Maxwell equations covered in [19], we make use of
the FBI transform and analyze the equation in phase space. P(z, D) is conjugated to
half-wave equations whose dispersive properties depend on the number of different
eigenvalues of €. This was previously analyzed in the constant-coefficient case by
Lucente—Ziliotti [14] and Liess [13]; see also [18, 16]. It was proved that for (z) = ¢
satisfying (3), solutions to (6) with ¢ having less than three different eigenvalues
and pu = 1 decay like solutions to the three-dimensional wave equation. However,
if € has three different eigenvalues, the decay is weakened to the decay of the two-
dimensional wave equation. The fully anisotropic case will be considered separately
in [20]. Presently, we prove the first result for variable rough, possibly anisotropic
coefficients. Dumas—Sueur [5] previously showed Strichartz estimates for smooth
scalar coeflicients. In the much easier two-dimensional case the eigenvalues of the
symbol are always separated in phase space

i(§0, &0 = [1€"1l5 o + [1€]le) for [1€7]|e ~ 1.

1€]|<(z) denotes a norm which depends on e(x). This separation of the eigenvalues is
no longer the case in three dimensions. Roughly speaking, in the isotropic case, the
characteristic set is a sphere with multiplicity two and in the partially anisotropic
case €(x) = (e1(x),e2(x),2(x)), e1(x) # e2(x), u = l3x3 the characteristic set is
described by two ellipsoids intersecting at exactly two points. The characteristic
sets in the partially anisotropic case for constant coefficients were analyzed in detail
for the time-harmonic equations in [18]. The fact that the ellipsoids are intersecting
requires a careful choice of eigenvectors, already in the constant-coefficient case,
such that the corresponding Fourier multipliers are LP-bounded.

It turns out that in the fully anisotropic case ¢ = diag(e1,e2,e3) with €1 #
€9 # €3 # €1, b = lgxs, the characteristic set ceases to be smooth and becomes
the Fresnel wave surface with conical singularities. This is classical and was already
pointed out by Darboux [3]. The curvature properties were quantified more precisely
in [16] (see also [13]). We summarize the properties of the characteristic surface
depending on the number of different eigenvalues in Section 2.3.
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Below |D|* and |D’|* denote Fourier multipliers:

—~ o~

(ID[*u)(€) = €] a(€),  (ID'|*u)(§) = [€'|" (&),
and (p,p, q,d) is referred to as Strichartz admissible if d € Zx2, p = d(5 — %) — %,
p,q > 2, %—l— % < %, and (p,q,d) # (2,00,3). We denote the space-time
Lebesgue norm of a function v : R x R? — R for 1 < p,q < oo by

p 1
lullp e, = ( / ( / u(t,a’)|%da") 7 dt)”
* R JRd

with the usual modifications if p = oo or ¢ = co. We recall the following results
about Strichartz estimates for wave equations. The sharp range, i.e., global-in-time
Strichartz estimates

I1D'[*~Pul| Lp ;0
x

,®a)) S l[woll g ray + [Jul| p2(ra)
for solutions to the Euclidean wave equation

Pu—Au =0, (t,r)eRxR d>2,
u(0,-)  =wup € HYR?Y), u(0,-)=u; € L2(R?)

with (p, p, q, d) Strichartz admissible was covered by Keel-Tao [10]. First results for
rough coefficients are due to H. Smith [21] until Tataru proved the sharp range in
a series of papers (cf. [25, 26, 27]); see also Bahouri-Chemin [1] and Klainerman
[11]. Tataru recovered the Euclidean Strichartz estimates for C?-coefficients (cf.
[26]) locally in time and also for coefficients [|02g" |11 ;e < oo (cf. [27]). Strichartz
estimates for less regular coefficients require additional derivative loss, if one does
not impose additional symmetry assumptions on the coefficients as shown in coun-
terexamples by Smith-Tataru [22]. The Strichartz estimates for coefficients with
09|12 < oo can be used to show local well-posedness results for quasilinear
wave equlations, which improve on the energy method. In the isotropic case we can
recover Strichartz estimates for scalar wave equations with rough coefficients.

Theorem 1.1 (C2-Strichartz estimates in the isotropic case). Let €1, u1 € C%(R x
R3;R) and suppose that € = e113x3 : R x R? — R3*3 11 = 111353 : R x R3 — R3%3
satisfy (3). Let u= (D,H): R x R® = R*>3 with V-D = p. and V - H = p,,, and
P as in (5). Denote pem = (pe, Pm.)-

If |0%e1||oe < v, |01 Loe < v*, then the following estimate holds:

_ _ _1
(7) DI ullpra, S vlullrz + v~ [ Pullez + [1D]72 peml 2
provided that the right hand-side is finite and (p,p, q,3) is Strichartz admissible.

The theorem states that in case of small charges the dispersive properties of
wave equations are recovered. Like in the two-dimensional case, note that on the
one hand, if

1
2

(®) loely-3 ~ 1PNy, Toml,-y ~ 1813,
(7) follows from Sobolev embedding. Moreover, we can find stationary solutions
D =Vy and H = 0 for ¢ = 1343, which would clearly violate (7) when omitting

the contribution of the charges on the right-hand side in (7).
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Corresponding Strichartz estimates with additional derivative loss under weaker
regularity assumptions on e and p follow by standard means (cf. [26, 19]). In the
following, for A € 2% we denote Littlewood-Paley projections by

(SAN)E) = BATHENF©),  (SAAE) =B AHENF(©),

where f: R — R>( denotes a radial function, supp(8) C B(0,4)\B(0,1/2), which
satisfies

9) Z B(Ax) =1 for x # 0.
re2?
We have the following for C*-coefficients:

Theorem 1.2 (C*-Strichartz estimates in the isotropic case). Let 0 < s < 2,
g1, 1 € C*(R x R%R), € = diag(er,e1,¢1), p= diag(p, pi1, 1) : R x R3 — R3X3
be matriz-valued functions with coefficients in C*, 0 < s < 2, satisfying (3). Let
u=(D,H):RxR* = R3xR3 withV-D=p, and V - B = p,,, P as in (5), and
write pem = (pe; pm). Then, the estimate holds

10) DI Fullprs, S vlullee + v 1Pullyo + I1DI5F polz2

provided that the right hand-side is finite, (p,p, q,3) is Strichartz admissible,
2—s

T2+

Moreover, by the arguments from [27, 19], Strichartz estimates for coefficients
02 € LiLS (cf. [19, Theorem 1.3]) and the inhomogeneous equation (cf. [19,
Theorem 1.5]) are proved. We have the following theorem, which is important to
treat quasilinear equations.

Theorem 1.3. Letey, u; € CH{RxR3;R), and e = diag(ey,e1,€1) : RxR3 — R3*3,
w = diag(p, p1, p1) : R x R® — R3*3 be matriz-valued functions, which satisfy (3)
and 02 € Li LS, 0% € LELSS. Let u, P, pem be as in Theorem 1.1, and (p,p,q,3)
be Strichartz admissible. Then, the following estimate holds

(11)
_ 1 _L/
H|DI\ pUHLP(o,T;L;,) < VPHUHL;’"Li/ +v o ||P(an)u||L,}Li,
1 _ 1 _ 1
+ T (D177 pem (0|2, ey + 101777 Depemllzy 22, ),

whenever the right hand-side is finite, provided that v > 1, and T||8§5||L2L¢3 +
T||85M||L}L;7 <2

a ) and ||(517/~L1)”C'5 S V4'

The reason for additional terms H|D’|71+%8tp||L%L2l compared to (7) is that
we use Duhamel’s formula in the reductions. For appfying the estimates to solve
quasilinear equations, Lf"Li,— and L%Li,—norms are to be preferred. We further
have to reduce the regularity of ¢ to control ||d¢||rre for energy estimates. We
denote homogeneous Besov spaces by Bg"” with norm

lallpor = > A ISxullppps,
Ae2? ‘
with the obvious modification for » = oco. For the coefficients of ¢, we use the
microlocalizable scale of space (cf. [27, 19, 29]):

[vllxs = sup A*[|Sxavl| 1 s
g2z £
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Theorem 1.4. Let ¢ = diag(e1,e1,¢1), p = diag(pa, 1, 11) € X%, 0 < s < 2, and
u = (D,H), (p,p,q,3), and o as in the assumptions of Theorem 1.2. Then, the
following estimate holds:

(12)
11D~ %l ggace S v llullgere, + v~ 7 D]~ Pull e,
+ T (107575 pemnll ez, + 11D 575 Oupemlla12,)
for all u compactly supported in [0,T), and v, T verifying
T*[(e1, )13 S V272

Further inhomogeneous Strichartz estimates are proved by similar means as in
[19], which is omitted here. In the partially anisotropic case a diagonalization is
still possible, but error terms arising from the composition of pseudo-differential
operators presently only allow to prove inferior estimates. We show the following:

Theorem 1.5. Let ¢ = (e1,69,62) : R x R3 — R3*3 satisfy (3), let u = (D, H),
Pem = (pes pm), and P be as in (6). Let T >0 and § > 0.
o [f0c € LFPLSY, then the following estimate holds:
(13)
D) =2~ ul| oo,z a(ge)) s ol ey + | Pull g e,
+ D) Fpem Oz, + 10D) Fupemllisra,

o If s € LALS, then the following estimate holds:

(14)
—p— L
(D" ™72 =% ul| oo, na sy Sris ol aceey + [ Pullpy Lz,

_3 _3
+ (D)% pem (0|22, + (D)™ 3 BspemllLy.z2, -

Moreover, the method of proof recovers the estimates from Theorem 1.1 for
e1(x) = e1(t,x1) and ea(x) = ea(t,x1). In this case the problematic error terms,
which arise from composing pseudo-differential operators in the general case, vanish.
We have the following:

Theorem 1.6 (C2-Strichartz estimates in the structured partially anisotropic case).
Let ¢ = diag(e1,e2,62) : R x R3 — R3*3 satisfy (3) and for i = 1,2 suppose that

gi(zo,2") = ei(wg, z1) with e; € C*(R x R;R).
Letu = (D,H) : R x R® — R3 x R? and set i = 13x3. If [|0%¢| = < v*, then the
following estimate holds:

_ _ _1

DI ullgrrs, S vliullez + v [ Pullrz + D172 pemllzz

provided that the right hand-side is finite and (p,p, q,3) is Strichartz admissible.

Strichartz estimates for less regular coefficients like in Theorems 1.2 and 1.3 hold
for C*-coefficients or 9%¢ € LL.LS under structural assumptions.

Asin [19], after conjugation of P(x, D) the key ingredient in the proof of Strichartz
estimates are estimates for the half-wave equations. We use the following result,
shown in [19]:
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Proposition 1.7 ([19_7 Proposition 1.8]). Let A € 280, X\ > 1, and d > 2. Assume
e = £(x) satisfies €9 € C?, ||0%¢||L~ < 1, and (3). Let Q(x,D) denote the
pseudo-differential operator with symbol

Q.8) = & + (7, (1)&:€;)
Moreever, let u : R x RY — R decay rapidly outside the unit cube and (p,p,q,d) be
Strichartz admissible. Then, we find the estimates
(15) ANSxullzere S 1Sxullze + 1Q(w, D) Sxul| 2

to hold with an implicit constant uniform in . For Lipschitz coefficients € with
0%l L1 < 1, we obtain

(16) A"’HS’,\uHLqu f_, ||S)\’U/||LOCL2 + ||Q(:C7D)SAU||L2

1/2

We want to use the Strichartz estimates to improve the local well-posedness for
quasilinear Maxwell equations:
{ P(z,D)(D,H) =0, V-D=V -H=0,

(a7 (D, H)(0) e H*(RSR),

where e 71 (D) = ¢(|D|?)13x3, and 1 : R>g — R>; is a smooth monotone increasing
function with 1(0) = 1. This covers the Kerr nonlinearity ¢ = (1 + |£|?)13x3. The
energy method (cf. [8]) yields local well-posedness for s > 5/2. We also refer to
Spitz’s works [23, 24], where Maxwell equations with Kerr nonlinearity were proved
to be locally well-posed in H?(€2) on domains with suitable boundary conditions.
We compute

8:(4 (D)D) = ¥ (IDI*)9,D + (2¢/(ID|*)D ® D)9, D =: 41 (D)d,D,
V x ($(ID*)D) = [B(ID*)V x +(2¢/(IDI*)(D @ (D x V))")|D =: s (D)D.
After a diagonalization in phase space, we shall see that ¥ (D) and Vo (D) have at

most two different eigenvalues.
Passing to the second order systen yields the system of wave equations:

{a,?D = -V X ((D)VxD), V-D=V-H=0,
PZH =V x (1 (D)V x H).

_ We shall first consider the simplified Kerr system, which is obtained by replacing
; with ¥(|D|?):

(19) 02D = -V x (Y(|D*)V x D), V-D=0.

In this case we can apply the Strichartz estimates for isotropic permittivity to prove
the following;:

(18)

Theorem 1.8 (Local well-posedness for the simplified Kerr system). (19) is locally
13
well-posed for s > 2.
We remark that we could likewise treat the system

#2D =-Vx D>V xD), V-D=0,
2H =-Vx@(|D>)VxH, V-H=0.

with the additional estimates for H being carried out in similar spirit.

