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Numerical homogenization for nonlinear
strongly monotone problems®
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Abstract. In this work we introduce and analyze a new multiscale method for strongly nonlinear monotone
equations in the spirit of the Localized Orthogonal Decomposition. A problem-adapted multiscale space is con-
structed by solving linear local fine-scale problems which is then used in a generalized finite element method. The
linearity of the fine-scale problems allows their localization and, moreover, makes the method very efficient to use.
The new method gives optimal a priori error estimates up to linearization errors beyond periodicity and scale
separation and without assuming higher regularity of the solution. The effect of different linearization strategies
is discussed in theory and practice. Several numerical examples including stationary Richards equation confirm
the theory and underline the applicability of the method.
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1. Introduction

Linear constitutive laws like Hooke’s law in mechanics, Ohm’s law in electromagnetics, or Darcy’s
law in fluid flow are very popular, but they are often not accurate enough in practical applications,
for instance for high intensities. Instead, nonlinear effects in the constitutive laws have to be
taken into account which are often experimentally found and determined, see [40] for a general
overview. In this article, we consider as model problem the following nonlinear monotone elliptic
equation

—V - (A(z,Vu)) = f,

where the exact assumptions as well as boundary conditions are specified later. It is a repre-
sentative model problem for quasilinear partial differential equations (PDEs) as they occur in
mean curvature flow or for non-Newtonian fluids. Note that this class of problems is far more
challenging than semilinear PDEs, where the nonlinearities do not appear in the highest deriva-
tive. The transition from linear to nonlinear problems comes with huge additional challenges
for the numerical treatment and analysis. As an illustrating example we mention optimal order
L?-estimates for the finite element method: The classical Aubin-Nitsche trick for linear problems
is not applicable, so that, for a long time, only optimal order estimates in the energy norm [10]
were known, see [5] and the discussion therein. A similar observation applies to the effect of
numerical integration, see [17].
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With the view on practical applications such as fluid flow or elasticity, we do not only have to
consider nonlinear constitutive laws as discussed above, but also have to consider (spatial) multi-
scale features in the material coefficients (here, in A). For instance, a fluid such as groundwater
flows over large distances, while the properties of the soil changes over small distances and thereby
influences the overall groundwater flow, see, e.g., [37]. Hence, for applications such as the (quasi-
linear) porous medium equation, A is subject to rapid variations and/or discontinuities on fine
spatial scales or even a cascade of (non-separable) scales. This coincidence of multiscale features
and nonlinear material laws makes the problem intractable for standard (problem-independent)
methods. For example, the standard finite element method [2, 10, 17] will only give optimal
convergence in the asymptotic regime, i.e., if the mesh resolves all features and scales present in
the coefficient, which is prohibitively expensive even with today’s computational resources.

In the case of spatially periodic A (with period € < 1), homogenization results using two-scale
convergence [7, 31] prove that the solutions of the above model problem converge to the solu-
tion of an again monotone elliptic (homogenized) problem for e — 0 . The nonlinear effective
diffusion tensor can be computed by solving nonlinear so-called cell problems. The (finite ele-
ment) heterogeneous multiscale method is inspired by this analytical process and it is studied
successfully for nonlinear problems in a series of papers [1, 3, 4, 6, 21, 25]. In most cases, the
macroscopic nonlinear form involves nonlinear reconstruction operators which require the solu-
tion of nonlinear cell problems at each macroscopic quadrature point and thereby incorporate
the necessary fine-scale information. For parabolic equations, [4] linearizes the macroscopic and
cell computations using information from the previous time step. The sparse multiscale FEM
[27] is also motivated by homogenization results and tries to reduce the complexity of solving cell
problems and a homogenized equation by the introduction of sparse approximations. Another
idea to cope with multiscale problems is to modify or enrich the standard finite element basis
by problem-adapted functions. This idea is used for instance in the (generalized) multiscale
finite element method, for which nonlinear problems are discussed in [9, 12, 13]. Again nonlinear
problems have to be solved locally to construct the problem-adapted functions.

