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Abstract. In this paper we propose two exponential integrators of first and second order applied
to a class of quasilinear wave-type equations. The analytical framework is an extension of the classical
Kato framework and covers quasilinear Maxwell’s equations in full space and on a smooth domain as
well as a class of quasilinear wave equations. In contrast to earlier works, we do not assume regularity
of the solution but only on the data. From this we deduce a well-posedness result upon which we
base our error analysis. We include numerical examples to confirm our theoretical findings.
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1. Introduction. In the present paper we study the time integration of the
quasi-linear evolution equation

(L.1) Au(®)u'(t) = Au(t) + g(t,u(t)), t€[0,T], u(0) = uo,

posed in some Hilbert space X with a skew-adjoint operator A : D(A) — X using
exponential integrators. In [18, 19], Kato casted a large class of equations into this
form and established suitable well-posedness results. This framework (for g(t,u) =
Q(u)u) was refined in the doctoral thesis [26] in order to treat certain quasilinear wave
and Maxwell’s equations. Since these quasilinear equations are important models for
nonlinear optics and acoustics, in the recent years a lot of effort has been put in the
numerical treatment. We give a brief review in the following paragraph.

In the pioneering works [6, 17, 20, 29] an abstract approximation to nonlinear
and quasilinear evolution equation was constructed with the goal to prove existence
of solutions. However, one can actually also find approximation rates of the implicit
and semi-implicit Euler method in there. By completely new techniques, these re-
sults could be improved to optimal order in [15] for equations of the type (1.1) and
higher order Runge-Kutta methods were discussed in [14, 21]. In the case of the one-
dimensional wave equation equipped with periodic boundary condition, error bounds
for semi-discretization in time and full discretization were proved in [9]. These bound
were shown for a trigonometric integrator by a sophisticated stability analysis. In
[2, 27] continuous and discontinuous Galerkin (dG) methods were used for the space
discretization of the Westervelt equation in two and three dimensions and absorbing
boundary conditions for this equation were treated in [25]. Concerning full discretiza-
tion, we further mention the work [5], where error bounds for linear finite elements
in space combined with a dG method of order 0 in time for parabolic problems were
derived under low regularity assumptions. In the hyperbolic case the thesis [23] treats
finite element methods and Runge-Kutta schemes for Maxwell’s equations and wave
equations. The potential of exponential integrators for Maxwell’s equations has been
shown by several numerical experiments in [28].
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2 B. DORICH AND M. HOCHBRUCK

Our aim is to provide reliable error bounds for exponential integrators which only
depend on the regularity given from the data but not on the additional assumptions
on the smoothness of the solution. As a consequence, we only consider first- and
second-order methods and analyze the convergence in the appropriate spaces. This
approach was already used by the authors in [3].

The theory is inspired by the two following series of papers. In [10, 11, 12]
Gonzalez and Thalhammer constructed and analyzed several exponential integration
schemes for parabolic equations. Their analysis heavily relies on the parabolic smooth-
ing properties induced by the analytic semigroup which are not available for skew-ad-
joint operators. For hyperbolic systems the original Kato framework in [18, 19] was
used in [21] to prove error bounds for algebraically stable and coercive Runge-Kutta
methods and the same result could be shown in [14, 15] in the refined Kato framework
[26].

In contrast to previous works we focus on the time integration of (1.1) by expo-
nential integrators. Recently, in [3] we observed that for semilinear wave equations
it is thereby possible to lower the regularity requirements in comparison to standard
Runge-Kutta or BDF methods. Our main results show that also for quasilinear wave-
type problem less regularity is needed to obtain first- and second-order error bounds
compared to the results in [14, 15, 21]. A more detailed version of the results presented
in this paper can be found in the doctoral thesis [8].

The rest of the paper is structured as follows. For our error analysis we first
introduce the analytical framework in Section 2. In Section 3, we state the main
results for the first-order method and add some assumptions required for the second-
order scheme. The proofs are given in Section 4 and 5, respectively. We conclude
with numerical experiments for both methods combined with a finite element method
in space in Section 6.

Notation. For Hilbert spaces X,Y, (-,-)x denotes the scalar product on X and
L(X,Y) the set of all bounded operators T: X — Y equipped with the standard
operator norm ||T|ly—x and we set £(X) = L(X,X). By Bx(r) we denote all
elements in X with norm less or equal r. Further, we write W*?(Q), k € Ny, 1 <
p < oo, for the Sobolev space of order k with all (weak) derivatives in LP(£2) and
abbreviate H*(Q) :== Wk:2(Q).

2. Analytical framework and problem statement. We introduce the three
nested Hilbert spaces

Z =Y < X

continuously and densely embedded, and Y is an exact interpolation space between
Z and X, see [22]. The linear operator A is skew-adjoint on D(A) and the domain
satisfies Y — D(A) — X with

[Alxey <axy,  [Aly z <avz.
In order to formulate the scheme and state all the assumptions, we rewrite (1.1) as
(2.1) u'(t) = A(u(®) + f(tu(t),  u(0) = uo,
where we use the notation

Alw)=A, =N (WA, flt,u) =A"(u)g(t,u).