In the case of partially anisotropic permittivity, we can use the Strichartz esti-
mates from Theorem 1.5 directly:
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Theorem 1.9 (Local well-posedness for Maxwell equations with partially anisotropic
permittivity). Let e=! = diag(v)(|D1]?),1,1) with ¢ : R>¢ — R>1 smooth, mono-
tone increasing, and ¥(0) = 1. Then, the Mazwell system

oD =VxH, V- D=V -H=0,
OH =—V x (c7'D), (D(0), H(0)) € H*(R?RO)

is locally well-posed for s > 9/4.

In the two-dimensional case we have shown that the derivative loss for Strichartz
estimates with rough coefficients is sharp (cf. [19, Section 7]). In the three dimen-
sional case we do not have an example showing sharpness. However, the fact that
the derivative loss in the isotropic case matches the loss for second order hyperbolic
operators indicates sharpness of the Strichartz estimates in the isotropic case.

Outline of the paper. In Section 2 we introduce further notations and recall well-
known bounds for pseudo-differential operators and the FBI transform. In Section
3, we point out how standard localization arguments reduce Theorems 1.1 and 1.3
to a dyadic estimate with frequency truncated coefficients. Then, the symbol is
diagonalized to two degenerate and four non-degenerate half wave equations after
an additional localization in phase space. We see that the divergence conditions
ameliorate the contribution of the degenerate components as in the two-dimensional
case. The estimates for the non-degenerate half-wave equations for £ having less
than three eigenvalues are provided by Proposition 1.7. In Section 4 we show the
Strichartz estimates in Theorem 1.5 and 1.6 for partially anisotropic permittivities
with rough coefficients. In Section 5 we consider quasilinear Maxwell equations and
prove Theorems 1.8 and 1.9.

2. PRELIMINARIES

In this section we collect basic facts about pseudo-differential operators and the
FBI transform to be used in the sequel.

2.1. Pseudo-differential operators with rough symbols. In the following we
clarify the quantization and recall the composition formulae for pseudo-differential
operators presently considered. We refer to [7, 28, 29] for further reading.

Recall the standard Hormander class of symbols:

ms = {a € C®(R™ x R™) : [020al < (1+ [¢)m—rlfltleldy

forme R, 0<9 < p<1. In the following we obtain pseudo-differential operators
via the quantization:

alwD)f = 2m) " [ e Sala, O f(€)ds

The LP-boundedness of a(z, D) with a € S5, 0 < § < 1 is standard (cf. [29,
Section 0.11]). In the present context of rough coefficients, we shall also consider
symbols which are rough in the spatial variable. After a Littlewood-Paley decompo-
sition and a paradifferential decomposition, we can reduce to Hérmander symbols.
We record the following quantification of LP L?-boundedness for symbols, which are
smooth and compactly supported in the fiber variable and possibly rough in the
spatial variable:
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Lemma 2.1 ([19, Lemma 2.3]). Let 1 < p,q < 0o and a € CECP(R™ x R™) with
a(z,£) =0 for £ ¢ B(0,2). Suppose that

sup Z | D¢ a(z, )”Lé <C.
ZER™ o< lal<m+1
Then, we find the following estimate to hold:
la(z, D) fllrre < Ol fllLora-
We recall the Kohn—Nirenberg theorem on symbol composition. Denote
0% =05t ... 0% and D = 9g /(i)
for o € N{*.
Theorem 2.2 ([29, Proposition 0.3C]). Let mi,mz2 € R, 0 < §; < p; < 1 for
i =1,2. Given P(x,§) € S;Ttsl, Q(x,¢) € ng(;?, suppose that
0 <d2 < p <1 with p=min(py, p2).
Then, (P o Q)(xz,D) € OPS;?§+m2 with § = max(01,d3), and P(x, D) o Q(x, D)
satisfies the asymptotic expansion

(20) (PoQ)(w, D)= Y~ (DFPOLQ)(x, D) + R,

[e3

where R : 8’ — C™ is smoothing.

Lemma 2.1 quantifies the LPL9-bounds for the expansion (20) (see [19, Sec-
tion 2]). From truncating the expansion to

(PoQ)w,D)= Y ~(DFPOLQ)(r, D)+ Ry(z, D)
lal<N

we can find error bounds for Ry decaying in A. This can be proved again by Lemma
2.1. We recall the Calderon-Vaillancourt theorem (cf. [2, 28]) to bound OPS) .
The following quantification is due to Kato [9]:

Theorem 2.3 (Calderon-Vaillancourt). Let0 < p < 1 and a(z,€) € S9 (R*?) with
19282 a(x, €)] < C(1+ |¢l)lel-1D
for lal < |§]+1, |81 < [§] +2. Then,
la(z, D)|lr2—12 Spa C.

2.2. The FBI transform. We shall make use of the FBI transform to conjugate
the evolution to phase space (cf. [4, 27]). For A € 2%, we define the FBI transform
of f € LY(R™;C) by

Thf(z) = Con AT / e_%(z_y)Zf(y)dy7 2z =g — i € T*'R™ = R?*™,

Cop =2 575",
The FBI transform is an isometric mapping Ty : L?(R™) — L% (T*R™) with ®(z) =

e, The range of T are holomorphic functions, thus there are many inversion
formulae. One is given by the adjoint in L2:

T;F(y)zcmA%/ e 2 GV B(2)F(2)dade.
R2m
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By decomposing a function into coherent states, the FBI transform allows us to
find an approximate conjugate of pseudo-differential operators. Let s > 0, a(z, &) €
C3C° be smooth and compactly supported in . We assume that

a(z,§) =0 for € ¢ B(0,2).

Let ax(z,€) = a(x,£/)\) denote the scaled symbol and Ay = ay(z, D) be the cor-
responding pseudo-differential operator. We have the following asymptotic for an-
alytic symbols:

g2 0la(z,€) 1

B anyara (0 = 2 T

TrAx(z,D) & ) (9 — A"
a,B

We consider truncations of the asymptotic expansion. For s < 1, we let
as = a,

and for 1 < s <2, let

1

B = 0+ a0~ N + yac( 10— A = at 2 (3a)(0 — M)

A
with 8 = (9, + i0¢) and 0 = 3(9, — i0¢). We define the remainder
R} , = ThAx — alTh.
Tataru [25, 26] proved the following approximation result:
Theorem 2.4 ([26, Theorem 5, p. 393]). Let 0 < s <2, and a € C:C°. Then,
IR allLomrz SATE,
19 = AORS allosng S ARTE.
Moreover, if a € X1C® with X' = {f € L?L% : 0f € L7LS}, then
||R%\,a||L°°L2~>L?I, < A2,

2.3. The characteristic set depending on the permittivity. In this section
we summarize the characteristic set of Maxwell equations depending on the number
of different eigenvalues of ¢ = diag(e1,e2,¢3) and p = diag(p1, po, u3). For this
discussion suppose that € and p are homogeneous. The partially anisotropic case
(and isotropic case as special case) was detailed in [18] and the fully anisotropic
case was analyzed in [16].

2.3.1. Isotropic case. For y and € proportional to the unit matrix we can diagonalize
the principal symbol to the diagonal matrix as will be carried out in Section 3:

d(w, &) = idiag(&o, S0, o= (en) 21, b+ () "2 €[l €o—(ep) "2 [1€']], éot+(em) "2 (1€)-

This shows that the characteristic set, without the contribution of the charges, is
given by

{&6 — (em~IIg"N* = 0}
with multiplicity two.
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2.3.2. Partially anisotropic case. In the case e = diag(e1,£2,2), €1 # €2, p = pulsxs
the diagonalization in the constant-coeflicient case with LP-bounded multipliers is
still possible. We obtain the diagonal matrix:

d(w,€) = idiag(&o, 0. €0 — &5 2 €11, &0 + 3 2 €11, €0 — [1€']1-- &0 + [1€']]2)

1

with ||€'||c = (65 '€} + 67 €3 + £7'€3)7. Clearly, we have

_1
g 2 =€l < & =& =0.
The characteristic set is given by the sphere
(& — 11D -5 lIE)*) =0

and describes two ellipsoids, which are smoothly intersecting at the &;-axis.

2.3.3. Fully anisotropic case. To find the characteristic set in the fully anisotropic

case, we symmetrize
i&o —iC(§" ) 1? —0
iC(&)e™! &0 B

by multiplying with the matrix (cf. [16, Proposition 1.3, p. 1835])
( i€o ic(f')lfl>
—iC(¢)e™! io
to find
(- -epe 0 )(2) =0
0 =& —C)ere(e)u ! '
‘We compute
p(€) = det(—& — C(&")u"C(€)e™)
= det(—£5 — C(€)e™C(E ") = —€5(& — Ea0(&) + ar(€))

with
1 1 1 1 1
2 2 2
= + + :
DlE) =& (€2M3 M2€3) & <61u3 63#1) & (€2M1 €1u2)
() = —————— (16 + 282 + £5E2) (&R + a2 + piz€2).
E162€3 1 fhalia 1 2 3 1 2 3

It [16, Section 3] was proved that the condition for full anisotropy e = diag(e1,€2,€3)
and p = diag(uq, ue, pg) is given by
(21) g2l

M1 H2 M3 H1

If this fails, then the characteristic set will be like in the isotropic or partially
anisotropic case.

If (21) holds, then the characteristic set ceases to be smooth and becomes the
Fresnel wave surface with conical singularities.

It can be conceived as union of three components:

e a smooth and regular component with two principal curvatures bounded
from below,

e one-dimensional submanifolds with vanishing Gaussian curvature and one
principal curvature,

e neighbourhoods of (four) conical singularities.
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TR
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FIGURE 1. Fresnel surface: inner sheet (left) and outer sheet
(right) for e1 = 1, g2 = 3, €3 = 9. The colours on the outer
sheet indicate the Gaussian curvature. The Hamiltonian circles
with vanishing Gaussian curvature encase the singular points. The
images were created with MAPLE" with the working sheet [15].

This is classical and was already pointed out by Darboux [3]. The curvature was
precisely quantified in [16]. Dispersive properties in the constant-coefficient case
were first analyzed by Liess [13]. The conical singularities lead to the dispersive
properties of the 2d wave equation. We prove Strichartz estimates for rough coef-
ficients in the companion paper [20].

3. STRICHARTZ ESTIMATES IN THE ISOTROPIC CASE

The purpose of this section is to reduce (1) to half-wave equations in the isotropic
case. The Strichartz estimates then follow from Proposition 1.7. The key point is
to diagonalize the principal symbol of

_( Olsxs  —C(D)ut
P(LE,D) B <C(D)E_1 8,513X3 ’

The diagonalization argument follows the two-dimensional case, but is more in-
volved. The eigenpairs in the partially anisotropic case had been computed in case
of constant coefficients in [18]. This suffices for constant-coefficients, but for variable
coefficients this diagonalization appears to lose regularity. However, in the isotropic
case, we can find a regular diagonalization after an additional microlocalization.

Further reductions are standard, i.e., reduction to high frequencies and localiza-
tion to a cube of size 1, reduction to dyadic estimates, truncating frequencies of the
coefficients. We start with diagonalizing the principal symbol:

3.1. Diagonalizing the principal symbol in the isotropic case. We begin with
the isotropic case ¢ = diag(e1,e1,€1) and p = diag(py, pi1, p1). In the following we
abuse notation and write € = 7 and p = p; for sake of brevity. In the isotropic case
the diagonalization is as regular as in two dimensions after an additional localization
in phase space. It turns out we have to distinguish one non-degenerate direction to
find non-degenerate eigenvectors.

We use the block matrix structure to find eigenvectors of p/i. We have

_ N, —1

where ;55 denotes the Levi-Civita symbol.
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We find eigenvectors v = (v1,v;) € C* x C3 by using the block matrix structure
of p/i. Let A € R (note that p/i is symmetric, which yields real eigenvalues) such

that
€o —C(E)n Y (v _ \ (0
C(&e! o V2 vg )
Let M = A — &. Then, we find the system of equations
(22) —C(&p g = Ny,
(23) C(fl)é‘ilvl = )\/UQ.

In the following let £ # 0 because p is already diagonal for & = 0. Denote £ =
& /|€'|. Clearly, for A = &, we find two eigenvectors

* * * t * * * t
(& & & 0 0 0), 000 & & &)
because span(¢’) = ker(C(¢')). So, in the following suppose that A # &y, and let
N = X —&. Iterating (22) and (23), we find that v; and ve solve the eigenpair
equations:

(24) —C(pre(€)e oy = Ny,
(25) —C(e (€ oy = N s
Since € and p are isotropic and elliptic, we can define
N = (ep)2 N,

and write (24) and (25) as

—C(& vy = APy, i=1,2.
We have C2(¢') = —||€||*13x3 + £'(¢')t. We note that (v;, &) = 0, which follows
from projecting (24) and (25) to & and supposing that X' # 0. We obtain A\* €
{=IE; 1€°1I}. We shall construct eigenvectors depending on the non-degenerate
direction of £* = HE—,” € S?. Clearly, there is i € {1,2,3} such that (£)* > 5. We
introduce the notation 51‘23‘ =&+ sz for 4,5 € {1,2,3}.