The main contribution of this article is the introduction of a new multiscale method for nonlin-
ear monotone elliptic problems and its numerical analysis. The idea is to construct a multiscale
space by solving local fine-scale problems in the spirit of the Localized Orthogonal Decompo-
sition (LOD) [32, 35]. In contrast to the above discussed methods, the basis construction only
requires the solution of [linear problems and hence is embarrassingly easy to implement and
use. Moreover, this linearization idea drastically reduces the computational effort for generat-
ing a problem-dependent (multiscale) basis and thereby provides a conceptually new view on
the treatment of nonlinear multiscale problems. We derive optimal convergence rates (with re-
spect to the mesh size H) up to linearization errors without any assumption on the regularity
of the exact solution or special properties such as periodicity or scale separation for the coeffi-
cient. The occurring linearization errors and resulting possible choices of the linearization are
discussed and compared. Extensive numerical experiments show the good performance of the
method in agreement with the theoretical estimates. We study periodic as well as completely
random multiscale coefficients and also include a model for stationary Richards equation with
a high contrast channel. Because of the relation between the LOD and homogenization theory
for periodic coefficients on suitable meshes [18], our numerical experiments with locally periodic
diffusion tensors indicate that the presented idea of linearizing the fine-scale problems might be
transferable to the Heterogeneous Multiscale Method in [21, 28]. Besides several linear problem
classes, the LOD has already been studied for semilinear equations [23] and a nonlinear eigen-
value problem related to the Gross-Pitaevskii equation [24]. These problems, however, are only
semilinear and can therefore be handled easier. Yet, we emphasize that these previous works
can be re-interpreted in the current framework. We mention the close connections of the LOD
to (analytical) homogenization [18, 36], domain decomposition iterative solvers [29, 30, 36], and



so-called gamblets [33, 34]. Hence, the current approach can give interesting and useful insights
in these areas for nonlinear problems as well, a direction that is not pursued further in this work.

The article is organized as follows: Section 2 introduces the setting and the standard finite ele-
ment discretization. We introduce the multiscale method including linearization and localization
in Section 3. The arising errors are analyzed in Section 4. Finally, we present several numerical
experiments confirming our theory and showing possible applications in Section 5.

2. Problem formulation and discretization

In this section we formulate the considered model problem and introduce necessary finite element
prerequisites. We use standard notation on Sobolev spaces. Throughout the whole article, let
Q C R be a bounded Lipschitz domain. For a subdomain D C Q, let || - lo.p, || - |l1.p, and
| - |1,p denote the standard L?*(D)-norm, H'(D)-norm, and H'(D)-semi norm, respectively.
Furthermore, (-,-)p denotes the standard L? scalar product on D. We will omit the subscript D
if it equals the full computational domain €.

2.1. Model problem

We consider the following nonlinear elliptic problem: Find v : Q — R such that

-V (A(z,Vu)) = f inQ,

2.1
u=0 ondN (2.1)

with a right-hand side f € L?(Q). The corresponding weak formulation, with which we will work
in the following, reads: Find u € H3(Q) such that

B(u;v) :== (A(z, Vu), Vo), = (f,v)a for all v € H}(D). (2.2)

For simplicity, we restrict ourselves to homogeneous Dirichlet boundary conditions, but non-
homogeneous and Neumann boundary conditions could be treated as well, see [22]. Moreover,
we focus on nonlinearities in the highest derivative only, additional (nonlinear) low-order terms
can easily be handled as well, cf. [23]. We now specify the assumptions on A, which guarantee
existence and uniqueness of a solution.

Assumption 2.1. The nonlinearity A : Q x R — R? satisfies
1. A(+,€) € L®(4RY) for all ¢ € R and A(x,-) € CH(RERY) for almost every x € Q;

2. there is A > 0 such that |A(x, &) — Az, &)| < A&y — & for almost every x € Q and all
51752 S Rd;

3. there is A > 0 such that (A(z,&) — Az, &) - (&1 — &) = M& — &? for almost every x € Q
and all &,& € RY;

4. |A(z,0)| < Cy for almost every z € Q.
Assumption 2.1 implies that
B(vi;9) = Blvg; )] < Afor —wola [ph and  B(v;v — ) = B(sh;0 — ) > Mo — [}

for all v, v1,v2,% € H(£2). Therefore, the model problem (2.2) has a unique solution u € H} (),
which satisfies

luly < A/ f]lo, (2.3)



see [10, Chapter 5]. As discussed in the introduction, we implicitly assume that A is subject to
rapid oscillations or discontinuities on a rather fine scale with respect to the spatial variable x.