EXPONENTIAL INTEGRATORS FOR QUASILINEAR WAVE-TYPE EQUATIONS 3

Given a numerical approximation u,, ~ u(ty,), t, = n7 with stepsize 7, we define the
operators

(2.2) A, = Auy), £, = f(tn,un),

and construct the exponential integrators in the following way. We freeze the ar-
gument of the differential operator and the semilinear term in (2.1) and solve the
resulting linear equation exactly. If we use the last approximation w,,, we obtain the

exponential Euler scheme
(2.3) Unt1 = €Ay + 701 (TAR)E,
. = up + 701(TAL) (Apu, + 1)

where the function ¢ is given by

1
v1(z) = /esz ds.
0

We also study a second-order method, inspired by the semi-implicit midpoint rule in
[21]. To obtain a method of order 2, one would like to use the average of u, and w41,
but this would make the method implicit and thus computationally more expensive.
Hence, the idea is to use the last two approximations in order to extrapolate to the
average which gives the exponential midpoint rule

Uy/2 = Uo,
(2.4) Upt1/2 = %(3un - un_l), n>1,
Un+1 = Up + 7'901(7'An+1/2)(An+1/2Un + f7z+1/2)7 n > 0.

The main computational cost for this two-step method is the same as for the expo-
nential Euler method (2.3).

2.1. A prototypical example. Before we precisely state the assumptions, we
focus on an example for equation (1.1). As a prototype consider the quasilinear wave
equation from [7] on a bounded domain Q C R¢, d = 1,2, 3, with a C3-boundary 952
of the form

Ouq(t) + 0K (qt)) = Aq(t) +r(t, q(t), (1)), inQ, >0,
q(t) =0, on 9N, t>0,
with
K € C*(R), 1+ K'(0)>0, reC’RxQxRxR),

and 7(t,-,0,0) = 0 on 99 for ¢t > 0. Note that in [7] the term r was not present. We
rewrite the equation in a first-order formulation with u = (¢, ;¢ )T and operators

2= 1ixg) 474 o) 109 (00 Koiioa?)

such that it fits into the framework of (1.1). The Hilbert spaces in this example are
X = H} Q) x L*(Q), Y = (H*(Q) N Hy(Q)) x Hy(Q),
Z={qe H*( Q) NH}Q): Ag e H} ()} x (H*(Q) N H}()).
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In order to ensure non-degeneracy of (1.1) and to derive the formulation (2.1),
we need invertibility of the operator A. In the model above, a typical choice is the
Kerr-type nonlinearity

K(z)=x2, x€R,
see for example [4, 24, 28]. In this model, for the solution ¢ one has to guarantee
(2.5) 1+ K'(q) =1+ 3xq*> >0,

which holds for xy > 0 independent of ¢q. Since we only consider d < 3, we employ the
continuous embedding H?(Q2) — L°°(Q) with constant Cepyp,, and obtain

||‘I||Loc < Cemb ||Q||H2 < Cemp ||UHY :

Hence, (2.5) also holds true for x < 0 if the norm |ju|, is controlled by some radius
R satisfying

1
RP< .
CEmb3 |X|

This radius R plays an important role in the well-posedness and the error analysis in
the present paper. From the above considerations it is clear that R is a given quantity
of the problem which might have an a priori bound as in the case xy < 0. Further, we
need another radius r, which can be chosen arbitrarily, with

lullz <,

in order to establish uniforms bounds in the following.

The scheme can also be applied to quasilinear Maxwell’s equations for which an
appropriate framework was provided in [26], for instance. Most of the assumptions
made in this section are verified therein. For time integration schemes, this framework
was first amended in [15].

2.2. General assumptions. We recall that the radius R < oo is a quantity
which is in general given from the problem, but might have no a-priori bound. How-
ever, the radius r < co can always be chosen arbitrarily large. We drop the depen-
dency of the constants on R and r for the sake of readability, i.e., we always abbreviate
C = C(R,r) where C is any constant appearing in the following.

ASSUMPTION 2.1 (properties of A). The set {A(y): y € By (R)} forms a family
of invertible self-adjoint operators in L(X) such that the ranges Ran(I F A=1(y)A)
are dense in X and the inverses A=1(y) also belong to L(Y'). Moreover, for allx € X
and y,y € By (R), we have for some constants \x,vx,{ > 0 the bounds

(2.6a) IAW) e x < Ax,
(2.6D) (@, A)z)x > vyt 2],
(2.6c) 1AG) =A@l xx < Elly =7y -

Further, there are constants £x,ly,lz such that for ¢, % € B:

(2.64) A @ -a@)|, <o fo-4], -

VW



EXPONENTIAL INTEGRATORS FOR QUASILINEAR WAVE-TYPE EQUATIONS 5

with the triples
(V,W,B) € {(X, Y, By (R)), (Y,Y, By (R)), (2, 2, BZ(T))} .

From the previous assumption we immediately infer, with vx from (2.6b) and
constants vy, vz, that for ¢ € B it holds

(27) HA71(¢)||V<—V <vy,
with the tupels

(vV.B) € { (X, By (R)), (¥, By(R)), (2,B4(r)) } .
For ¢ € By (R), we consider the state dependent inner product

(28) <(E,y>¢ = <A(¢)£E,y>x7

which is defined by (2.6a) and (2.6b). The two following properties connect the
state dependent norm with the X-norm and also the norms for different states. The
assertions can be found in the Appendix of [15].

LEMMA 2.2 (relation between norms). Let Assumption 2.1 hold.
(a) For ¢ € By(R)

A ully < Jlullk < v flull} -
(b) For ¢,v € By (R)

lully, < el for ¢ —ly <A,

where ky = ki(7y) = svx {7.

The assumptions on A also yield bounds and Lipschitz properties of the composed
differential operator Ag.