Eigenvectors for || 2 1: We let

e Gl
€12 C(fl)zf_l 1 12(l€”
1 _ 1 (1) (1 _ (K 3
o=k | o = = ()T | e
0 _ &ia
el
The choice of vél) satisfies (23) and is orthogonal to £*. (22) is satisfied for
Nef 1€ 1€l }
1 1 *
(en)z (ep)?
Secondly, we let
e e
13 C(eNe1 1 13]1€”
A I B R T ORI I
_& € —&283
&13 1sll€’ |l
vgl) and vf) are linearly independent. For the diagonal matrix
! ! !/ !
(ep)? (ep)? (ep)2 (ep)>
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we have the conjugation matrix of eigenvectors:

&0 Lo £ RN RN
1 5152 5152 &13 &13
* S1 R

52 0 3 &12 05 0
* _S1 S

63 0 0 0 §13 &13

m(l)(ﬁ): 0 ff (g I3
1 1 _

0 & (g)f ater (£)7 (fmT&'SH) .

N ONC NOR < ORGSR

By elimination and using the block matrix structure, the determinant is computed
as

* * I3 3 &6 I3 3 &1
o g & &8 Olarr (O gl
[detm™ (O =116 —g; 0 |lg (4)g2er  (8)7 gy ||= M- Mo
S0 dlls @inr @'
€ ! € 13]]&’
For the first determinant we find
* 3 £
Iogy L 6 & &
Mi=1& -2 0 |\=im—F— 18 & 0
&12 7
é—; 0 _fles ||£ ||§12£13 53 O _El
1 &l
= ————(§ + &8 + 683) = :
||f/||§12513( ! s 2) 12613
For the second determinant, we compute
& s _4f & 0 0 ,
My = EL 5 éi 5513 _ ﬁ 1 5 0 Hé-/”Q — H H§ ||€1
/ 12 /
SN 52 55 5135 e [[€'13612€13 52 —I1€2 o € &1261
3 —&12 —&283

The intermediate equation follows from multiplying the first column with &3 and
subtracting from the second and multiplying it with £ and adding it to the third
column. We observe that the inverse matrix takes the following form:

& & & 0 0 0

—1
mM (@)= W W o mH Wm0

By Cramer’s rule, the components ww, 3<1<6,1 <5 <6 are polynomials in

ij
l(-Jl-) up to the determinant. Hence, for |&1] = 1, the components of

m® and (m™)~1 are smooth and zero homogeneous.

the entries of m

Eigenvectors for || 2 1: We let like above

= Sl
o N o C(E')e_lv(n _ i(ﬁ)% &e
1 &2 |’ 2 N ! € 512Q§,H ’
0 _ &12
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and
0 i
—1 ’
(2) & @ _ CE)e™" o O B2
vy = , Uy = ———— =+£(= et
A b
€23 a3 llE’ |l
For d like in (26) we obtain the conjugation matrix of eigenvectors:
* &2 Lo
soo& & 0
* & _& L3 L3
& 0 3T 12 §23 §23
* _ &2 _ &
m(2)(1~ ) = “ 0 i %05153 p\3 " &1&s © %62 23 © %‘62223
9 * H 1= - J23 _ 122
0 & (6)1512||€’H (E)l(ﬁlz\lf’l\) (E)I(Hf’l\) (52 el
* )2 _&28 )2 (_=£28 Y2 _&é Y2 _&ié
0 & (E)ader (O (@) () amer (6 e
()2 (=€ AR ©Y2 _&i€ 1)z (=€
0 & (4)°(et) (e gk (97 (&

Like above we compute the determinant by using the block matrix structure:
* Eo O é‘* (H)% £183 7(&)%{23
IR | T B
—|gx _& & BY2 _&28 Bz _&1¢ — .
devm(z,&) = o 0t 2 & () g (9 géy| = M-

3

el 1 :
€23 |83 _(5)2”551'2” (g)Qézill\gﬁs’H

The first determinant is computed to be

£2 2 2 2y SllEl
M = ——— = .
R Gre+s) 12823
We find for the second determinant:
& & —& &1 0 -1 '
M, N . & &&  £1& i & 0 0 |= p &l

et ey Zg, qe| TG lg e o | el

Eigenvectors for || 2 1: We choose

& —EeT
13 C(g/)E—l 1 13]l€’
1 _ (1) _ 1 _ (¢
v = 0 [, v = v T i(g) ’ e
_ & —&283
&13 3ENE
and let
0 T
—1 !
@ _ | & @ _CE)e™ @t | g
v = &23 Uy = Tvl - :I:(E) ’ 5231H§2'H
_ £ £1€3
€23 E23(1€7]|
The conjugation matrix of eigenvectors for d like in (26) is given by
* €3 €3
51 0 5133 5133 EO ~’?
* 3 3
&0 0 0 Ty Ty
o & 0 -& B &
m(g)(g) = * % —35152 % 153152 5% 2—523 1y 3 2223
0 & (E) (1513 |§’|I) (2) | Euslle’l (E) . ( e ) (22 ( \E’H)
* u\2 &3 p\2 (=13 uy2 &1 m\2 ( —=&1&2
0 g (O G O e (6 (Gher)
* )2 (_—&2& p)2 _&28 rY2 _&i€ p\2 ([ —=&i&
0 & (&) () (O aser (O amér (87 (&ie)
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In this case we compute the determinant to be

i i,

q & SEOR T ORE Y
\detm(€)|=§§; O51 57532 3 (%)zufg/a” (%)i&in%u
S oTas TElls (95 (O ey

For the first determinant we find

£

€8s 4 €3¢

_ &llgl

M,y

T E1sbasE]]

&13&as]|€ |l

Ei3bas||€]]  Eisbas

For the second determinant we compute

1
M, =H

T e 1€7]13€13823

B 2
s 56 2 o
&3 —&& 183

e &13é3

N —1
For i = 1,2, 3, we summarize that m(¥ ~ takes the form

§ & & 00 0
0 0 0 i 5 3
CORE T O N T
Wy Wiy Wiz Wiy Wi Wyg
wi) w) wl) wl) wl) Wl
ol ol il )l uf

15

with wﬁf,)n zero-homogeneous and smooth in & for |&;| 2 1.

3.2. Reductions for C?-coefficients. Next, we carry out reductions as in [19] for
the proof of Theorem 1.1. Precisely, we apply the following:

Reduction to high frequencies and localization to a cube of size 1,
Reduction to dyadic estimates,

Truncating the coefficients of P at frequency )\%,

Reduction to half-wave equations.

To begin with, by scaling we suppose that ||0%¢|| =~ <1, [|02u| L= <1, and v = 1.
Note that the ellipticity constraint (3) implies by the Gagliardo-Nirenberg inequal-
ity

10nellLoe + 1|0z pll Lo < 1.

3.2.1. Reduction to high frequencies and localization to a cube of size 1. Let § € C°
like in (9), and let s(§) = 5(]|¢]|) denote a symbol supported in B(0,2)\B(0,1/2)

such that
D s(2796) =1,
JEL
For X € 2%, let Sy = S(D/A) be the Littlewood-Paley multiplier and S<; =

1- Zj>0 Sai. Let u = Scyu+ (1 — S<q)u. We estimate the low frequencies as
follows: Write

¢ € R1\{0}.

Sci= Y. S1S%S<

K,L<8
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with 57, Sf\; denoting Littlewood-Paley projectors only in 7 or &’. We use Bern-
stein’s and Minkowski’s inequality to find

IIDI"*S<yullzore < Y DI ?STS5culliopa
K,L<8
For K < L, we have by Bernstein’s inequality and Plancherel’s theorem
DI~ SESullzore < L7 3| ST S5cull 7o e
K K
K<IL<8 K<L<1
Z 1203 12(3-3) go(3-%) 1157 Su|2.
Kngs
S Nul?e.
The estimate for L < K follows mutatis mutandis.

It remains to prove the claim for the inhomogeneous norm for the high frequen-
cies:
_ _1
IKD)~PullLere S llullze + [|Pullz2 + (D) 2pemIIL2
with (D) = OP((1+ ||£]|?)2) and (D) = OP((1 + ||¢’]|2)2). To localize u to the
unit cube, we introduce a smooth partition of unity in space-time:
1= x;(z), x;(z)=x(@—3), suppx C B(0,2).
JjEez*
Let
Pej = O1(xju1) + O2(Xju2) + 03(X;ju3),  pmg = O1(X;jua) + O2(x;jus) + 95 (x;us)-
By commutator estimates, we find
Y Igulia + 1POGwZe S llullfe + | Pullz..
J
Moreover, as proved in [19, Eq. (36), (37)], we have
D)~ ulliope S Z D)~ x;ull Lo Lo,

,; 1
Z (D)~ 2 (pejs pmi) |72 S H<D> 2Pem||%2-

This concludes the reduction to u being supported in the unit cube.

3.2.2. Reduction to dyadic estimates. We shall see that it is enough to prove
_ _1
(28) A pHS,\uHLqu < ||S)\UHL2 +||PS>\U||L2+/\ 2||S)\pem||L2.

We can assume that 2 < p, ¢ < oo because it is enough to prove the claim for sharp
Strichartz exponents. The point (p,q) = (00, 2) is covered by the energy estimate.
By Littlewood-Paley theory (here we use that 2 < p,q < c0), we can estimate

1 1
lullzore SO0 1Sau®) 2 | e S D0 ISaullFosa)?
Ae2No Ae2No

To carry out the square sum over the right hand-side, we require the commutator
estimate

(29) (S P Saulze)? S llull e

Ae2No
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The square sum over the remaining terms is straightforward. (29) is proved on [19,
p. 21].

3.2.3. Truncating the coefficients of P at frequency AT Finally, we reduce (28) to
and p having Fourier transform supported in {|¢| < /\%}. Note that for A > 1, €1
%! denoting the Fourier truncated coefficients, is still uniformly elliptic because

le =2y e S A7M0e 31w
It is enough to show

_ _1
(30) APS\ullLora S |ISxullpe + [[PaSaullz + A2 [[Shpem |2,

where!

Olsxs  —C(D)u”;
31 P, = - Az |
( ) A (C(D)E/\%l 8t13X3

Let uV) = (u1,u2,us) and u?@ = (ug,us,ug). The error estimate follows from
[(P = Px)Sxul[ 2
<V > (7 = ()@l + [V x (671 = (e
< (10zpllzee + 10zl )| Sxullze + [1(n™" = (n
)TNV x Saul® 12

1) DS e

)YV x SyuV | 12

1
<Az
1
<A3
FlE ey
S ISvullee +Allleg gl +llig 3 )1 Saull 2
S (U4 107l e + 107 pll oo ) || Saul| 2.
We used that

1
-1 -1 <Az
||€ (ES)\%) HLOO = infxER4 |€(x)€<A%(’E)| ~ HEZ)\l HL‘X’
and
Meg g llne S 102ell o

>A2
The corresponding estimates also hold for p.

3.2.4. Diagonalizing the Mazwell operator. After truncating the coefficients, we ob-
tain

~ o 76(5/”:\% 1
p(xﬂg)X/\(é-) =1 C(S/)€71 . 50 B 8(§/>\) € SL%'

By microlocal analysis, we extend the formal diagonalization from Section 3.1 to

pseudo-differential operators diagonalizing the symbol.

Proposition 3.1. Let e, € C'. For X\ > 1, there are operators ME\i), )(\i), D
and Sx; for i € {1,2,3} such that SxS\ = Sx1 + Sx2 + Sxs and

P\Syi = ME\i)D,\J\/;i)SAi + E/(\i)
fori € {1,2,3} with [|EY || 22 S 1.

We first truncate the frequencies and then take the inverse.



18 ROBERT SCHIPPA

Proof. We quantize the diagonalization carried out in Subsection 3.1. To this end,
we decompose S? with a smooth partition of unity

81(0), S; € C?(S%RZ())

NE

1=

=1

VT

such that s;(6) = 1 for |6;]

5?4 Welet Sx; = OP(sx(€)

S0, d@.nn() € 51,
We quantize

N (2,D) = OP(m; (z,€)52(€)), M (2, D) = OP(m;(z,£)sx(&)),

€ el el . el
1 - 1 + 1 - 1)
GO T Gl O gl T et

Symbol composition holds by Theorem 2.2 and the asymptotic expansion gives
OP(m; }(,€)s2(€)) = SxiOP(m;  (w,€)s2:(€)) + Or2(A™>),

where Sy; = OP(5:(€)) and 3y; denotes a function like sy;(£) with mildly enlarged

support. Likewise we find that M, and D, do not significantly change frequency

localization. Hence, to compute compositions, we can harmlessly insert additional
frequency projections

1. Note that sx;(€) = s(§/N)si(&'/1€1NBUIEN/A) €
and note that m; ! (x, £)sy;(€) € 5(1)7%, mi(x,&)sxi(§) €

~—

%

D(.I‘,D) = OP(Z§OaZ£07Z§O +

M S0 DASUN Sy + Opa (A).
Now we use Theorem 2.2 to argue that
MS)SAiD)\g)\iNii)SM + E
with Ey = OP(ey) with ey € Sg 1. The reason for ey being better than suggested
2

by Theorem 2.2 is that the coefficients are C'. Hence, inspecting the asymptotic
expansion from Theorem 2.2 reveals that the leading order term is in S? 1. By [28,
)2

Theorem 6.3] this is L2-bounded. O
3.2.5. Reduction to half-wave equations. We consider the two regions {|&| > ||£’||}
and {|&| < ||€’]|}- The first region is away from the characteristic surface. Hence, P
is elliptic in this region. The contribution can be estimated by Sobolev embedding.