We write a < b in short for a < Cb with a constant C independent of the mesh size H and the
oversampling parameter m introduced later. However, C' may depend on the monotonicity and
Lipschitz constants A, A of A (cf. Assumption 2.1).

2.2. Finite element discretizations

We cover €2 with a regular mesh 7 consisting of simplices; however, a mesh with quadrilaterals
would equally be possible. The mesh is assumed to be shape regular in the sense that the
aspect ratio of the elements of Tg is bounded uniformly from below. We introduce the mesh size
H = maxre7, diamT and assume that this is rather coarse, in particular, 7z does not resolve
the possible heterogeneities in A. We discretize the space Hg (£2) with the lowest order Lagrange
elements over Tz, and denote this space by V. This means that Vi = H}(Q) NS (T ), where
SY(Ty) denotes the space of element-wise polynomials of total degree < 1.
The standard finite element method now seeks a (discrete) solution ug € Vi such that

Blug;vg) = (f,ve)a for all vy € Vg.

This results in a nonlinear system which can be (approximatively) solved via an iteration such
as Newton’s method. If we neglect numerical errors introduced by the inexact solving due to the
iteration, it is well-known that the properties of A and Galerkin orthogonality imply

lu—ugli < inf |u—vgl, (2.4)
v EVH

see [10, Chapter 5]. This quasi-optimality by the way holds for any conforming subset Vg C
H}(Q). For the standard finite element method it is furthermore well-known to have the following
(a priori) error estimates with k > 0

lu—unly < CH*|ullgrsn) — and  [lu—ugllo < CH*ul grin(q),

see [2]. In the above error estimates higher regularity (more than Hg(£2)) of the exact solution
is required. However, the regularity of u may be very low for nonlinearities A with spatial
discontinuities. Even if the exact solution u satisfies sufficient higher regularity, the corresponding
norms ||u|| gx+1(q) depend on spatial derivatives of A which behave like 77 for some ¢ > 1 for
coeflicients varying on a scale . In practice this implies that H needs to be at least ¢ in order to
observe the linear convergence in the H'(2)-norm. In other words, for small ¢, there is a large
pre-asymptotic region where no error estimates are available and the error stagnates (at a high
level) in practice.

The goal of the multiscale method presented in Section 3 is to circumvent both issues (higher
regularity of the solution and dependence on the variations of A). At the heart of the method is
the choice of a suitable interpolation operator and we now introduce the required properties as
well as an appropriate example. Let Iy : H}(Q2) — Vi denote a bounded local linear projection
operator, i.e., [y o Iy = Iy, with the following stability and approximation properties for all
v e HHQ)

|IH”U

1,7 S vl Ny, (2.5)
o= Tuvllor S Hlvlin)- 2.6)

where the constants are independent of H and N(T) := {K € Ty : K NT # 0} denotes the
neighborhood of an element. A possible choice (which we use in our implementation of the



method) is to define Iy := Ey o IIy. On each element T' € Ty, the affine function (I1gv)|r is
the best approximation of v € H}(Q) in the || ||, 7-norm, and Ej is the averaging operator that
maps discontinuous functions in S*(7x) to Vi by assigning to each free vertex the arithmetic
mean of the corresponding function values of the neighboring cells, that is, for any v € S'(7Tz)
and any vertex z of Ty,

(Eg(v)(z) = Z v|T(2)/card{K €Ty, z€ K}.

TETH, 2z€T

For further details on suitable interpolation operators we refer to [16].

3. Computational multiscale method

In the following, we assume that an interpolation operator Iy : HJ(Q2) — Vp satisfying the
projection property as well as (2.5) and (2.6) is at hand. Abbreviating W := ker Iy, we have the
splitting Hg () = Vi @ W. The main idea of the Localized Orthogonal Decomposition [32, 35]
is to make this splitting problem-dependent. For instance, in the linear elliptic case the splitting
is orthogonalized with respect to the energy scalar product. Below, we discuss how this idea
can be transferred to the nonlinear case, which turns out to be highly non-trivial. We introduce
a linearization procedure in the next subsection which makes the computation of a multiscale
space in the spirit of the LOD possible. Afterwards, we present the localized computation of the
new multiscale basis functions.