LEMMA 2.3 (properties of Ay). Let Assumption 2.1 hold. Then for ¢ € By (R)

and for ¢,¢¥ € By (R) N Bz(r)

(2.9b) IAglly . , <vyayz,
(2.9¢) ||A¢_A¢||X<—Z <Lx ||¢_¢HX7
(2.9d) 1Ay = Aylly 7 < Ly ll¢ = ¥lly -
Proof. The bound (2.9a) directly follows from Assumption 2.1 and the other state-
ments are proved in [15, Lemma 3.6]. d

A key element not only in the proofs of well-posedness is the following assumption.
It guarantees that the quasilinear operator behaves well not only with respect to the
ground space X but also on the stronger space Z.

ASSUMPTION 2.4 (commutator condition). We assume that there is a continuous
isomorphism S: Z — X such that for z € By (R) N Bz(r)

A =SA.S7'=A. + B(2),
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and there is a constant 8 > 0 such that

1B xex <8
We finally conclude properties of the semilinear term in (2.1). The assumptions
are made for the term original term g in (1.1).

ASSUMPTION 2.5 (properties of g). For V € {X,Y,Z} there are constants Ly v
such that for ¢1,¢2 € Bz(r) and t,s € [0,T] it holds

(2.10) lg(t, 1) — g(s, d2)lly, < Lgv (It —s| + [[¢1 — @2lly) -

We recall that the above assumptions are all satisfied in the case of the wave and Max-
well’s equations considered in Section 2.1, cf. [8, Appendix B|. Employing properties
(2.6d) and (2.7) we derive the following result.

LEMMA 2.6 (properties of f). Let Assumptions 2.1 and 2.5 hold.

(a) The Lipschitz bound (2.10) also holds for f with constants Ly, .

(b) For Ve {Y,Z} there are constants Cfy,o such that for ¢ € Bz(r) and
te0,T]

1f & o)y < Crvioo-

2.3. Notation and well-posedness. We briefly collect some relevant constant
used in the error analysis later. In the following, v > 0 denotes a given parameter,
which will be determined later.

ko = (vxAx)'? > 1, ki = ki(7y) = 3 vxty,
Co — ”SHXHZHSilHZeXkOZL C1 = Coly iy 7.
We are now in the position to state the necessary extension of the well-posed-

ness result to our problem which is proven in the case of f(¢,u) = Q(u)u in [26] and
extended in [8, Thm. 5.14] to the general case.

THEOREM 2.7. Let Assumptions 2.1, 2.4, and 2.5 be satisfied. For an initial value

lluolly < Ro = ﬁR, luoll ; < o = ﬁrv
define the time
In2 R 1
(212) T := min{n—7 , r 7 } ’
wo  4coCfy oo 4c0Cf 2,00 4co(Lyr + Lyy)
where
(213)  wr=w()) =k +koB,  ¥=7() =27 +2c0Csy 00

Then there is a unique solution u of (2.1) with

u e C(0,T],Z2)nC*([0,T],Y)
satisfying

lu@®)lly < B, Ju@®)llz <r

on the interval [0,T].
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Analogously to the definitions in (2.2) for the numerical approximation u,, let
u(t) be the solution of Theorem 2.7 and define Uy, = u(t, + 70). With this we
introduce the notation

£(t) = f(t,u(t)), furo = ftn + 70, Unto),
A(t) = A(u(t)), Anio = A(ling) -

We further use for a Hilbert space V' and a function v € C([0,T],V)

v ‘= max ||v(t .
vl = mase (8]

3. Numerical methods and main results. In this section we present error
bounds for the schemes (2.3) and (2.4) which are the main results of the paper. In
the following we precisely state the necessary regularity of the solution u. Note that
in addition all constants depend on quantities introduced in Section 2.

3.1. Exponential Euler. We first consider the first-order scheme proposed
in (2.3). For this method we establish uniform error bounds of order one in the
X- as well as in the Y-norm.

THEOREM 3.1. Let u be the solution of (1.1) and w, the approximation obtained
from (2.3). If Assumptions 2.1, 2.4, and 2.5 are satisfied, we obtain for V € {X,Y}
the error bounds

u(tn) — unlly <tneV™Cyr, 0<nr=t,<T,

with constants Cy, ¢y > 0 that only depend on ||u'||y, ., and ||ull, ., but are indepen-
dent of T, n and t,.

By Theorem 2.7, we can control the X-, Y- and Z-norm of w on [0,7]. More
regularity of the exact solution u and additional assumptions on the data lead to
first-order convergence also in the Z-norm, c.f. [15, Thm. 4.5] and [8, Thm. 7.20].
Note however, that the bound in the Y-norm is shown only using regularity given in
Theorem 2.7.

3.2. Exponential midpoint rule. In order to derive error bounds of order
higher than one for the scheme (2.4), it is not sufficient to use Lipschitz bounds as
stated in previous section. Instead, we need to apply Taylor expansion to the terms on
the right-hand-side of (2.1). We formulate the necessary differentiability conditions
in assumptions. The straightforward but rather lengthy computations to verify them
for the quasilinear wave equation and Maxwell’s equations can be found in full detail
in [8, Appendix BJ.

AssUMPTION 3.2 (additional properties of g). Letu € C1([0,T],Y)NC([0,T], Z)
and consider the map

tg(t) = g(t,u(t).

Then there is a constant Cy y,0c with

(a) t—g(t) € C([0,T],Y), 18"y < Cy,v,00,
and, if in addition, u € C*([0,T], X) holds, then there is Cyr x o Such that
(b) t—g(t) € C*([0, T], X), 18" ()l x < Cgr.x,00

with constants only depending on [[u"|| x o, [|[v'[ly o, and [Jull ; -
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Whereas similar conditions to those in Assumption 3.2 are known from the analy-
sis of semilinear evolution equations, the following is needed for the expansion of the
term with the differential operator.