To make the argument precise, we use the FBI transform. By applying Theorem
2.4, we find
P(z, D)

173 (=57 5xu) = pa(a, OTaSxull g € A F[[Sxul e

Denote vy = ThS\u, and we observe for [£y| > ||¢’|| that

Ip(z; )vallrz 2 lloallzz -

This is argued as follows. Write vy = (v1,v2). Indeed, for [lvi][z2 2 [lvallrz, we
find for some ¢y < 1

l|€ov1 —C(§’)M‘1v2\|Lg > &o([lorllz, = collvallzz) Z llorllzz 2 llvllzz -
If ||U2||L§> 2 ”UlHLé’ then
1€0v2 +C(€Ne™ oIz > &olllvallz — collonllzz) 2 lvallzz 2 llvllez -

Let S\ denote the part of Syu with Fourier transform in {|] > ||¢']|]}. By
non-stationary phase, ThS\@ is essentially supported in {1 ~ || > ||£']|} up to



MAXWELL EQUATIONS WITH PARTIALLY ANISOTROPIC PERMITTIVITY 19

arbitrary high gain of derivatives. We can write ThS)@ = p/(l(a:,f)px(a?,f)T,\SAa
because py(, &) is invertible in {1 ~ || > ||¢||} and conclude by L?-L%-isometry
of T, and Theorem 2.4:

ITxSxtllzz < llpa(@, ) TaSxall Lz

SIS o) sailsg + |

SATE||Syl| 2 + AT Pa(a, D) Sy 2.

T\Px(z,D) ., _
B eV P

We handle the main contribution coming from {|&| < ||€’||} by invoking the
diagonalization from Proposition 3.1. In the following assume that the space-time
Fourier transform of u is supported in {|&] < ||€||}. We treat the regions {|£] = 1}
separately. We start with the proof of

(32) APNSawliprpe, S I19xullez + [DaSxwl|z + A2 (S5 el 2,
where?
. 1 / 1 / 1 / o1 /
D = diag(dy, 8y, 0 — i——|D'|, 0y + i——|D'|, 8y — i——|D'|,8; +i——|D'|)
(ep)2 (ep)2 (ep)2 (ep)2

and w = S,\Z-N;\i)SMu. 53\ = Z\J’I<2 Sai ) denotes a mildly enlarged version of S);.
The first and second component are estimated by Sobolev embedding and the
definition of N, ii):
1
|1D'|

~ Lo . ~
[Sxiwil[rrre, S APF2 [Sxiwl[rrre, S MF2 || —=8i(d1uy + Daus + Dus)| 2

_1
S A2 pellzz-

The estimate of the second component in terms of p,, follows mutatis mutandsis.
The third to sixth component are estimated by Proposition 1.7. This finishes the
proof of (32). To conclude the proof of Theorem 1.1, we show the following lemma:

Lemma 3.2. With notations like above, we find the following estimates to hold:

(33) AYISxivllone S APSNNY Sxivl| Lo + [[Sxivllza,

(34) [Sxivllze < M5 Sxiellzs.-

Proof. We begin with the proof of (33). Write by symbol composition
ME\i)SMN)Ei)SMv =1+ Rg\i))SAw

with HR(;)SMUHLi < )\_%HSMUHL%. By Sobolev embedding and Minkowski’s in-
equality, we find

AP Saivl|zrpe < AP M SN 0| Lo na + A PR Sxiv) Lo 1o
AP N Sxivl| o e + [[Sxivl| .

In the ultimate estimate we use boundedness of M&Z)S’ \i due to Lemma 2.1.
For the proof of (34) we write

N B\MP Syiv = Syv + RY Syiv

2We omit the frequency truncation in the coefficients to lighten the notation.
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with ||R(;)S>\iv||L2 S ATL[Siv||L2. Therefore,
[Sxvllze < N M Snivllez + RS Sxiv 2
< NS ME Syl 2 + CATY|Sagw ]| 12
For A large enough, we can absorb the error term into the left hand-side to find
I1Sx0llze S NG SxMi Sxille S M) Saivl] -
For the ultimate estimate, we invoke Lemma 2.1 to bound N/@SM on L2 O
We are ready to conclude the proof of Theorem 1.1. By (33) and (32), we find

APSxiullLera SATP ”S/\iN)(\i)S)\iU”LPLq

& = _1
S INxeSxiul Lz + [[SxiDaSxiNxiSxivll 2 + A7 2| peml| 22 -

We can bound Ny;Sy; in the first term by appealing to Lemma 2.1. We further
apply (34) to the second term to find

~ =~ _1
[NxiSxiul 2 + [[SxiDaSxiNxiSxiull 2 + A7 2 || peml| 22
1) & ~ _1
< N1Snaullzz + M 8xiDaSriNasSxitel| 12 + A2 || perm |l 22
7 _1
< |ISxiullzz + | PaSaiull 2 + | EY Sxiul 22 + A~ F | pemll 2.

In the ul‘qimate estimate we invoked Proposition 3.1, which further allows us to
bound E/(\l) in L2. The proof of Theorem 1.1 is complete. O

3.3. Proof of Theorem 1.3. We carry out the following steps to reduce Theorem
1.3 to the dyadic estimates

_ 1
(35)  APlSxullzrre S 1Svullpre + [PaSxullizz + A7 7 (1S pemll e r2,

where A > 1, the Fourier support of € and p is contained in {|¢| < A2} and w is
essentially supported in the unit cube with space-time Fourier transform supported
in {|&| < |€’||}. For this purpose, we carry out the following steps:

e reduction to the case v =1,

e confining the support of u to the unit cube and the frequency support to
large frequencies,

e estimate away from the characteristic surface,

e reduction to dyadic estimates,

e truncating the coefficients at frequency A2,

This can be accomplished like in [19, Subsection 3.4] and in the previous paragraph.
We omit the details to avoid repetition.

The dyadic estimate is again proved via diagonalization. Like above, we carry
out an additional microlocalization {|¢{f| 2 1} in the region {|{| < ||€'|l}. The
estimate
(36) )\_pHS/\iN)(\z)S/\iUHLfLZ, < ||S>\iN>(\Z)S)\iUHLf°Li, + ||DA'§>\Z‘N)(\Z)SMU“L§

141
AT (IS4 pern (Ol g2, + 101 permllz 22,

is proved component-wise. For the components [S}@N/{i)S}\iu]j, j=3,...,6, we find
by invoking Proposition 1.7:

ANSNNY Sxitllnzns, S SN Sxiulll e nz, + IDASANY? Sxind 23
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The first and second component are estimated by Sobolev embedding and Hoélder’s
inequality:

IS i 1
AP |18 )S,\iUhHLfL;, = ”WSMpeHLsz,

_ 1 _
SA 1+pHS/\ipeHL§°Li, SA o

1

P ”Sg\pem”L’f@Li,'
By the fundamental theorem and Minkowski’s inequality, we find
||S;\PemHL§°LZ, S ||Sf\Pe(0)HLi, + ||SIAatPe\|L}Li,'
For the second component, we obtain similarly
AN Snidlallpra, S ATFE (1S3 m (0) 122, + 10:Shomll 2y 22,)-
This yields (36). The sequence of estimates
AP\ Sxiullore S A7PYSaNL Sxitl o o
S8 Syl e 2, + IDASNN? Syl
+ AT (15pem ()l 2, + 0eShpemllyze,)
S ISxiullppe e, + ||/\/lf\i)S,\iD,\g)\iNii)S,\iu\\Lg)m
AT (193 pem Oz, + 0Shpemllzizz,)
S Sxiullpgerz, + [[PaSxiul L2
+ AT ((150em O[22, + 106k pem| i 22,

follows like at the end of Section 3.2. The proof of Theorem 1.3 is complete. O

4. STRICHARTZ ESTIMATES IN THE PARTIALLY ANISOTROPIC CASE

We turn to the partially anisotropic case. The conjugation matrices take a more
difficult form because the additional microlocalization to regions {|£| = 1} does not
allow to choose eigenvectors with improved regularity. In the constant-coefficient
case we can argue that we have LP-bounded Fourier multipliers nonetheless by the
Hoérmander-Mikhlin theorem. For variable coefficients, this does not appear to be
possible in the general case, but only under additional structural assumptions.

4.1. Diagonalizing the principal symbol. Like in the previous section, we begin
with diagonalizing the principal symbol. Recall that this is given by

, 0 & &
_ . Solsxs —C(&") n_ _
p(x,g)/z = <C(§/)5_1($) 5013><3> , C(f ) = _522 gol 051

The diagonalization in the constant-coefficient case was previously computed in [18].
We suppose that ¢! = diag(a, b, b). Let

1€ = +&+6, €02 =0b=)F + a(x)&3 + a(x)é3,
g=a/lEl, G=¢&/1€le, i=1,2,3.

The eigenvalues of p(z, ) are

A2 =i, Aza=1i& Fivb@)|E]l, Ase =i Fill¢']..
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Let
(37) d($,€) = idiag(§07£07£0 Y b(l')||€/H,§() + V b(x)Hf/vaO - ||§/||6750 + ||§/||6)

We find the following corresponding eigenvectors, which are normalized to zero-
homogeneous entries. Eigenvectors to i§, are

’Ui = (OaOaO,Gafg»fg)a
b &6

5= (=,=,22,0,0,0).
U2 (a7 ba ba s Uy )
Eigenvectors to i€y £ i1/b(x)||£]| are given by
'U:tS = ( » >, == —( 22"‘532)75152»5153)’

Vb Vb
vi = (@%—%—( 3+ 67).66.66).
Eigenvectors to i % i||¢||. are given by
vh = (8 +8,-66,-68,0,-8,8),
vh = (- (& +8),68,68,0,-83, ).

Set
m(x, &) = (v,...,06).
We find
m_l(x,f) =
0 0 0 & & €3
ab&y ab&s ab&s 0 0 0
0 _VolEl & Vol & 1 313 ¢
2[I€lle £2+¢2 2ll€lle 3+¢2 2 2(£5°+€37) 2(£5°+€37)
0 VOlEl & _VBlEl & 1 £163 3£
2M€ll. &2+é2 oMl 3+~ 2 267167 2(657+657)
2 2(63+€3) 2(£3+€2) 2llel(es>+€5%)  20ell(€52+€57%)
_a bé1€s b&1€s o el & N5
2 2(624€2) 2(62+€2) 2l (6324657 20€N(€5%+432)

In the constant-coefficient case, Lucente—Ziliotti [14] used a similar argument, but
did not give the eigenvectors. It turns out that these have to be normalized carefully
to find uniformly LP-bounded conjugation operators. More precisely, note that the

matrix becomes singular for €3] + |£5] — 0. The remedy is to renormalize vs, . . ., vg
with
2, e2\1L
(38) o(a,€) = A2 LGS
(emuegte)z

In fact, we find by elementary matrix operations, that is adding and subtracting
the third and fourth, and fifth and sixth eigenvector, that

0 0 0 1 0 0
00 0 0 & &
0 O 0 0 - w wZ
detm( €~ |} g g g o |~ 66+ E6°=a'we)
0 & -& 0 0 0
0 & & 0 0 0
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This suggests renormalizing the eigenvectors from above with (38), as for the as-
sociated eigenvectors of vs/a(x,§),...,vs/a(zx, &) we can verify LP L9-boundedness.
We give the details. Let 6 = [|£]|/||€]|c. Note that

2 2\% F2 | 23
Oé(fE,é-): (52 +§3)21 _ (62 "’;53)2 :(5( 52_,'_5&2))5.
(lelllilie) 02
We find
(39)
m(z,§) =
¢ & = 1 = ~ 1
0 & 0 0 (06 +€3))> —(9(& + &)
0 & & - & . _ 02866 &1521
b VBG(ERHe)? VB(ER ) (€5+ep)1/ (E+83)7
O 5*3 fé 1 - 5/2 1 - ?553531 &15‘31
b VB eR)) VB(S(E2+E5)) 2 (E3+89)2 (E+é2
12 12\ 5 2 12\ 5
g o & e )2 G :ﬁ) 0 0
¢ 0 68 gg 0% ok
? (5(eg+€))? (d(e+ep))? (&+8)2 (E3+E3)7
g o ——E& . Ak & et
(3(e+e8))2 (S(ep+ep)? (E3+89)2 (E+é2

By Cramer’s rule, we find m(z, &)~ from m~!(x,£) by modifying the rows 3-6:

(40)
=z, &) =
0 0 0 & & &
ab&y abs ab&s 0 0 0
0 71 128 Viste, (&4} G507 €0t
2(85+€3)* 285+€5)2 262 2e52+¢5)2 2AEP+EP)2
0 Vbo2 s Vb2 _(&HEg)e 02618 LEISTS
o il 2(83+62)2 2(63+€5)1/2 262 2(e7+€17)2 2(E2+E2)3
‘1(§2+§§)§ _ bé1€s - bé1€s . 0 _ & ; & -
257 200(3+€2)7  2(5(€3+€2)2 20(ER+ERNT 20(ER+ER)) 2
_a(§2+§§)5 b€1és ; bé1&s . 0 _ & . & ,
262 2(6(€3+€2))2 2(6(€3+£3))2 20(ER+€E2)T 28R +ER))2

In conclusion, we find

Pz, &) = m(z,&)d(x, )m (x,€).