3.1. An ideal method and its linearization

Motivated by linear elliptic equations, one could (naively) try to introduce a Galerkin method
over a subset V"™ C H}(Q), i.e., we seek uy™ such that

B(uly™:v) = (f,v)q  forall ve V"™,
where the set V"™ is defined via
Bwy™w) =0  forall vf™ e V5™ andall weW. (3.1)

This is the orthogonalization idea behind the original method, see [32, 35]. Due to the quasi-
optimality (2.4) and the properties (2.5) and (2.6) of Iy, one obtains the a priori error estimate

lu —ufy™ ) < H o

with optimal rate in the mesh size, independent of the regularity of the continuous solution u.
This estimate is derived similar to the linear case and we refer to [32, 35] for details. Because
of the nonlinearity of B in its first argument, however, Vﬁl’ms is no longer a linear subspace. To
be more precise, we consider the usual construction of V;}l’ms: It holds V;}l’ms = (id - 9"V,
where Q™ : Vi — W solves

Blvg — Q" vp;w) =0 forall weW. (3-2)

Here, we clearly see that Q™ is a nonlinear operator. Therefore, it is by no means clear whether
the proposed multiscale method is at all well defined. Even if this is the case, the method is very
complicated as it involves two coupled nonlinear problems, where the one for the generation of



the correction is additionally posed on the fine scale. Hence, we need to simplify in particular
the generation of the problem-adapted multiscale basis.

Here, we propose the following simple yet effective linearization approach. We approximate
the nonlinearity A(z,¢) by a function Ay (z,¢*,€). Here, Ap : Q x R? x R? — R? is affine in its
last argument and we call £€* € R? the linearization point. We make the following assumption
on AL.

Assumption 3.1. Write Ap(z,£%,¢) = Ap(z,£9)€ + br(x, ) with Ap(x,&*) € R and
br(z,£*) € RY. We assume that

o Ap(-,&%) € L (R and by (-, %) € L= (4 RY) for all £* € RY;
o Ap(x, &%) is symmetric for all £ € RY;
e there exists 0 < \p, < A such that

M€ < Ap(z, €9)€-€ < Ap|€)? forall zeQ,¢ eRYEeRY;

o |br(z,6%)| < Cy for all z € Q and all £ € R,

The assumption of symmetry is only made for convenience and to avoid cluttering of notation
in the following. Although this linearization model may seem rather abstract, it is commonly
used when solving (discrete) nonlinear problems by an iterative method. More precisely, our
model for A;, includes Newton-type as well as Kacanov-type linearizations as illustrated in the
example, cf. [14].

Example 3.2. Newton-type linearizations are based on a Taylor expansion up to the first order
of the nonlinearity around the linearization point. In particular, we approximate A(x,§) =
A(x, %)+ DAz, £*)V(E—E£*), where D¢ A denotes the Jacobian of A with respect to the second
argument. In the notation of Assumption 3.1, this means that by (x,£*) = A(x,£*)—De Az, £*)E*
and Ay (z,&*) = DeA(z,£"). The assumptions of strict monotonicity and Lipschitz continuity
on A (cf. Assumption 2.1) imply that Ay, indeed satisfies Assumption 3.1, see [28, Lemma 6.5.2].

In the case that A takes the form A(z,Vu) = a(z,|Vu|?)Vu, Kaéanov-type linearizations
are very popular, which “freeze the nonlinearity”. In the language of Assumption 3.1, one sets
Ap(x,€%,€) == a(z, |€*]?)€, and, hence, Af(z,£%) = afw, |€¥]?) and by (x,£*) = 0.