AssUMPTION 3.3 (additional properties of A). Letu € C*([0,T],Y)NC([0,T], Z)
and consider the map

tes A7) = A (u(t)).
For Ve {X,Y} and v € V it holds

() t= A B e CHO,TLY),  [|(AT) )| < v,
and, if in addition, uw € C*([0,T], X), it further holds for y € Y
()t Ay e C2(0,7),%),  [(a)'@| < oxy,

with constants Cx x,Cxy,Cyy only depending on |[u”| x o, [|t'lly oo, and [lull 4 -
A combination of the two preceding assumptions gives us the following differentiability.
LEMMA 3.4. Let u € C*([0,T),Y)NC([0,T],Z) and consider the map

ts £(t) = f(t,ut)).

If Assumptions 2.1, 2.5, 3.2, and 3.3 hold, then £ satisfies Assumption 3.2(a). If in
addition uw € C?([0,T), X), then it also satisfies Assumption 3.2(b). The constants
Crr¥,00, Crr, X 00 0nly depend on [[u”| x oo, [0/ ly o0, and [[u]| £ o -

Further, we easily obtain together with Assumption 2.1 (a) the following differ-
entiability of the differential operator evaluated at a smooth function.

LEMMA 3.5. Let u € CY([0,T],Y)NC([0,T],Z) and consider the map

t> At =A"1(H)A.
If Assumptions 2.1 and 3.3 hold, then for y € Y and z € Z it holds

(a) = Ay is CH0,TL.X), A <Cdy,

() tm AWz is CHO.TLY), AW <y
and, if in addition, uw € C?([0,T), X), it further holds

(c) tm AWz is CX(0,71,%), A" <oy

with constants Ciy, C,, C%, only depending on 9] x 000 14/ lly00s and |ull 7 -

The first important application of the assumptions in this section is the following
regularity result which is intensively used in the error analysis of the second-order
scheme.

LEMMA 3.6. If the assumptions of Theorem 2.7 are satisfied and in addition As-
sumptions 3.2 (a) and 3.3 (a) hold, then the solution u of (2.1) satisfies

u € C*([0,T],X)nC*[0,T),Y)NC([0,T)],Z).

Proof. We only need to prove that u’ is differentiable in X. To do so, we dif-
ferentiate the right-hand-side of (2.1), which is possible by the regularity of u in
Theorem 2.7, Assumption 3.2 (a), and Lemma 3.5. |

The last step towards the statement of the error bound of the exponential mid-
point rule is an adaption of the constants caused by the extrapolated approximation
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Up41/2- Since this is not a convex combination of previous approximations, bounds

on those are not directly applicable. We hence choose some radius R > R such that
Assumption 2.1 on A(y) for y € By (R) is still valid. This is necessary for the stability
of the numerical schemes and enters later as a mild stepsize restriction 7 < 7y with

(3.1) in < R-R,

where 7 is chosen below in (3.3). Similarly, we also have to replace the radius r by
7 = 2r. For all computations concerning the exponential midpoint rule we adapt the
assumptions of the previous section to the new radii R and 7 and denoted them by
the same name but with an additional hat, e.g., we replace

Crxoo = Crxoo(Rr) by Cpxoo=Crxoo(lRT).
Without loss of generality in the following we assume that all constants grow mono-

tonically in the radii such that, e.g., Cf x 00 < Cf x,00 holds. This allows to only
simulate up to the time

~ In2 R
(3.2) Tnia = min{f—y —— y - ;
w2 4coClyy,eo 4c0C 7,00
where
~ ~ o~ G S
(33) e = 2k (’y) + kop3, v = ,Cfl’l“ + 2COCf’y’oo .
0

If we compare (3.2) to the end time T given in (2.12), then in general the three terms
appearing here are smaller than the corresponding ones in (2.12). However, in (3.2)
there is one term less, such that one can not decide which time is larger. Hence, we
prove the following error bound in X- and the Y-norm on the intersection of both
time intervals.

THEOREM 3.7. Let u be the solution of (1.1) and w, the approzimation obtained
from (2.4). If Assumptions 2.1, 2.4, and 2.5 are satisfied, and in addition Assump-
tions 3.2 and 3.3 hold true, and 1o is given by (3.1), then for all T < 1y the error is
bounded by

lu(tn) = tnllx + 7 l[u(tn) = tnlly < tne™"Cr%,  0< nr =t, < min{T, Tial},
X Y

with constants C,c > 0 that only depend on [[u"||x ., Wy o, and ||lull; o, but are
independent of T, n and t,.

Remark 3.8. More regularity of the exact solution u and stronger versions of
Assumptions 3.2 and 3.3 also lead to second-order convergence in the ¥Y-norm, see [8,
Theorem 7.27].

4. Proof for the exponential Euler method. This section is devoted to the
proof of Theorem 3.1, and it is divided into three steps. We first show bounds of
the numerical approximations uniformly for all time-steps in the stronger norms and
obtain from this well-posedness of the numerical scheme. The analysis closely follows
[15]. Next, we derive a suitable representation for the exact solution and bound the
defects. In the last step, we solve the error recursion and conclude the main theorem.
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4.1. Stability. The first result is a variant of [15, Lemma 3.7] where we use a
space that contains all numerical approximations. For N € N and £ > 0 we define
the space

E(N,R,1,€) ={¢=(¢o,...,0n) € ZNT"|
(4.1) loelly < Rollérll; <r k=0,...,N,
ok — Pr—1lly <& k=1,....,N}.