In the following we associate pseudo-differential operators with the symbols. To
obtain admissible symbols, we localize frequencies {||¢’|| ~ A} away from the &;-axis
to the region {|(&2,&3)] 2 A% with £ < a < 1. The contribution of |(&,&3)] S A
can be estimated directly via Bernstein’s inequality. Since we shall truncate the
coefficients to frequencies of size A%, 8 < a, this leads to symbols SZfB. For m =0,
these are bounded in L? by the Calderon—Vaillancourt theorem. To compute bounds
in LPLY, we use symbol composition to write it as composition of Riesz transforms
and pseudo-differential operators, which allow a straight-forward estimate in L2.
The error terms are sufficiently smoothing to be estimated via Sobolev embedding
in L2. The choice of a and 3 depends on the regularity of the coefficients:
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e In the case of structured coefficients like in Theorem 1.6 we choose o« = 8 =
1

5- This allows for the proof of Strichartz estimates with same derivative
loss like in the free case.

e In the case of coefficients, which satisfy de € L2.L2 we choose o = 3 and
8= % This proves Strichartz estimates with 1/4 + ¢ additional derivative
loss close to the forbidden endpoint (p, q) = (2, 00) compared to Euclidean
Strichartz estimates.

e In the case of Lipschitz coefficients, we choose o = % +eand = % This
proves Strichartz estimates with 1/6 + ¢ additional derivative loss close to
the forbidden endpoint (p,q) = (2,00). This is up to e the same additional
derivative loss like for scalar wave equations with Lipschitz coefficients close

to the forbidden endpoint (p, q) = (2, 00).

A direct estimate in LPLY is unclear because LE-boundedness of Op(S} ) for
0 < p < 1 fails in general (cf. [28, Chapter XI]).

4.2. Proof of Theorem 1.6. In this section we prove Strichartz estimates under
structural assumptions on the coefficients by conjugating the Maxwell operator to
half-wave equations. The first reductions are like in Section 3.2 and the details are
omitted.

4.2.1. Localization arguments. By scaling we can suppose that ||0%¢|p~ < 1, v = 1.
We carry out the following reductions like in Section 3.2:

e Reduction to high frequencies and localization to a cube of size 1,
e Reduction to dyadic estimates,

e Truncating the coefficients of P at frequency )\%,

e Microlocal estimate away from the characteristic surface.

After these steps, it suffices to prove the following dyadic estimate:
_ _1
(41) APISxullzrre S ISaullzz + [ PaSxullzz + A72 (1S5 pemll L2

for A > 1, u having Fourier support in {|¢] < ||| ~ A} and being essentially sup-
ported in a space-time unit cube. Py denotes the time-dependent Maxwell operator
with coeflicients truncated at frequencies < Az,

4.2.2. Estimate without diagonalization. We estimate directly the contribution of
the spatial frequencies {|(&2,&3)] < A2} by Bernstein’s inequality. Let x4 (¢') denote
a smooth version of the indicator function of

A={[g'l ~ A {](&, &) S A2}
We estimate |A| < A2, Hence,
>\7P||S/\SAU||L§L;<; S ISaSaulzz.

By interpolation with the energy estimate, the contribution of frequencies in A is
estimated.

4.2.3. Estimate via diagonalization of Maxwell operator. Let Sp denote the smooth
frequency projection to

{l&o] S 1€~ A} N {[(E2,€3)] > A}

with symbol sg(§). Then P)Sp admits diagonalization by quantizing m(z,§)sg(§),
d(z,&)sp(£), and m~1(x,€)sp(£) as given in (39), (37), and (40). For this purpose
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note that m(z,&)sp(€) and m~'(x,£)sp(€) € SY 1, and d(z,£) € S} .. We shall
272 12
prove the dyadic estimate

_ _1
ATPSpulleyrs, S 1Sxullzz + [PaSBullLs + A7 2S5y pemllzz

with u having the same properties like in (41). This reduction requires an additional
commutator estimate for the localization Sp. Note that || PxSpulz2 < |[PaSBullL2
because the projection on & and {3 commutes with Pjy.

Symbol composition (Theorem 2.2) holds to first order because the coefficients
are Lipschitz. We shall see that we have the following improved error estimate
compared to standard symbol composition:

Proposition 4.1. With above notations, let
(42)
My = OP(in(z,€)X5(€)), Dx = OP(d(z,§)X5(€)), Na = OP(n~" (z,€)x5())-
Then, we find the following identity to hold:
(43) P\Sp = MySpDrSpN,\Sp + Ex
with ||E>\HL2~>L2 5 1.

Proof. We inspect the asymptotic expansion to obtain the error estimate. First
order symbol composition gives

M, SpDASpN\SE = P\Si + E
with Ey = OP(ey), ex € S7 .
To improve on the bouncis?or E, we first consider the composition of Dy Sp and
N,\Sp. We obtain by Theorem 2.2
DASpN,Sp = OP(d(z, &) (z,§)xB(€)) + Ex
with asymptotic expansion of the symbol of Eyx = OP(ey) given by

ex= 3 OP((DE (A, %6(O) @ (2,€)x5(6))

|| >1

We shall see that the asymptotic expansion converges although d(z, &)y g(£) € S}

(e x5 (E) € 59 .

Let @ = (g, @1, a9, a3). By the structural assumptions, the terms with |as| +
|ag| > 0 are vanishing. But the derivatives in & and & applied to m,;(z,&)xB(§)
gain factors of A~!. Hence, we obtain

DASpNLSE = OP(d(x, )" (z,£)°(€)) + Ex
with Ex = OP(ey), ex € S’%%.
By the similar argument, we obtain
M SEDASpNASE = OP(1n(x, £)d(z, )~ (x,€)x5(£)) + Ex = P\Sp + B\
with E) € OPSY ,. E, is bounded in L? by the Calderon—Vaillancourt theorem.

2°2

The proof is complete. a

(NI

1,
)

To conclude the proof of Theorem 1.6 by using the diagonalization, we argue like
at the end of Section 3. The symbol composition is more delicate in the present
case. We can still show the following lemma:
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Lemma 4.2. With above notations, we find the following estimates to hold:

(44) A PSpullLere S ATPNASBullLrra + [|SBul| L2,
(45)  AP|NxSpullrere S IDASENASBullrz + [INASEUl L2 + A7 5 (|S5 peml| 22,
(46) 1SBvllL2 S IMASBY| L2

Before we turn to the proof of Lemma 4.2, we shall see how to conclude the proof
of Theorem 1.6 at its disposal.
Conclusion of the proof of Theorem 1.6. By appealing to (44) and (45), we find
)\_pHSBU”LPL‘I < )\_p”N)\SBUHLPL‘Z + HSBU”Lﬁ

< IDASENASBUl L2 + A2 (S5 pemllzz + INASEU| L2
We apply (44) to the first term and since N3Sp € OPSY ., this is bounded in L2

by the Calderon—Vaillancourt theorem: o

S IMASEDASENASpullzz + A2 [1Sipemllzz + | Sxullzz
S IPASpullr2 + 1Sxullz2 + A~ 2(|Shpemll 2
The ultimate estimate is a consequence of Proposition 4.1. O
We turn to the proof of Lemma 4.2.

Proof of Lemma 4.2. For the proof of (44), we use symbol composition to write
M,\S’B./\/)\SB =Sg+ E\

with E\ = OP(ey) and ey given by the asymptotic expansion

1 af s o~ —

en= > Dg(n(, €)X (£)05 (" (2, &) xn(£))-
la]>1
This converges for similar reasons as in the proof of Proposition 4.1. Derivatives
0%m =1 (x, &) vanish for a = (ag, a1, az, ag) with |as| + |as| > 0. We have
| D (rn(, €)X (€)] S A1 for [az| = |ag| = 0

and moreover,
la]

02m (2, 6)] S A
We have for the leading order term

3 (Dgi(e, ©)%5(6)) (05 (x,6)x5(6)) € 57t

)

Nl=
N|=

lal=1

because the coefficients are Lipschitz. Hence, ey € Szll, and we obtain
272

AP SpullLrre S )\7p||/\/l)\;§'BN)\SBuHLqu + A7?||Exul|Lrpa-

~

By Sobolev embedding and the Calderon—Vaillancourt theorem, we have
_ 1 _1
AP Exullprra S A2 Exullpz S A2 ([Shullzz.
We still have to estimate
)\_pHM)\gBN,\SBuHLqu SATPINLSBu|l Lere + ”SBUHLE

For the proof of LP L-bounds for [M];; we write the components as composition of
operators, for which LP L9-bounds are straight-forward because these are differential
operators, Riesz transforms, or amenable to Lemma 2.1. The error terms, however,
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gain a factor )\_%, and therefore can be estimated by Sobolev embedding. We note
that the components of M, for (i,7) € {1,...,6}*\{(1,5),(1,6),(4,3),(4,4)} can
be written as linear combinations of products of symbols in S? and 1%3 Sg for
1=2,3. E.g.,

1
’2

) 10 1
MasSp = épg D—Z’S( — -)Sp = OP(a;)OP(a3)OP(as) + E
<AZ
with
IHON i , 1 ,
a1 =i————=xB({), a=—"=xB(¢), az=——=x8(¢).
HE 5+8 N

The boundedness of a; in LY LY, follows from Lemma 2.1. For as this follows from
boundedness of Riesz transforms in L? for 1 < p < co and for ag this is trivial.
The error terms obtained in E; are of the form )\’%OP(el) with e; € S9 ;. The
272

additional factor A\"2 comes from the coefficients being Lipschitz. Therefore, we
may estimate
[0P(a1)OP(az)OP(as)fllrrre, < |Ifllceee,
and for the error term
AipHElf”LfLZ, SIfllze-
This shows

APIMASENASBullLrLe, S AP INASBullpre, + || Spul Lz

We turn to the proof of (45). This is shown component-wise. For the first and
second component i = 1,2 we compute by Sobolev embedding

(47) APINASBUillpre, S A2 ([N Spulillze S A2 |pem e

The ultimate estimate follows from [NySpu]; = ‘Tl,lvzf - S4SD and [N)\Spuls =
‘D—l,lvx, -S4 SpH. The estimate for j = 3,...,6 is a consequence of Proposition 1.7:
(48) APNINASBUljllLrpe, S IPASBNAS |z + [[NASBul; L2

Taking (47) and (48) together yields (45).
Finally, we show (46). By a similar argument as in the proof of (44), we find
N)\SBM)\SB =S+ E)\ with |Ex|2-r2 < AL

Since N\Sp € OPSY |, we can apply the Calderon—Vaillancourt theorem to find
272

15802 < INASBMASBY||L2 + [ ExSEY| L2 S [MrSBv|L2 + A7 Spv] 2.
Absorbing A™!||Spv||2 into the left hand-side finishes the proof. O

4.3. Proof of Theorem 1.5. This subsection is devoted to the proof of Theorem
1.5.

Proof of Theorem 1.5. We carry out the following steps to reduce to a dyadic esti-
mate:
e Reduction to high frequencies,
e Microlocal estimate away from the characteristic surface,
e Reduction to dyadic estimate and truncating the frequencies of the coeffi-
cients to Az.
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We first handle the more difficult case 0s € L%Lg? and then turn to Je € LF LS.

43.1. Oe € LZL.
Reduction to dyadic estimate and frequency truncation.
It suffices to prove estimates close to the forbidden endpoint (p,q) = (2, 00), 6 = 0:
(49)
- _1 _3
ATH 6HSASIAUHL1;L§, St 1S3Shull e rz, +A7 2 (|IPASAS ull £2. 12, A7 3 [SApeml Lo 12,

’

In the above display the coefficients of P are truncated at frequencies < )\%, (p,q)
denotes a sharp Strichartz pair and § > 0.
To see how (49) implies (14), we note that

SASS\PAS)\SSU = PASAS;u.

By Sy the mildly enlarged frequency projection is denoted, likewise for S %. Now we
write

SAS\PASAS, = SASA PSS, — SASAP 3 SrSh.