Let us come back to the linearization of our corrector computation. We pick and fix a function
u* € HY(Q) and set A := AL (-, Vu*). Roughly speaking, this means that we select Vu* as our
linearization point. We define the linear correction operator Q : Vi — W via

Alvg — Qug,w) =0  forall weW, (3.3)
where the bilinear form A is defined as
A(Ua 1/}) = (m(x)vvv V7/1)Q

Due to Assumption 3.1, the linear corrector problem (3.3) has a unique solution. Further, note
that (3.3) can equivalently be written as

/ Ap(z, Vu*, VQuy) - Vwdz = / Ap(x,Vu*,Vog) - Vwdz forall weW.
Q Q

Having linearized the computation of the correction operator, we define the linear multiscale
space Vi7® := (id —Q)Vy. This problem-adapted space is used in a Galerkin method to seek
uly® € Vip® such that

Buy;v5%) = (f,vE)a for all vj® € Vi, (3.4)



Let {A.}. be the nodal basis of Vi (i.e., the standard hat functions). Then {\, — Q\.}, forms
a basis of V1. Note that this requires only to solve linear problems. After this basis has been
(pre-)computed, the nonlinear problem (3.4) can be solved with any suitable iteration method
such as Newton’s method, which is rather cheap since the dimension of the multiscale space is
small (note dim(V7®) = dim(Vy)). We emphasize that although we linked nonlinear iterative
methods and linearization strategies in Example 3.2, the iterative method chosen to solve (3.4)
does not need to correspond to the linearization strategy chosen for the corrector computation.
In general, linear problems are much easier and cheaper to solve than nonlinear problems (of the
same dimension), which is the appealing advantage of (3.3) in comparison to (3.2) — apart from
the discussed well-posedness issues.

3.2. Localization of the basis generation

As in the linear case, the corrector problems (3.3) are global fine-scale problems, which are as
expensive to solve as the solution of a (linear) multiscale model problem on a fine-scale mesh
resolving the oscillations and discontinuities of A. However since the corrector problems are
standard elliptic problems (cf. Assumption 3.1), we can localize these corrector problems in the
well-known way for the linear case. To this end, we define the neighborhood

N(T) = U K

KeTy, TNK#)

associated with an element T' € Ty. Thereby, for any m € Ny, the m-layer patches are defined
inductively via N™™(T) = N(N™(T)) with N°(T") := T. The shape regularity implies that there
is a bound Cy),,, (depending only on m) of the number of the elements in the m-layer patch, i.e.,

max card{K € Ty : K C N™(T)} < Corm.- (3.5)
Te€Tu

Throughout this article, we assume that 7y is quasi-uniform, which implies that C; ., grows at
most polynomially with m.

We then define the truncated correction operator Q,, : Vg — W as Q,, = ZTGTH QT m,
where for any vy € Vg the truncated element corrector Qr vy € W(N™(T)) :={w e W :w =
0in Q\N"™(T)} solves

Axm (1) (Qrmvm, w) = Ar(vi, w) for all w e W(N™(T)). (3.6)

Here, Ap denotes the restriction of the bilinear form A to the subdomain D C Q. With the
localized correction operator Q,,, we set up the multiscale space Vi, := (id —Q,,) V. For each
element T' € Ty, we only have to solve d problems of type (3.6) with vg|r =z;, j=1,...,d, or

precisely, the following cell problems: Find qg,fzn e WIN™(T)), j =1,...,d, such that
/ Qqugpj)m -Vwdr = / Aej - Vwdx  forall we W(N™(T)),
N™(T) ’ T

where e; denotes the jth canonical unit vector. Denoting by {\.}, the standard hat functions,
a basis of Vi, is hence given by

S i(aij/\le)q(T%}z.

TeTy, 2€T j=1



The localized multiscale method consists of replacing Vi by Vi ., in (3.4). More precisely,
we seek (in a Galerkin method) ug m € Vi, m such that

B(um,m;vim) = (f,vmm)o  forall vhm € Vim. (3.7)

As mentioned before, problem (3.7) is solved with an iterative method, e.g., Newton’s method,
where the multiscale basis can be pre-computed. This requires the storage of all correctors,
which can be very memory consuming since q(szn includes fine-scale features. If memory is a
limiting factor, the correctors should better be computed on the fly inside each Newton iteration
(less memory consuming, but potentially slightly slower). Note that Q,, and therefore also the
solution ug ., depends on 2 and thereby, they implicitly depend on (i) the chosen linearization
model and (ii) the chosen “linearization point” u* in Section 3.1. The choice of u* and its

consequences will be discussed in Section 4.2 below.

Remark 3.3. To avoid communication between the correctors, one can also consider the Petrov-
Galerkin method to seek uZCfn € Vi such that

B(Ufl,cm; vam) = (f,vrm)0 for all vy m € Vi m.