It is constructed in such a way that inserting an element in the space F (N SR, f) in
the numerical scheme yields the following approximation together with the preceding
ones to be in E(N + 1, R,7,£). Based on the following auxiliary result, this is shown
by induction in Lemma 4.2.

LEMMA 4.1. Let ¢ = (¢>0,...,¢>N) € E(N,R,T,T’y) and 0 < j < k < N for
i,k € N. If Assumptions 2.1 and 2.4 hold, then:

eTA¢k eTA¢k_1 . .eTAd)j < koeun(k*jJrl)q-7

XX

‘ e Aok ™A1 | T < coe2 k=it
Y+Y

eTA¢k eTA‘Dk*l o eTAd)j S Coewz(k7j+1)‘r7
Z+—Z

with w1 = w1(7y) = k1(7y) and wa given in (2.13).

Proof. The proof can be found in the Appendix of [15]. The modification in the
choice of wy and ws is due to HetA¢m||¢ = ||z 4 for x € X with |||, defined in (2.8).0

The main result of the section is an extension of [15, Theorem 4.1] and states that
the lower bound on the possible simulation time, for which uniform boundedness of
the numerical approximations can be guaranteed, is identical to the one of the exact
solution.

LEMMA 4.2. Let Assumptions 2.1, 2.4, and 2.5 hold. For T defined in (2.12) and
wnitial values

luolly < Ro = 2R lluoll, < 7o = g,

the numerical approxzimations given by (2.3) satisfy for Nt < T

(4.2) (uo,...,uN)EE(N,R,T,Tw),

for E defined in (4.1) and v in (2.13).

Proof. We first introduce an abbreviation for the product of several semigroups
TAR e i<k

(4.3) sk.={° cn e
1, i >k,

and derive the representation

Upy1 = €72 u, 4+ 701 (TAL)E,

(4.4) = (eTAyHunfl + Wl(TAn—l)fnfl) +7o1(T A,

= SSUQ + TZ S;-l+1g01(TAj)fj .
7=0
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We prove (4.2) by induction on n. Let (4.2) be true for some n < N — 1, i.e. we
have (ug,...,u,) € E(n,R, T, ")/T). Then by Lemma 4.1 and the definition of ¢; we
estimate for j <n

(4.5) 187 01T A) )y s ST (TAY| ., < coe? I,

We estimate the Y-norm of u,; in (4.4) using Lemma 2.6

n
Hun+1HY < Coewztn+1 ||u0||y + CoTZEum(n*jJrl)'r HfJHY

(4.6) ) =0
< coe”?" 1 ([luolly + T Cy,o0)

< 2CO(R0+ ﬁR) =R,

since t,+1 < T, where we used the induction hypothesis to bound f;. Analogously,
Lemma 2.6 yields

(4.7) lunsillz < coe™ (luoll ; + TCrz.0) <2(5+5) <7

It remains to bound the difference of two successive approximation. We employ (2.9b)
and obtain

|tng1 — UnHY < H (eTAn - I)“ﬂ”y +7 ||901(7'An)fn||Y

(4.8)
<Tryayz H‘Pl(TAn)un”Z +7 ||901(7'An)fn||Y :

If we use the representation in (4.4) for u,, proceeding as in (4.7) we derive

(4.9) ler(rAR)unl ; < coe”™ (Jluoll ; +TCrz,00) <.

Applying Lemma 2.6 and (4.5), the second term is bounded by

(4.10) lo1 (TAR) Ly < e Cfy o0 < 2¢0 Cfy,o0 5

where we used 7wy < In2. In total, we arrive at

(4.11) [tnt1 = tnlly < 7(&r+2¢0 Cryo0) =7,

which yields (ug, ..., unt1) € E(n +1,R,m, ’yr) and hence closes the proof. 0
4.2. Defect. In this step we present a recursion for the global error given by

en = u(ty) — up .

It is based on a representation of the exact solution, where we replace A(u(t))
by A(u,) such that the recurrence relation is driven by the semigroups studied in
Lemma 4.1. Hence, one can directly compare the exact solution with the numerical
scheme (2.3). In the following proposition we further bound the defects.

PROPOSITION 4.3. Let Assumption 2.1, 2.4, and 2.5 hold and consider the so-
lution u given by Theorem 2.7 and numerical approximations (uy)n given by (2.3).
Then the global error satisfies the error recursion

(4.12) eni1 =€ e, +0,,
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where the defects are bounded by

180 ]l < (Cox 7 llenllx + Co.x 72) €™,

with constants Cy x,Csx > 0 that only depend on ||u'||y o and |jul, ., but are
independent of T, n and t,,.

Proof. We obtain from equation (2.1) inserting A,, and f,, the differential equation
o' (t) = A(t)ul(t) + £(t)
=Au(t)+ £,
+ (An = Ap)u(t) + (£, — £2) + (A(t) — An)u(t) + (F(t) - £,)

4
= Apu(t) + £, + Y 0nilt).
i=1
By the variation-of-constants formula, the exact solution is given by