3<.<
The contribution of the second term is estimated by
1

[V x (5;%<.<)\S)\S$\’D))”L§ S Hag_lHLsz‘;HS)\S/AUHL;?"Li/ +)\||5;\% ”LfL:}HS/\SS\UHLfCLi,

SN+ (102l 32 [ S3Shull e 12,
For the first term, we note that
15383 PSASAull 2 < [|SxS3Pullrz + 1SAS5V x ([e7, SxSAID) |2
S 18383 Pullpz + |lull oo 2, -
The second estimate follows from
15355V x ([e™", SxSAID)llzz2 < Allle™, SxSAIDl 2z S 1Pl e 2,
which is based on the commutator estimate
H[g_lvs)\sg\]”Lgx’Li,ﬁLﬁ S )\_1||35_1||L§L;?

as a consequence of the kernel estimate ([25, Lemma 2.3]). Hence, taking the
supremum gives

_5_ _1 _3
ili?(/\ 0 S\Snullenpe,) S llullpge e, + I1DI72 Pullzz + (D)~ % pemllnge 2,

Recall the estimate for the contribution away from the characteristic surface:
D)2 Sirispeulliere, S llullpgrz, + [1Pullpz ez, -
Since § > 0 was arbitrary, we find
_5_ _1 _3
(D)% 5S\T|5|\5'\|U||L';Lg, S ||U||L;°L§, +[[|D] QPUHLQTLi, + [{D") 4Pem||Lgs>L§,

Applying this to homogeneous solutions (together with the better estimate away
from the characteristic surface), we find

_5_ _3
KDY=l pp Lo, S Nu(0)llzz, + (D)~ % pem (0)]| 2,
By Duhamel’s formula and Minkowski’s inequality, we find
5
I(D")~3 6U||LPTL§, St llullzger, + [1Pullpy e,

_3 _3
+ (D)3 pem (0|2, + (D)~ Orpemllzs.z2, -
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We interpolate the above display for the sharp Strichartz exponents with p = 2+-¢
with the energy estimate

||u||L%°Li, S HU(O)HLi, + ||PU||L1TL§,
to find
(D) 72l g0, S lullgere, + [ Pulliyre,
+ 11D % pem (022, + (D)3 Dppemll g 12, -

Estimate without diagonalization. The diagonalization becomes singular for
|(&2,&3)] < X\. We estimate the contribution of A = {¢ € R3 : ||| ~ A, [(&2,83)| <
A7} directly by Bernstein’s inequality. The volume of A is given by |A| < A3. Let
S4 denote the corresponding smooth projection in Fourier space. Applying Bern-
stein’s inequality gives

AT SaSaSull p2 pos S ATETONTSaSAShull Lz

We suppose in the following that F,u is supported in A° N {||€’]] ~ A} N {|&o| S A}
Estimate with diagonalization. We denote by Sp the frequency projection to
{I&0l < 1€ ~ A} N {|(&2: €)] 2 AT} Tt suffices to show
(50)
5 _1 _3
A 0Spullpr s, St 1Spulligerz, + A2 [ PaSpulliz L2, + A" % lpem g 12,
This requires an additional commutator estimate for S

Write S” 5 =1d—S"” 5. This way we find
A SAt

= S" , with e.
A1

I(€2,65) 22T

1

e S7 s1fllzz = e, ), S s 1F(t e, N

<At <Ad
_3
S M0e@llLs AT F(E)llzz, [z

_3
SATE ||35||L$L°<; ||f||L§OL2,~
€T xT

With the extra smoothing of A2 of Pu we see that it suffices to prove (50).
Due to this frequency truncation and localization away from the singular set, we
can use the diagonalization because

m(z,&)xp(8), m~(z,&)xn(€) €55 ;.
Indeed, taking derivatives in & and &3 gains factors of A (derivatives in & are
better behaved and gain factors of A™!) and derivatives in x yield factors of A2
because

lal
0% sl S A5 e,y s
It is important to realize that for the first derivative we find by Bernstein’s inequality
the better estimate

1
(51) 192y oz S A00e_, 3 lzzis-

We want to apply the diagonalization for |(&2,&3)| 2 M. For this purpose, we
show the following lemma:
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Lemma 4.3. With the notations from above, we find the following estimates to
hold:

(52) ATE S pull pre, SATITSeNASBullpr e, + 1SBullL2,
(33) A1) SpNASpullizrs, S IISBullre sz, + A2 [ DASENAS Bl L2
+ )‘_%”S;pem”LfoLi,y
(54) A2 DASpNASpullz S AE||PaSpull sz + [[Spull o2, -
The lemma is the analog of Lemma 4.2. The present asymptotic expansions

are worse compared to Section 4.2, which is mitigated by the additional smoothing

factor of A™% on the left hand side and A= for the forcing term.

Proof. For the proof of (52) we use symbol composition and the asymptotic expan-

sion of M)\SBN)\SB =S5+ E,. We have M,\SB S Op(Sg l), N)\SB S Op(Sg L)'
472 472

Hence, symbol composition holds and we compute for the leading order term

E)\ = )\7%E)\ with Fy € Op(S%%)

The additional gain comes from (51). Thus, the error term can be estimated by
Sobolev embedding:

5_ ~ _
AT 6||EASBU||L5L;, SAESBullz: S [1Spullr:-

The ultimate estimate follows from the Calderon—Vaillancourt theorem.
Thus, for the proof of (52) we have yet to show

_5_ ot _5_
AT 6||MASBN,\SBU||L1;LZ, SATE 6HN,\SBU||L§’L;, + [|SBul|L:-

To this end, we write M Sp as composition of pseudo-differential operators, which
can be bounded on LYLY?, for 2 < p, g < oo because these are Riesz transforms, dif-
ferential operators, or by Lemma 2.1. The error terms arising in symbol composition
gain ; derivatives (again essentially due to (51)). We note that the components
of M;; for (i,7) € {1,...,6}*\{(1,5),(1,6),(4,3),(4,4)} can be written as linear

combinations of products of symbols in S? . and
)2

DBSS Sp for i = 2,3. An appropriate
splitting of components of M and N for this argument is provided in the Appendix.
E.g.,

;10 1
MogSp = —= DZ =2 ( )85 = OP(a1)OP(az)OP(a3) + Ey
Dz Dy /p
%
with
.H€/||6(a:) / 13 / 1 /
ap =1 s A9 = ——— R as =

1 &I X (0)xa(€) 2 GET] xB(§) 3 b xB(£)

The boundedness of a; in LYL?, follows from Lemma 2.1. For as this follows from
boundedness of Riesz transforms in L? for 1 < ¢ < oo and for a3 this is trivial.
The error terms obtained in E; are of the form )\*%OP(el) with e; € S ;. The
472
additional A\=1 gain follows from (51) and derivatives in &' at least yield factors
ATE Therefore, we may estimate

||OP(fh)Op(az)op(as)fHLng, S ||fHLg’L;,
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and by Sobolev embedding and the Calderon—Vaillancourt theorem we find
N B Sfllprs, S lleafllez S Nfllcs-
It remains to check the contributions of M15, M1g, Mysz, Mys. Here we write
Mi58p = OP(a1¥5(8)asxs(€)) = OP(a1X5)OP(azxs) + A~ 1 OP(ey)
with e; € S%%. Clearly,

10P(a1xB)llLyLe, ~rree, S A 10P(a2xB)llrre, »rrre, S A

which estimates the leading order term. The error term is estimated like above
via Sobolev embedding and the Calderon—Vaillancourt theorem. The estimates of
Mg, Mys, My, follow likewise.

We turn to the proof of (54): We use symbol composition to write

Spvy = N)\S’BM,\SBU,\ + E)\Spvy
with E) = /\’%Op(eA), ex € 89 .. Hence, we can estimate by Minkowski’s inequal-
472

ity and the Calderon—Vaillancourt theorem:
[1S5uAll2 S INASBMASEUAllL2 + [ EASBUA| L2
< [NASEMASpusllze + A2 ||Spoal Lz
We absorb the error term into the left hand-side to find
1Svallzz S INASEMASEUA| Lz -

L2-boundedness of N3Sg follows because its symbol is in S
4
that

. We have argued

[N

A2 DySpNASpull 2 S A EIMASEDASENASsul 12 + [|Spull 12
To conclude, we shall show that
M, SpDASpNASE = P\Sg + E
with || Ex|[r2r2 < Az.
We apply symbol composition by Theorem 2.2 to find that E) = Op()\_%eA)
with ey € S§ .. The additional gain of A™# stems from (51). Since \"2 Ey € S%

we can ﬁnisﬁ’ihe proof by appealing to the Calderon—Vaillancourt theorem.
We turn to the proof of (53):

)\_%_6”53/\/)\5316”[/%[/? < HS’BNASBU”LgoLi, “")\_%HS’BDASBNASBUHL?T

1,
2

_3
+ A7 (|S\pem Ly re, -
.

The first two components are estimated by Sobolev embedding and Hoélder’s in-
equality in time like in the isotropic case. For the remaining four components we
shall prove

AT NSENASBulj s, S ATE[SeNASBul;l| g £2, +A7 T (|[SBDASBNAS Bul | 12

For this purpose, we apply [25, Theorem 5] on the level of half-wave equations.
The proof is complete. O

With the lemma at hand, we can conclude the proof of Theorem 1.5 for de €
L3.L% in the similar spirit as for Theorems 1.1 and 1.6. We omit the details to
avoid repetition.
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4.3.2. Lipschitz coefficients. Now we shall see how to modify the above argument
to deal with Lipschitz coefficients and show estimates with slightly less derivative
loss. After the usual reductions, we shall prove the dyadic estimate
(55)
7 1 2
AT SaSull s, St lSaShull Lz L2, AT P2 SxShullLz 2, A2 [Shpem g L2, -
The coefficients of P are truncated at frequencies A3. The frequency truncation at
A3 will not be emphasized in the following anymore, and we simply write Py. We
observe like above
SASS\PASAS;U = P)\S,\S;U
and write
SASS{ PSS, = SASAPS,\S, — S’,\Sf\PA%S_S/\S,\Sﬁ\.
We estimate the contribution of the second term by

IV x(e s SASAD)ez S 107 e [S3Shull

ATSS
+ )\Hii% | Loe [1SAS3ull L2
SAS(1+ [10el|ze )| SaShul 2.
For the first term we use a commutator argument
[1SxS5PSx S ullz2 < [ISxS5Pullrz + [[SxS4V x ([e1, SASADD) 22
S I3 SAPull 2 + flul| 2.
The second estimate follows by
1SxS3V % ([, SxSAID) 2 S AMl[e™", SxSAIPlle2 < 1Dz,
which is a consequence of
e, SxSAllz2 2 S A7)0l

from a kernel estimate (cf. [25, Eq. (3.21)]). Hence, we find like in the beginning of
Subsection 4.3.1:
(DY "8 S < perpulln e, Sro [ullizn,, +IIDI 5 Pullpz 2, +I(D) ™ pem|l o 12,

Together with the better estimate for the contribution away from the characteristic
surface, we find like in Subsection 4.3.1:

1
DYl g o, S Oz, + | Pulluy.
_2 _2
KDY 2 pern(O)llz2, + (D)3 Oupenll .1,

Estimate without diagonalization. The decreased additional smoothing of A6
compared to Ad compared to the previous case allows only to estimate the contri-
bution

A={g eR: €] ~ A (€, &) S A7)
directly by Bernstein’s inequality. We suppose henceforth that F,u is supported in

2
{1(82, €)1 2 AST=, [I€']] ~ A, [Sol S A}
Estimate with diagonalization. We denote by Sp the frequency projection to

{I€o] S €N ~ A} N {|(&2,€5)] = A3+}. Tt suffices to show

_T_ _1 _2
ATS 6||SBU||L§LZ, S ISpullrz | +A73[I1PASBullrz r2, + A% HSf\PemHL?Li,-
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The additional commutator estimate for SZ A3 gains A3, By the frequency trun-
3

cation and localization away from the singular set, we can use the diagonalization
because

e, Oxp©), T (5, Oxs(E) € 5%, s
For Lipschitz coefficients we have the bound

2 —
(56) 0% 3 llge S A0 Dx fle_ 2 llns.

Roughly speaking, error terms arising in first order symbol composition give smooth-
ing factors of A3 Together with the weight A~3 this allows to recover the whole
derivative. The counterpart of Lemma 4.2 reads as follows:

Lemma 4.4. With the notations from above, we find the following estimate to hold:
(57) N5 Spullpy e, S AT SeNAS By, + [1SBul Lz,
(58) /\7%75||SBNASBU||LI;L1, < ISpullzz + A3 | DASENASpul L2
+AE 1S3 pemll ez,
(59) A3 DySpNSpull 2 S AT PASpul 12 + [|SpulLa.
Proof. This is a reprise of the proof of Lemma 4.3. For the proof of (57) we again use

symbol coznposition and the asymptotic expansion of M,\SBNASB =S+ E,\. We

have M Sp € OPSngE 2, MaSp € OPSEH 5. Hence, symbol composition holds,
3T 3 3+T&,3

and we compute for the leading order term E) = )\_%_EEA with E) € OPSngE 3.

3 '3

The additional gain stems from (56). Thus, the error term can be estimated by

(60) )‘_%_6HE>\SB“”L§’LE, SATEASBull: S [1SBull:.
Note that for % + % = 1 there are at most % derivatives required:
ISxullprs, S A%(|Shull L.

The ultimate estimate in (60) follows from the Calderon—Vaillancourt therom. For
the proof of (57) we have to show

_T_ = _7_
AT 5||M>\SBNASBUHL§’LZ, SATE 6HN,\SBU||L§’L§, + [|SpullLz -

Like in the proof of (52), we write M)Sp as composition of operators, which can
be bounded on LYLY, in a straight-forward way. The error terms arising in symbol
composition gain % + & derivatives, which then suffices to estimate the remainder
by Sobolev embedding. This finishes the proof of (57).
We turn to the proof of (59). We write by symbol composition

Spuy = ./\/')\S'BM)\SB’U)\ + E)\Spvy

with By = A"3720p(ey), ex € Sg+8 5. Like in the proof of (54), we can absorb the
3 ’3

error term into the left hand-side to find

1S50AllL2 S INASBMASBUA L2

L2-boundedness of NSp follows again by the Calderon—Vaillancourt theorem. We
have proved

A3 DySENASEul 12 S AT |IMASEDASENASBul 12 + [[Spusl| Lz
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We still have to show that

M, SpDASpNASE = P\Sp + E
with [[Ex[[z2 72 S A3. We apply symbol composition to find that Ex = A~3<OP(ey)
with ey € S %fs 2 Hence, the proof is concluded by applying the Calderon—
Vaillancourt theorem. O

With Lemma 4.4 at hand, we can prove (55) by similar means like in Subsection
4.3.1. This concludes the proof of Theorem 1.5. g

5. IMPROVED LOCAL WELL-POSEDNESS FOR QUASILINEAR MAXWELL EQUATIONS

5.1. The simplified Kerr model. In the following we shall analyze the system
of equations:
(61) RPu+V x (e(u)Vxu) =0, Vuy-u=0

for u: R x R® — R3 and € € C*°(R3;Rsg).
In the first step we modify the proof of the Strichartz estimates for the first order
system in case of isotropic permittivity to show the following:

Theorem 5.1. Lete : RxR3 — Ry, ¢ € CY(RxR3). Suppose there are A1, Ay > 0
such that for any x € R* we have Ay < e(x) < Ay. Let P(z,D) = 02+ V x (eV x +)
with u = (uy,ug,u3) : RxR3 — R3 and V -u = p.. Then, the following Strichartz
estimates hold:

_1
D[ Vaullpg rs, S v7 | Vaul ez, + v 7 | P(a, Dyullpy 12,
1 1 1
+TP(H|D/‘ppe||L%°Li, + H|D/|p8tpe||L1TLi/)
provided that (p,p,q,3) is Strichartz admissible, v > 1, and T||8§8||L%L?7 <12,

This gives the following corollary for coefficients in L2.L% via the usual paradif-
ferential decomposition (cf. [27]). The proof is omitted.