In the Petrov-Galerkin method, ¢r ; and g7/ ; for T,T" € Ty with T' # T’ are never needed
at the same time. Hence, these correctors can immediately be discarded once the contributions
of element T to the linear system (which is set up in each Newton iteration) are assembled.
Hence, when memory becomes the limiting factor, the Petrov-Galerkin variant is highly preferable
in comparison to the Galerkin variant, see [15, 16]. Note, however, that ugcfn only contains
information on the coarse scale H. The following error analysis will be restricted to the Galerkin

case for simplicity.

Remark 3.4. The present method is still semi-discrete since the corrector problems (3.6) are
infinite-dimensional. The discretization procedure for them is equivalent to the case of linear
elliptic equations: We introduce a second (fine) simplicial mesh 7j, of  which resolves all features
of A. Denoting by Vi, = H (2) NS*(73) the corresponding lowest order Lagrange finite element
space, we set W (N"(T)) := {wp, € Vi : wp, = 01in Q\ N™(T), Igwy, = 0} and discretize (3.6)
by solving over the space Wj,(N™(T')) instead of W(N™(T)). In the following, we work with
the semi-discrete version and emphasize that similar error estimates (with respect to a reference
solution uy, € V3,) can be shown in the fully discrete variant, as illustrated for the linear case, see
22, 26, 32].

4. Error analysis

In this section, let the linear model 2 be fixed, i.e., the linearization model Ay and the “lin-
earization point” u* € H}(Q) are fixed. Occasionally, we will also use A% := A (-, Vu) with
the above fixed linearization model Ay and the exact solution u to (2.2). Q¥ then denotes the
corrector associated with 2%, i.e., Q¥ is defined via (3.6) with 2 replaced by 2.

Since the linearized corrector problem (3.3) is a standard elliptic problem, we have the following
result on the localization error.

Proposition 4.1. Assume that Assumptions 2.1 and 3.1 are fulfilled. Let Q be the ideal lin-
earized correction operator defined in (3.3) and Q,, its truncated/localized version as defined via
(3.6). There exists 0 < < 1 such that for any vy € Vi

(Q — Qu)vnli S CfZ B™ lom .



Proposition 4.1 follows from the standard linear elliptic case in [22, 32, 35]. The main idea
is that the ideal element corrector Qr, which is defined via (3.6) with N™(T) = Q, decays
exponentially fast (measured in m) away from T. With a slightly different localization strategy,
the procedure can also be interpreted in the spirit of an iterative domain decomposition solver,
see [29, 30]. Since Assumption 3.1 holds for all £* € R?, Proposition 4.1 is still valid if we replace
Q and Q,, by Q" and QF, , respectively.

We first discuss estimates for the Galerkin method (3.7) in Section 4.1. (Additional) error
terms arise from the linearization, which we discuss separately in Section 4.2 together with the
choice of u*.

4.1. A priori error estimates

Since Vi ., is a linear subspace of Hi (), the Galerkin method (3.4) is automatically well defined,
i.e., there exists a unique solution ug . Its error to the exact solution in the H'-semi norm can
be estimated as follows.

Theorem 4.2. Let Assumptions 2.1 and 3.1 be fulfilled. Let u be the solution to (2.2) and ug m
the solution to (3.7). Then it holds that

u — wrmly S (H + Co2 8™ llo + min((id — Q) Trru) (4.1)
as well as o
u —wmls S (H + Cof 2 8™ Fllo + min (w) (4.2)

with, for any v € HY(Q), the linearization error
Min(v) ==  sup ’/ [A(z, Vv) — Ap(z, Vu*, V)| - Vw dx’.
weW,|w,=1Jq

Further, if Ap(z,Vu,Vu) = A(z,Vu), it also holds that

u — sl S (H 4+ CY2 8™ f o +1(Qun — Q&) Irruls. (4.3)

Note that the assumption Ay (x, Vu, Vu) = A(z, Vu) is satisfied for the Newton-type and the
Kacanov-type linearization introduced in Example 3.2.