4
(4.13) U(tny1) = e Aru(ty) + 1o1(TAR)E, + 00, O = Z On,is
i=1

with the defects

5n,i = /6(T_S)A"gn,i(tn + 3) dS»
0

which are estimated in the following. Using the Lipschitz bound (2.9¢) and the esti-
mates of Lemma 4.1 we infer
1

||(;n,1||X = TH /e(I*S)TAn (Kn - An)an+s dSHX
0
1

S,rko/e(lfs)rwl

0

(;&n - An)anJrs

ds
(4.14) X

1

<7hkoLx Hen||X/e(1_S)m1 |Unysll, ds
0
< tkoLxe™" Hen”X HUHZ,OO )

and similarly by Lemma 2.6

10,2l x < Thoe™" Ly x llenllx -

To obtain a local error of order two, we use (2.9¢) and estimate

1
IBnally < ko [ e | (Rpe = R | ds
0 X
(4.15) 1
S 7hoLix [ e s Bl [l
0

< 7%koLxe™ 'l o0 10l 2,00 5
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as well as by Lemma 2.6
10n.ally < 72koe™ Ly x (1+ 10/l x o) -

We conclude the proof by subtracting (2.3) from (4.13). |

Along the same lines we can deduce bounds in the stronger Y-norm, where the addi-
tional regularity u € C*([0,T],Y) comes into play.

COROLLARY 4.4. The defect in (4.12) can also be bounded by

10nlly < (Cov 7 llenlly + Coy 72) €72,
with constants Cyy,Csy > 0 that only depend on [[u'|ly . and |lull, ., but are
independent of T, n and t,.

4.3. Proof of Theorem 3.1. A combination of the stability bounds and the
defects yields the global error result.

Proof of Theorem 3.1. We only prove the bound in the X-norm here. The error
bound in the Y-norm is easily derived replacing Proposition 4.3 by Corollary 4.4 and
w1 by ws.

Using the error recursion in (4.12) and recalling S¥ from (4.3), we obtain by a
discrete version of the variation-of-constants formula

(4.16) Ent1 = e, + 6, = Speo + Z S7i10; -
j=0

Similar to (4.5), we conclude by Lemma 4.1, Proposition 4.3, and ey = 0,

n
lensallx <D N8l x 1650 x
=0

n n
< kOTZeun(nJrl*j)TCa. ||6JHX —+ koTZewl(n+1*j)TC(sT )
j=0 j=0

Multiplying with e« (D7 giyes

e~ 1D e, |l < CokoT i e M7 |lejll x + kot i e T CsT
j=0 j=0
and a Gronwall argument yields with ¢,,41 = (n + 1)7
et e 1]l < tn+1ec"k°t"“k005 T.
Finally, we arrive at

||6n+1||X < tn+1e(w1+coko)tn+1 koCls T,

which completes the proof. 0

5. Proof for the exponential midpoint rule. The proof of Theorem 3.7
has a very similar structure to the one of Theorem 3.1. We first derive bounds
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for the numerical approximations. But since we plug in extrapolations of previous
approximations, this becomes slightly more technical. In a second step we derive the
defects and bound them with the right order. Here, some terms can be treated as
for the exponential Euler method and are bounded first. The remaining terms take
the additionally required differentiability into account and are more involved. As the
structure of the two methods is so similar, there is nothing left to do in the error
accumulation, and we may immediately conclude the main result.

5.1. Stability. We again need an auxiliary result on the behavior of the com-
position of linear flows, but this time evaluated at the extrapolated midpoints. The
choice of the larger constants in the space E become clearer in the proceeding lemma.

LEMMA 5.1 Let ¢ = (f1/2, 632 dns1/2) € E(N, R.7, 277). If Assump-
tions 2.1 and 2.4 hold, we obtain the stability bounds as in (4.1) for j < k and
i ke {%, %, N+ %} with ko, co, w1 and ws replaced by kg, ¢y, W1 and s, Tespec-
tively, where By = 2k, (3) and @y is given in (3.3).

Proof. As for Lemma 4.1, the proof can be found in the Appendix of [15]. d

With this we can mimic the bounds in Lemma 4.2. However, we need to take
the minimal simulation time T y;q defined in (3.2) into account which is necessary to
obtain uniform bounds in the numerical approximations.

LEMMA 5.2. Let Assumptions 2.1, 2.4, and 2.5 hold. For T\mid defined in (3.2),
7 < 709 with 7 given in (3.1) and initial values

luolly < Ro= g5 R, luoll, < 7o =z,

the numerical approximations satisfy for N7 < fmid
5.1) (ug,...,un) € E(N,R,r,77), (ur)z... un_1/2) € E (N ~1,R7, zﬁ) :

Proof. We prove the assertion by induction on n and assume (5.1) is true for
some 1 <n < N — 1. By the choice uy/3 := ug, the case n = 1 is treated as for the
exponential Euler. In part (a), we first prove the bounds for the midpoints in order
to apply Lemma 5.1.

(a) Using the induction hypothesis, we obtain for 7 < 7y given in (3.1)

[tnsryelly < lunlly + 3 llun —unally <R+ F <R,
as well as
tnt1y2)l, < 5 lunlly + 5 lun-all; < 2r=7.

Let u_1 = up, then it holds u;,, = %uo — %u,l and we estimate for n > 1

Hun+1/2 - un71/2HY < % Hun - un—l”y + % ||Un—1 - un—Z”y < 2?7',

which implies (11 s, . .., tns1/2) € E (n R.7, 2T§).
(b) With this we may proceed as in Lemma 4.2. The induction hypothesis and
Lemma 2.6 yield as in (4.6)

[uns1lly < Ge®2+ (Jluolly + TmiaCry,oe) < R,
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and analogously

luns1ll < 20e™+ (Jluoll ; + TowiaCl,z00) <7
We close as in (4.8), (4.9), (4.10), and (4.11) to obtain
(eTA"“/2 - I) Up + T¢1(7An+1/2)fn+1/2||y
<7 || Angry2@1 (TA L 1/2)un |y + 760”2 Cy o0

[uns1 = unlly = ||

<7,

such that (ug,...,up41) € E(n +1,R,mr, 77’) holds. ]

5.2. Defects and global error. To shorten the notation, we define analogously
to U412 the exact extrapolation and the corresponding operator by

@n+1/2 = % (3Un — Up-1), An+1/2 = A@n+1/2)a £n+1/2 = f(tn+1/27@n+1/2)»

with U 5 = ug. We further use the extrapolated error

Cnt+1/2 = Upy1/2 = Unt1/2,

and resolve this term at the very end. As mentioned before we start with a represen-
tation of the exact solution similar to Proposition 4.3 and derive a recursion for the
global error. We further provide bounds on the defects.