Corollary 5.2. Assume that Oz € L3LS and (p,p,q,3) be Strichartz admissible.
Then, the following estimated holds for T, 6 > 0:

1
[(D")~F~ = 6vaHLf(O,T;LCI) Srs [IVaullpgerz, + [1P(@, D)ullpy 12,
1 1
+ (D) P pellgerz, + I{D) 7 Oepellryz2,-

Proof of Theorem 5.1. By the arguments of [27], which apply for the coupled system
of wave equations as well, we can reduce to the dyadic estimate

(62) N P)1SaS5ul oo S MISaShull e 2+ Pa (e, D)SaShull gz + A7 [S5pell e 12,

where Py denotes the operator with frequency truncated coefficients at Az, ||9%e]| 1 p <
1, T' < 1. The principal symbol of P (the frequency truncation is omitted in the
following to lighten the notation) is given by

pla,6) = —€&§ +e(@)[[I€'[*13xs — € @ ).
In the following we diagonalize the principal symbol like we did for first order
Maxwell equations in the isotropic case. To this end, let & = &;/[|¢’|| and f?j =&+
@2 for 4,5 = 1,2, 3. Fix smooth functions ¢; : S* — R>¢ such that ¢1 + ¢ + ¢3 = 1

and ¢; is supported in [§7]| Z 1. We define 55;(§) = s<x(§)B([/A)¢:(€") with 3
like in (9). A variant of the analysis of Section 3 yields:
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Lemma 5.3. Fori=1,2,3, there are invertible matrices m* (&) such that

p(xag)s)\i(f) =

m@(&)d(x, &) (mD)"1(€)sxi(€)

with d(x,§) = diag(—&5, —&§ + (@) |§']1%, =5 + e (@) [€']%).-

Proof. We let as first eigenvector (independently of 7) vy = £*.

e[| 2 1: We let as second and third eigenvector perpendicular to £*:

552
12
&1
U2 = T f )
We set as conjugation matrix
1
m(E) = | &
3
(D) ey — &gl
and compute det m't)(£) = TS

o|¢5| 2 1: We let as second and third eigenvector

&2
512
— _671
v2 12
0

As second conjugation matrix we set

1
m () = | &
3

and have det m(® &)= ?L‘é!

&3

13

V3 = 0
_&

13

&2 &3

&12 13
_& 0
&12 :

_ &

0 13

0

&3

T e
a3

&2 0

e
12 §23

_ &

0 23

o|&%| = 1: We choose the second and third eigenvector as

&s
&13
Vo = 0 y
_&
513
We set
&
m(E) = | &
3

and det m(g)(g) = g:‘»}ig!

0
&
Us = €23
_S2
&23

&3
ST
I
_& _ﬁ
&13 §23

35

O

We remark that the entries of m(? are LP-bounded Fourier multipliers because
these are Riesz transforms in two or three variables. By Cramer’s rule, so are the
entries of (m(?)~! because the determinant is an LP-bounded multiplier within the
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support of sy;. The latter is a straight-forward consequence of the Hérmander—
Mikhlin theorem. For future reference, (m(")~! take the form

- h % 5
(63) (m(z))_l(f) = w%ll) w{Q) w%%
Wsy Wsg 33

Since m(£)sx;(€) and (m)~1(&)sri(€) € 59 0%, we can quantize

ML = 0P (©)xail€), MY = OP(m™) ™ (E)xa(€),
and
Dx = diag(d}, 0 — Var - (1) Vi), 8} = Vs - (@) V).

Note that the dependence on A comes for D) from the frequency truncation of e,
which is suppressed in notation. We have the following proposition on diagonaliza-
tion:

Proposition 5.4. For i € {1,2,3} and A € 2%, X\ > 1, we have the following
decomposition:

(64) P\Sxi = MUIDWND Sy + By

with ||Exillrz—r2 S A

Proof. First we observe that we can write DySy; = OP(d(x,f))S’,\i + EpSy; with

|EpSxillre—r> < A By symbol composition and ||M&i)E})N§i)||L2_>L2 < A, we
find

MS)DN)(\OSM =P\S\; + RS’,\Z'.
We have to show that ||RSx;||z2—r2 < A. For this purpose we use symbol compo-
sition and the asymptotic expansion of
da

23

with a denoting a component of m(¥. Similar to Proposition 3.1, we verify that the
leading order error term satisfies the bound

MODN S = PSyi + A20(9e 2= x2i(€))

0
u0<aea—§m«s>>||mw <AL

The reason is that the coefficients of ¢ are still Lipschitz, so we have the bound for
the truncated coeflicients
(laf=1)
logelli= AT =, aeN.

O

To conclude the proof of Theorem 5.1 like in Section 3, we need the following
estimates:

3Note that these are just Fourier multiplier.
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Lemma 5.5. Let Mg\i), Dy, and ./\/’)(\i) like above for A € 2No. The following esti-
mates are true:

(65) )\l_pHS,\iUHLfL;, S Al_p”‘g/\iN)(\i)S/\iuHLfLi, + AllSxiul L2,
(66) AN PUSNN Swullzprs, S MISxitll e r2, + [SxDINAS il 12
+ 2> 1S3pellLgere,
(67) [SxDaNaSxiullzz < I PaSxiullzz + AllSxiul -
Proof. For the proof of (65) and (67) one can use the arguments of the proof of
Lemma 3.2. For the proof of (66), we use Sobolev embedding for the first compo-

nent as several times above. For the second and third component, we apply [27,
Theorem 1.1]. O

We finish the proof of Theorem 5.1 by following the arguments of the proof of
Theorem 1.1 in Section 3.
O

Now we turn to the proof of Theorem 1.8: We prove local well-posedness in three
steps via the strategy explained in detail in the survey by Ifrim—Tataru [8] (see also
[19]):

1. Energy estimates for solutions: For a suitably defined functional and a
solution u to (61) we prove

(68) Es[u](t) < ec(HuHLgo)fo(1+vau(s)”L;?)dsE5[u](O).

~llullge

2. Lipschitz-continuous dependence for differences of solutions: For smooth
solutions u and v to (61) we have the following estimate
(69)
IVa(u=0)l[Le0,7522,) < clllullig s, 10l L me, [ Vatllzz o, [Vavllzz 1) [ Ve (u=0)(0) |2, -

3. Continuous dependence via frequency envelopes.

We define the energy functional by
E[u)(t) = [KD")*u(®) |22 +[(D")* ™ Opu(t) | 72 +((D") W xult), e(u) (D)~ V xuft))
for s > 1. Observe by Helmholtz decomposition that ||V x u(t)||?, = Hu(t)HfLI1

because we require Vs - u(t) = 0.
Lemma 5.6. Let u be a smooth solution to (61). The estimate (68) holds true.

Proof. We compute
%ES [u] = 2((D"Y* 0y, (D"~ u) + 2((D")Y*~ 102w, (D)~ 0pu)
+2((D") 71V x Oy, e(u) (DY IV x u) + ((D')*71V x u, (Ore(u) ) (D)™ 1V x u)
=I+II+1IT+1V.

The first and last term are estimated by Cauchy-Schwarz and Holder’s inequality
as

[((D")* " 0pu, (D')*~Mu)| < E°[ul,
[((D)* 7V % u, () (D')* IV x w)| < (|0l os B°[u].
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‘We summarize the second and third component as
(IT+1I1)/2 = (V x (e(u)(D")*7IV x u) + (D")*7V x (e(u)V x u, (D')*"10,u).
Before we compute the commutator, we note that
V x (e(u)V x u) = O(0pe)V x u — e(u)Au.
The first term is lower order because by the fractional Leibniz rule we find
(70)
(D)~ (0we)(V x )l 2, S 0€ll (D) 7'V x ull g2, + |V X ull 25 [{D")* el 2,
< IVl o (D)0 2,

The ultimate inequality is a consequence of Moser estimates (assuming a priori
bounds on |ju||ze). This reduces us to estimate

[e(u), (D")* YA, = [e(u), 0:(D")* 0u; — [0ie(u), (D)~ 0.

The second term can be argued to be lower order like in (70). For the first term by

the Kato-Ponce commutator estimate and another application of Moser’s inequality,
we find

lle(w), 0:(D")*~0sull 2, S IVullrsllullae, < IVullrs B[ul.
The ultimate estimate follows from E®[u] &y, ||ul/#:, for divergence-free func-
tions. Applying Grénwall’s inequality yields ’
Es[u] (t) < EC Jo (1+”Vzu”L;c’))dsEs[u](O).
0

Combining the energy estimate with Strichartz estimates, we can show a priori
estimates for s > 1—5:

Lemma 5.7. Let s > 1—63 and u be a smooth solution to (61). Then, there is a lower
semicontinuous T = T(||uol|ms,) such that the following estimate holds:

sup u(®)[|ers, < [[w(0)] s, -
te[0,T] i ’

Proof. Since u is divergence free and for s > %2 we have [[u(t)|es < [lu(t)|as,, it
suffices to show an a priori estimate for the energy functional E*[u]. To this end,
we control ||V ul g2 by Strichartz estimates.

We define the auxiliary function v = (D’)*~1u and apply Strichartz estimates to
find

(1) D) S Vvl < IVarlliperz, + 1P Dyl uyse,.
Since P(z,u, D)v = [P(x,u, D), (D')* ' u, (71) yields

IVaullz Lo S7 (D) ' Vaoull Lo 12, + [[P(2,u, D), (D')*Mul .2,
By the commutator estimate from above, we find
(72) IVoull g ro S (14 T2V 1z £o0) (D) Voul o 2,
Moreover, the energy estimate gives

Ct+[5 1 Vau(s)llLos ds)

(73) E*Tul(t) Sjullpe € E*[u](0).
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72) and (73) can be bootstrapped for T = T(||lug|| =) and s > 2. The proof is
6
complete. 0

We turn to estimates for differences of solutions in L2. Here we follow the
argument of [25, Lemma 4.2].

Lemma 5.8. Let u,v be smooth solutions to (61) on [0,T]. Then the following
estimate holds:
(74)
IVa (=)L 0,r522,) < clllullg s, 10llLge me, [ Vatllzz ro, 1Vavllrz 1) Ve (u=0)(0) |2, -
Proof. The difference w = u — v solves the equation
P(x,u, D)w = 07 (u —v) + V x [e(u)V x u — e(u)V x v]
= —[e(v) — e(uw)]Av 4+ O((e(v) — e(w)))V x v
= Ajw + A1 Vw.
with
Ao = By (u,v)D'V v + Ba(u,v)(Veu, Vev)?,  Ap = By(u,v)(Veu, Vo).
The above notation means that A is linear in (Vg u, Vo) and Ag is linear in

D! Vv and quadratic in V4 and Vv, To prove (74), we shall carry out a fixed
point argument for the Strichartz norm ||wl|s = [|[Vowl|pee 2, + (D) ~*Vaw| 2 1o

for some s > 16—3 To this end, we shall prove that
P(x,u,D)w = f € LAL2,.
By Strichartz estimates and energy estimates as argued above, we have ||V ul|p2 1+

HVWUHL%L;’? < oo. Therefore, Ay € L2LS. For Ay we use interpolation to
bound (D')V,v. By Strichartz and energy estimates, we obtain V,v € L2.L%
and (D')*7'V,v € LL2,. By interpolation, we find (D')V,v € LI LY with py,
q1 chosen such that
(0
(75) (1
(s—1

‘ S
~~
~—

1
1
p1

0

L\D\»—A’S
N

are collinear.
Secondly, we estimate (Vg u,Vyv)? € LI'LY). Indeed, in the borderline case

s = % we obtain ¢ = %, p1 = 14. This gives by Hélder and Sobolev embedding
1Tl S IVetlipas, Vo], g

SIDY T Varullgerz, IKD") ~ ull e e, -

Other quadratic expressions (Vu,V,v) and (V,rv)?, which shows that A; €
LEY LY. Strichartz estimates for f € L3.L2, give

. 1
Hw”S 5 ”(w(o)aw(o))HHleg + Tz ”‘f”LQTLi/

In particular, we can estimate ||wl|| rr2 2 for collinear
v

o o %)
(76) o
a-s 10
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(75) and (76) give
1 1 1 1 1

PPz @ @2 2
Therefore, for ||w||s < oo, we have f € L2 and the claim follows from the estimate

, 1
[wlls < [(w(0), w(0) |12z + T [wlsC(llulls, [v]ls, llwlls)-
O
We conclude the argument by frequency envelopes:
Definition 5.9. (cn)yeave € £2 is a frequency envelope for functions (ug,u;) €
H: x H:7! if we have the following two properties:
a) Energy bound:
1SN (wos ur)[| s xcrrs—1 < env,

b) Slowly varying property:

o < [5]5
Cjy ~tJ ’
We use the notation [§] = min(%¥, £).