Proof of Theorem 4.2. Since (3.7) defines a Galerkin method, the quasi-optimality (2.4) leads to

—Ug.ml1 S inf —VE.ml1-
u—urmh S il e v
Proof of (4.1): We choose vy, m = (id —9m)Ipu = (id —Q)Igu + (Q — Om)Ipu and observe
that the second term can directly be estimated using Proposition 4.1, the stability of Iy and (2.3).
Note that by definition v — (id —Q)Izu € W. Hence we obtain with the strong monotonicity of
A (cf. Assumption 2.1), the approximation property (2.6) and (3.3) that

[u — (id = Q) rrul

hS / [A(z, Vu) — A(z,V(id —Q)Igu)] - V(u — (id — Q) Iyu) dz
Q

=(fyu—(1d—-Q)Igu)q — /Q Az, V(id -9)Igu) - V(u — (id —Q)Iyu) dx

S (HI|fllo + min(((d =Q) ) [u — (id —Q) Iuly.



Combination of this estimate with Proposition 4.1 as described above leads to (4.1).

Proof of (4.2): We again choose vy, = (id = Q) Igu = (id —Q)Igu+ (Q — Q) I, but we
treat the first term in a slightly different manner. Namely, employing Assumption 3.1 and the
definition of Q in (3.3), we deduce

lu — (id —Q) Tyul? < /QAL(x,Vu*)V(u — (id-9)Igu) - V(u— (id —Q)Iyu) dz
_ / (AL (2, Va*, V) — Ap(z, Var*, V(id —Q)Trru)] - V(u — (id —Q)Igyu) dr
Q

- /Q [ (2, Vu*, V) — A(z, Var) + Az, Va) - V(u — (id —Q)Iyu) di
= (fyu—(d=Q)Inu)o
+ /Q [AL(z, Vu*, Vu) — A(z, Vu)| - V(u— (id —Q)Igu) dx
< (H[fllo + min(u))|u — (id = Q) THuls.
Combination of this estimate with Proposition 4.1 leads to (4.2).

Proof of (4.3): Again, we choose vg m, := (id — Q) Igu, but we split it in a different way this
time. We write

(id=9m) gu = (1d-9")Igu+ (Q" — Q¢ ) gu + (9, — Om)luu,
where we recall that Q" and QY are the solutions to (3.3) and (3.6), respectively, with coefficient
A" := Ap(z,Vu). The last term (QY, — Q,,)Igu is directly included in (4.3), while the second

term (Q" — Q¥ )Iyu is again estimated with Proposition 4.1. For the first term (id —Q")Iyu,
we observe due to Assumption 3.1 that

lu — (id — Q") ulf < /QAL(a:, Vu)V(u — (id—=Q")Iyu) - V(u — (id —Q*) I gu) dz

= /Q[AL(x, Vu,Vu) — Ap(z, Vu, V(id—Q") Igu)| -V (u — (id—Q") Iy u) dz.
Since u — (id —Q%)Iyu € W, the definition of Q" implies that

Ap(z,Vu, V(id — Q") Igu) - V(u — (id —Q*)Igu) dz = 0.

Q

Hence, employing the assumption Ay (x, Vu, Vu) = A(x, Vu) and (2.6), we deduce
lu — (id = Q") gul? < / Ap(z,Vu,Vu) - V(u — (1d —Q")Igu) dz
Q

_ / Az, Vi) - V(u — (id — Q") u) do
Q

= (f,u— (1d—-Q")Igu)q
S H fllolw — (id —Q*)Iuls.

This finishes the proof. O

Up to the linearization errors, which are discussed in Section 4.2, all variants of the previous
theorem are identical to the linear elliptic case [32]. In particular, if we choose m = |log(H)|, we
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have linear convergence of the approximate solution to the exact one without any assumptions
on the regularity of u or the variations of A. By Friedrich’s inequality, the same estimate also
holds for the L?-norm. In contrast to the linear case, the Aubin-Nitsche trick cannot be applied
so that higher order convergence for nonlinear problems is rather difficult to achieve, see the
discussion in [2]. Using the idea of the elliptic projection in [2], we obtain an L2-estimate in
Theorem A.1 in the Appendix. Roughly speaking, it yields quadratic convergence (up to (new)
linearization errors) for the choice m = |log(H)|.