PROPOSITION 5.3. Let Assumptions 2.1, 2.4, 2.5, 3.2, and 3.3 be satisfied and
consider the solution u given by Lemma 3.6 and numerical approximations (un,)n
given by (2.4). Then the global error satisfies the error recursion

(52) entl1 = eTAn+1/2€n + 5n ,
where the defects are bounded by

180l x < Csx 2™,

H5n||X S (CJ,XT||en+1/2HX+C15,X7_3) e‘r@17 TLZ 13
with constants Cy x,Cs x only depending on ||u”| x . [|u'lly oo, and ||ull ; o, but are
independent of T, n and t,.

Proof. Similar to Proposition 4.3, inserting A, ;1,2 and £, /o yields the differ-
ential equation

W' (t) = A(tu(t) + £(t)
= A p1ou(t) + 110
+ (An+1/2 - An+1/2> u(t) + @n+1/2 —f,112)

o~

+ (An+1/2 - An+1/2> u(t) + (fog1/2 — fn+1/2)

+ (K(t) - Kn+1/2) u(t) + ( - n+1/2

= A pqou(t) + 5,000 + Zgnz(t)
i=1
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As in (4.13), the variation-of-constants formula yields the representation
(5.3) Wtni1) = €T 72u(ty) + 701 (T A1 1)2) 04172 + On

where 0, = 0,1 + ...+ 6. We split the proof into two parts. We first bound the
four terms that require the Lipschitz bounds only. In the second part, we have to use
the additional assumptions on the differentiability. The assertion on the defect from
the first step is handled as in Proposition 4.3, and we omit the details.

(a) Along the lines of (4.14) we obtain

611l < ThoLxe™ llens1y2l lull 7,0
as well as
||5n,2||x < TEOeTalzf,X ||en+1/2HX :

We further derive as in (4.15)

1

ldnslly < ThoLx / (=97
0

u(tni1/2) — @n+1/2HX [tntsll 7 ds

< ko Lx €™ 3 [|u" | o 1l 2.0
as well as 6, 4 by
1n,allx < 7°Roe™ Lyx 3 0"l x o +

where we used Taylor expansion of u(t,1/2) for both defects.
(b) Since the structure of the defects d,, 5 and d, ¢ is very similar, we will only
prove the statement for d,, 5. We have

T

(5.4) Ons = /e("*s)A"“/?dn(tn + ) ds,

)

0

with the function
(5.5) dn(t) = (A(t) = Rprjo)ul),  dultusips) =0.

Since we need to expand this term in the following, we compute

d,(t) = A (t)yu(t) + (A(t) — Apyryo)u' () = dn (1) + dna2(t)
and observe
dy(tng1)2) = Czn,l(thrl/Q) = ;&/(tn+1/2)an+1/2'

We also need the derivative of dn71 given by

dn1(t) = Ld, 1 (t) = A" (t)u(t) + Al () (t).
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Using (5.5) and integration by parts, we expand

s—7/2 s—7/2

dp(tn +5) = / czml(th/Q +o)do+ / d’n)Q(th’,l/Q +0o)do
0

s—7/2

= (s = 3) dniltns1ye) + / (s—%—0) Jn,l(tn+1/2 +0)do

0
s—7/2

/ dn,Q(tn+1/2 +0)do
0

Plugging this in (5.4) gives

/ (r— s)An+1/2 _ %) ds dn,l(tn+1/2)
0

s—T1/2

+ /e(T—s)AnJrl/? / (3 -z U) d.n,l(tn«l»l/Q +0)dods
0

0
s—7/2

+/e(775)A"+1/2 / dmg(tn_i_l/g +o)dods

0 0
= 5711,5 + 572;,5 + 52,5

We estimate these terms separately. By integration by parts we obtain

17 .
L (5 / TRz (52— 1) ds) A1 /2dn 1 (g y2)-
0

Since Lemma 3.5 implies

(5.6) (i) = || At 2)iinense| < C7 Nl

we estimate by Lemma 5.1, (2.9a), and (5.6)

605l ¢ < T5kor?e™ HAn+1/2 dn,l(tn+1/2)HX

< %koﬁxaxy’rse‘ral .n,l(tn—‘rl/Q) ‘Y

< (%koﬁxaxyciéz Hu||Z’Oo)TSeT@1 )

We further obtain by Lemma 3.5
[825ll < Fihor*e™  sup||dua(t)]
t€[tn tnt1] X
<&k s (|[A7@u)|| + | A 0w ),

te[tn7tn+1] X X

3 ‘rw1

Lo (CXZ [ull .00 + CRy Hu’Hy,oo)T ¢

IA

17
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as well as
83 < 1ker2e™ sup d Q(t)H
H n,5||X 4 teltmrtmri] n, x
< 1ky sup (A(t) —An+1/2)ul(t)H e
tE[tn,tnt1] X

IN

(SRoCily Il ) 78

This gives the assertion for d,, 5. For d, ¢, Taylor expansion, integration by parts as
for 8! », and the bounds provided in Assumption 3.2 yield to the desired estimate.

n,5’

Subtracting (2.4) from (5.3) closes the proof. d
We can finally give a proof the error bound of the exponential midpoint rule.