S\ denote the spatial Littlewood-Paley projections. Envelopes are sharp if
el Fresprems = ) e
N

To construct an envelope for (ug,u;) € H* x H*™1, we let

- N.s
en = ||y (o, ur) - and e = sup []"ey.

We use the following regularization: Let (ug,u1) € H® x H5~! with size L and let
(cn) be a sharp frequency envelope. For ug we consider (ug,u1)™ = SL,,(ug,u1)
frequency truncations as regularization. We note the following properties:

e Uniform bounds:
1S (", ) | e scrre—r S e,

e High frequency bounds:

(s ut) [ gessxmeri-—r S Meyr (> 0).
e Difference bounds:

| (o, u1)*™ = (uo, u)™ || ez S M *car.
e Limit:

(ug,uy) = lim (ud!, ul) in H® x H*" L,

M — o0

We obtain for the regularized initial data a family of smooth solutions. The existence
depends only on L = ||(ug, u1)|| gsxgs—1. We have the following:

i) A priori estimates at high regularity:
lu|lcomms+iy S Mien, j >0,
ii) Difference bounds:

||u2M — UM||C(O,T;H1><L2) S M %¢yy.
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From the difference bounds and a telescoping sum argument, we have the conver-
gence of u™ as M — oo in CpL?. Writing

o0
u—uM = E T
K=M

we can argue by estimates at higher regularity and difference bounds that ©?% —u
is essentially concentrated at frequencies K. This yields the estimate

K

flu — UMHC(O,T;Hs) Sesm

and convergence of uM in CpH®. A variant of the argument also gives continuity
of the data-to-solution mapping. The proof of Theorem 1.8 is complete. g

5.2. Partially anisotropic permittivity. In this section we improve the local
well-posedness for quasilinear Maxwell equations in the case of partially anisotropic
permittivity 7! = (¢(|D1]?),1,1). To prove energy estimates, we have to rewrite
the Maxwell system

(77) { 6tD =V x H,

OH =-V x (e71(D)D)
into non-divergence form. We compute

02D3 — 03D,
V x (e7H(D)D) = | (¥(ID1[*) +2¢'(ID1[*)D7)93D1 — 01 D3
01Dz — (Y(|D1[?) + 2¢/(|D1[*)D7) 92 D1

This suggests to work with the modified permittivity
(78) E7Y(D) = (W(IDuf?) + 20" (11 *)DF,1,1),

for which we prove Strichartz estimates in divergence form. It turns out that these
yield suitable Strichartz estimates for the equation in non-divergence form.

We shall prove Theorem 1.9 following the same steps like above. We begin with
a priori estimates for solutions for s > 9/4: We consider the energy functional

(79) E*[u](t) = (D) u(t), C(u){D')*ut)) =juj e [u()] 12,
for which we want to prove the estimate

s c(lullnoe) fE IV pru(s)|| Lo ds g
(80) E*[u)(t) < C(|juf e )15 0 IF= 5 oy ),

To cancel the top-order terms, we define symmetric C'(u) such that we find the
estimate

d
2 ud(®) < Cllullzz) Vol s B°[u)(t)
to hold. To this end, we rewrite (77) as yu = A;(u)d;u and require
(81) C(u) A (u) = A (u)*C(u).

The matrices A’ (u) take the form
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and we have (A7), = —€jmn With € denoting the Levi-Civita symbol. For Al we
find (A)mn = €1mn and
0 0 -1 0 1
A3 = 0 0 0|, Aj=|—v(D:f*)—20'(D:*)DF 0
Y(IP1) + 20 (124 )PE 0 0 0 0

With the ansatz @
_ Cl u 0
Clu) = ( 0 13><3)

(81) becomes A} = (A2)!Cy(u). A straight-forward computation yields

Y(|D1?) +2¢'(|D1*)DE 0 0
Ci(u) = 0 10
0 0 1

We are ready for the proof of the following proposition:

Proposition 5.10. Let s > 0 and u = (D, H) be a smooth solution to (77). Then,
(80) holds true. For s > 9/4, there is a time T = T(||uo||m<), which is lower
semicontinuous such that

(82) sup u(t)|lz:, < lluollas,-
te[0,T]

Proof. We compute

4 Bsrut) = 3 w)d;u, O( Do, (L o)) (D'
() = g u, C(u)(D')*u) + ((D') u, (C(W)(D)*w)
+ (D) ZAJ YO;uy =1+ 11+ 111

Clearly, by using the equation and Holder s inequality, we find
IT Sjafpoe 1 Varull zos llullfe,

Via integration by parts, the Kato-Ponce commutator estimate, and Moser esti-
mates, we find

I+ IT1| < HUHLW IV arullzos llull s,

+!Z ) 0ju, AT (u)C(u)(D')*u) — (D) 0ju, C(u) A (w)(D')*u)|.

The term in the second line vanishes by (81). Taking the estimates together, we

have
LB 1(0) S 1920015 B[] (1)

and (80) follows from Grgnwall’s argument.

To prove a priori estimates for s > 9/4, we use Strichartz estimates and a con-
tinuity argument. We require that ||V ul|z2(0,7;0) < K for fixed K > 0 and a
maximally defined Ty > 0. Note that this gives

1
HVJC(C:”LQ(QT();L;?) SA K and ||vx€||Ll(0’T0;Lzol) SA T02 K.
Hence, we have uniform constants in the energy and Strichartz estimates

I(D") = wl|Lr(0,1;05) S Hw”L;’OLi, + |\P($7D)w||LgL§,

0
0
0
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for @« > p+ % from Theorem 1.5 in the charge-free case, where P is the time-
dependent Maxwell operator with permittivity £-! as defined in (78). This can be

recast as (using [|02]| 1 o < 00)
(83) (D)~ wl| e (o,1500) S HU}HL;’C’Li, + ||Q($7D)w\|LgL§,

for Q(z, D) = dtlexs — A’ (u)d; denoting the time-dependent Maxwell operator in
non-divergence form.

By applying this estimate to w = (D’)**!u and the Kato-Ponce commutator
estimate (for which it is necessary to change to the non-divergence form), we obtain
the estimate

1
IVarullpao,rses) Spullne 1+ T2 Varullz poo)llull g e, -
Together with (80), this can be bootstrapped to prove the claim. O
By similar arguments to [19], we prove the following L?-bound for differences:

Proposition 5.11. Let u! and u? be two smooth solutions to (77), and set v =

u' —u?. Then, the estimate

[o(t)]2 Sa e o BEES|14(0)| 2

holds true with A = |[u'|| g + [|u*||ree and B(t) = [|Varu! (t)][Ls + [ Varu? (#)|| s
For s > 9/4, there is T = T(||u*(0)| =) such that T is lower semicontinuous and

sup [o(®)llz2, S Sl 01, [v(0)]l 2, -
te[0,T) ®

Proof. First we note

ZAJ )dju —ZAJ
= Z A7 (uh) ;v + Z[Aj(ul) — A7 (u?))9;u>

3 3
= Z A (uh) ;v + Z B (u*, u*)vdu’.
=1

Let E°[v](t) = (v(t), C(u!)v(t)) and compute
d 3 L ) d 3
S ElI) = <;«4 (uh)dj0,C(u)o) + (v, (- Cuh))v) + (v, C(u Z::
3 3
+ (Z B (ut, u?)vo;u?, C(ut)v) Z Hvoju?)
AT+ IV 4V )

The main terms I + II1] are estimated like in the proof of Proposition 5.10 via
integration by parts and Moser estimates:

|1+ I St e [Vartllzzs lo@)]]7z,-
We find like above by Hélder’s inequality
1| Sjr e Vet s (B2,
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and I'V and V are directly estimated by Holder’s inequality:
[TV + V] Sa Ve[l o)z,

Taking the estimates together gives

9 BRI <4 BOE ),

and the proof is concluded by Grgnwall’s argument. |

The proof of Theorem 1.9 is concluded with frequency envelopes. For the first
order system, these are defined as follows:

Definition 5.12. (cy)yeomo € €2 is called a frequency enveolope for u € H?, if it
has the following properties:

a) Energy bound:
[Shullms, < en.

b) Slowly varying: There is § > 0 such that for all N,.J € 2No:

v < (Ny=s,
Cj ~rtJ
The envelope is called sharp if ||ul|%}. ~ >y c%. By regularizing the obvious
choice éy = || Sy ul|m=, one shows that envelopes always exist. With this definition
the argument from [19] can be followed verbatim up to the difference in regularity.
This finishes the proof of Theorem 1.9. ]

APPENDIX: QUANTIZATION AND DECOMPOSITION OF THE CONJUGATION
MATRICES IN THE PARTIALLY ANISOTROPIC CASE

We give decompositions for the quantizations M, N for the conjugation matri-
ces m(z,&) and m(x, €)1 defined in (39) and (40) up to acceptable error terms.
Recall that we had localized frequencies {|&] < €] ~ A} and {|(&2,&3)] = M)
and truncated the coefficients ¢ = diag(e1,e2,e2) to frequencies A* with § > a.
Therefore, up to a smoothing error, the frequency projection to {|&| < [|€']| ~ A}
and {|(&2,&3)| = AP} can be harmlessly included after every factor. This is implicit
in the following like the error terms. The pseudo-differential operators, for which
we have sharp LP-bounds, will be separated with “.”.

Recall that the precise choice of 8 and o depends on the regularity and structural
assumptions (cf. Section 4). In the following we let

Dij = Op((2+€3)%), D' =0p(|€']l), D- = Op((&:;e)?)
and denote a = Efl and b = 5;1.

We give the expressions for M:

Mi1 =0, Mz = ;’681(&71.)7 Mz =0,

D,
1 1 1 1
Mis =0, Mis=—7FD2 Doz, Mig=——75D2: Dag3,
Dz Dz
—1 _ 7 1 0O 1
Ma1 =0, M22:D—582(b Y M23:E'D3 Digfg(%L
] 1 9 1 1 1 13) 1 1
Mog = ——— - DZ .2 (=), Mas=—r D30 —2, Mao=——z D70 -
Dz Do3 b D2 Do3 D2
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7 _ 7 1 0y 1
Masy =0, M32:,D7833.(b Y, M33:7D% -D2 D %.)7
P ERNG, 1 1 1 0 1 1
M34:71'D£2‘72‘(7'), Mszs = — D25'1‘73, Msze = ——5 - D20y
3 D23 /b D2 Do3 D2
7 1 1
M41 = _7817 M42 = 07 M43 = _D62 . 3 D237
D D2
1 1
Muyg = —DZ - —5 - Daz, Muys = Mys =0,
D2
The remaining expressions are given by:
7 L0 02
Ms1 = —582, Ms2 =0, Msz=-D¢Z - I Das
1 81 62 7 1 83 7 1 '3
:7D52. = = — .D2 —_— — .D2 . =
Mo D3 Das Mss E% Das Mse Da% Do3
) 19 0
Me1 = —533, Me2 =0, Mgz =—-D2 D1% ijy),
L0 19} ) 1 1 0
Mes=-D2 2. B Meg=-—"2-D>2  Meg=-—""-D3. 2.
D3 Das D2 23 D2 Da3
We associate operators to m ! as follows:
N1 = N2 = N3 =0,
Nia = —idi,  Nig = —idas,  Nig = —i0s—
14 =~ 5, 15 = —i02 5, 16 = —i0s 55,
. 1 . 1 . 1
./\[21 = —iab - 81D7€, NQQ = —iab - 82D7€, N23 = —iab - 83D7€,
Nay = Nas = Nag = 0,
Vb O, 11 Vb O 11
Nz =0, N32=Z§'D73'D%' T ./\/’33=*2§‘D72'Dé T
23 DEQ 23 g2
1 1 0 1 1 0 1
Nsg=-Dag- ——5, Ngs=-01+ s —1—1, Nag=—01  ——
2D2 p2 2D23 Dz DZ? Dss  p3
The remaining expressions are given by
./\/’41:0’ N42:,i@.ﬁpé. 117 '/\/’43:'@ & D% 11’
2 Dx ph 2 Do I
1 1 0 1 1 0: 1
Nag = —Doas - - —, Nis=-01 ! - —, Nig=—01- > C—
2D2 p2 2D23 : pz 2D23 D3
1 1 7 01 1 7 1
/\/'51:9~D23-—1-—1, /\/'52:9 3187271 . /\/’5329 31.872. —.
2 Dz p2 2 Dos D3 D2 2 Dos Dz
. O3 1 i . 0o 1 1
= = . D2, = . -DZ,
Ny 0, Nss 22D23 D% Nse 2Dy3 D%
1 1 b 15, 1 1 b O 0
./\/'61:—9'D23' - —, Nea=—= R - —, Nez=—= L2
2 Dz p2 2 D23 p3 DZ 2 pz Das
. O3 1 1 . Os 1
=0 = . .D€2> — . 'D52
N , Nes 5D o1 Nes 3 Ds Dl

- .

=

O o=
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