Proof of Theorem 3.7. By (5.2) we resolve the error recursion as in (4.16) and
use the bounds provided in Lemma 5.1 and Proposition 5.3. With the observation

n

n
> ezl 2D leslly

j=1 j=1

the bound in the X-norm is derived analogously to Theorem 3.1. For the convergence
in the Y-norm, note that it is sufficient that an adaption of Corollary 4.4 remains
valid, which is easily verified. ]

6. Numerical experiments. We close this paper by illustrating our theoretical
findings. We consider the model problem of Section 2.1, given by the quasilinear wave
equation

(6.1) Na)q" = Aq+g(t.q,q),
with A(q) =1 — 75¢% and g(t,q,¢') = £q- (¢')* + r(t) where
r(t,x) = sin((l +t)(1 - |x\2)3) ,

on the unit disc 2 C R? subject to homogeneous Dirichlet boundary conditions. Since
we focused on the regularity of the solution in the error analysis, we chose the special
initial position

qo(x) = —ilflfl2 In(=n(p(jz|*)) + Ci(|=* = 1) + Ca,

with p = % and constants C'; and Cy such that ¢ = Agp = 0 holds on 92. For this
position, it holds gy € H3(Q) \ H>*¢(Q) for any € > 0 due to the term

z+— In(—1In(plz|?)) € H'(Q)\ L>=(Q).

For the second component we take gj(z) = —(1 — |z|?)?, which is smooth but satisfies
Aqo # 0 on 09

6.1. Space discretization. We performed the space discretization by linear
Lagrange finite elements. To this end we used the open source Python tool FEniCS
[1, version 2018.1.0]. Denoting this ansatz space as Vi, € HE(Q4), with Qp, C Q, we



EXPONENTIAL INTEGRATORS FOR QUASILINEAR WAVE-TYPE EQUATIONS 19
then seek for ¢, (¢t) € Vj, which solves for all ¢ € V},

(Man(®)ay (1), ) 20, = — (an(t)s &) ai )
+ (Man()Zn (Man () " g(t, an(t), g1 (1)), ) L2

where 7; denotes the interpolation onto V},. Hence, we solve the system of ordinary
differential equations

(6.2) Mpu(qn (1)) gy (t) = =Lngn(t) + Mu(qn(t))gn(t, an(t), ¢, (1))

with the mass and stiffness matrix

(Mh(qh(t)»m- = <>‘(qh(t))¢i7¢j>L2(Qh,)’ (Lh>i7j = <v¢iﬂv¢j>L2(Qh) )

and discretized nonlinearity

gn(t, an(t)) = I (A(gn(t) " g(t, qn(t), 4 (1)) -

6.2. Time discretization. We compute the approximations qZ'H ~ q(tpt1)
and v ! & ¢/ (t,11) by solving a linear version of (6.2) exactly. For the Euler method,
given previous approximations ¢j, vy, we replace A(gn(t)) by A(gir). We obtain the

equation
(63) Mh(qi?)qg(t) = _Lth(t) + Mh(qZ)gh(tnv q}?a 'UZ), te [tna tn + T] )

where the exact solution yields the next approximations q,’fl, UZH. We note that
this is equivalent to first formulate (6.2) as a first-order system and then apply (2.3).
For the exponential midpoint rule we define the extrapolation terms qZH/ z2

Sqp — %q,’z_l and UZH/Q = 3o — %U}?_l and replace A(qp(t)) by )\(qzﬂ/z) to obtain

(64)  Mu(gy ) ah(t) = —Luan(t) + Ma (g, g (tusryonap 202

The exact solution of of (6.3) and (6.4) is then computed using rational Krylov meth-
ods to evaluate the trigonometric matrix functions as it was suggested in [13] and
[16]. Under https://doi.org/10.5445/IR /1000131109, the code to reproduce the plots
is available.

6.3. Results for the exponential Euler method and the exponential
midpoint rule. We computed a reference solution with the midpoint rule on a fine
grid with maximal diameter hyef = 6 - 1073 and step-size Tyef = ﬁ. The solution of
(6.3) and (6.4) were computed on a coarser mesh with maximal diameter A = 1072
and step-sizes 7 were chosen such that the quotient Tict is an integer.

In Figure 1, we depicted the error between the projection of the reference solution
and the numerical approximations. The discrete HE () x L?(2) norm was computed
with the mass and stiffness matrix to approximate the error in the X-norm. Since
linear Lagrange finite elements are not H?2-conforming, we only included the error of
the position in the H} () to estimate the Y-norm. One can clearly observe the first-
and second-order convergence in time derived in Theorems 3.1 and 3.7. We further
mention that the error induced by the space discretization is only relevant in the
regime below 1073,
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FiG. 1. Discrete L>° ([0, 1], H3(Q) x LQ(Q)> error (on the y-axis) of the numerical solution of
(6.1) computed with (6.3) (middle line, red, crosses) and (6.4) (lower line, blue, squares) plotted
against the step size 7 (on the x-axis). Further, the discrete L ([O7 1], Hé (Q)) error in the velocity

q, computed with (6.3) is shown (upper line, green, dots). The gray lines indicate order one (dotted)
and two (dashed).
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