By the stability of I'y we deduce an estimate for the error to Iyup m, which describes the
finite element part of the Galerkin solution.

Corollary 4.3. Let Assumptions 2.1 and 3.1 be fulfilled. Let u be the solution to (2.2) and ugm
the solution to (3.7). Then it holds that

lu = Trugmllo S H inf |u—vgl+ [lu—uvgmllo+ Hlu — wrmli- (4.4)
v €EVH

Proof. With the triangle inequality we split

lu = Trummllo < |lu— Igullo + [[1a (v — wim)llo,

which finishes the proof together with the properties (stability, approximation, and projection)
of IH. ]

Note that the two last terms in (4.4) can be estimated via Theorem 4.2. For the L?-norm we
also have the estimates from Theorem A.1 in the appendix. For m = |log(H)|, these terms are
at least of order H (up to linearization errors) and may even be of order H? (cf. the discussion
in the appendix). Hence, the error ||u — Igum,m|lo is at least of order H and might be up to
order H? if u is sufficiently regular. If we assume L2-stability of Iy, i.e., ||[Igv]jo < ||v]o for all
v € H (), the estimate in Corollary 4.3 simplifies to

lu=Truamlo S inf [lu—wvgllo+([u—wmmlo-
vg €VH

Together with Theorem A.1 this implies that the error in the finite element part of wg », is
dominated by the L2-best-approximation error in the finite element space.

4.2. Linearization errors and choice of linearization points

In this section, we discuss estimates for the linearization errors of Theorem 4.2, namely my, (v)

*

and (9, — Q¥ ) uli, and their implication on the choice of the “linearization point” w*.

Linearization error 7, (v). First, we note that due to Assumptions 2.1 and 3.1, mi,(v) can
always be bounded as follows

min(v) < ||A(x, Vv) — Ar(z, Vu*, Vv)lo
< [JA(z, Vo) — A(z,0)[lo + [AL(z, Vu") Vo + [|A(z,0)[[o + [Ibr (2, Vu™)lo
5 (A+ AL)|’U|1 + Co + Cy.

Hence, the stabilities of Q and Iy as well as (2.3) directly imply that min(u) < C|f|lo + C
and iy ((id —Q)Igu) < C||fllo + C, i.e., this linearization error is bounded from above without
any further assumptions. As a consequence, if the nonlinearity and the right-hand side data are
small, the linearization error is negligible and the discretization error is dominating in (4.1) and
(4.2). This of course is a rather restrictive assumption since it basically means that we are still
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in the almost linear case with only a small nonlinear perturbation. Note that the above bound
on Min(v) can be simplified in the case v = (id —Q)Izu because due to (3.3)

/AL(m,Vu*,(id—Q)IHu)~dex:0 forall weW.
Q
Next, we will show that mj,(v) is small for the linearizations of Example 3.2 if u* is close to

the exact solution wu.

Lemma 4.4 (Linearization error for Kacanov-type linearization). Let A(z,&) = a(z, |€]?)€ and
set Ap(z,&%) = a(x,[€%]?) and by (z,£*) = 0. Then,

Min(v) < (A+Ap)|v —u*r.
Proof. Assumptions 2.1 and 3.1 directly yield
min(v) < [la(z, [Vo|*) Vo — alz, [Va*[*) Vol
< [|A(z, Vo) = A(z, Va*)llo + [lafz, [Va* ) V(" = v)]lo
< A+ ALV (v —=u")llo,
which finishes the proof. O

Lemma 4.5 (Linearization error for Newton-type linearization). Set A (z,&*) = DeA(x, &)
and br(z,£*) = Az, &%) — DeA(x,£%)€*. Assume that D¢ A is Lipschitz continuous in its last
argument, i.e., there is Ly > 0 such that

|DeA(x,&1) — DAz, &2)| < Lalé — & forall &,& € R and almost all x € Q. (4.5)

Then,
Min(v) < LallV(0 = u") |1 (o) [0 — u"[1.

Proof. We perform a Taylor expansion of A around u* and obtain that for any w € H}(Q) it
holds that

/3’2 [A(z, Vo) = A(z, Vu*) + DeA(z, Vu')V(v — u”)] - Vw dz
= /Q /01 [DgA($7 Vu* + TV(U — u*)) _ DgA(ac, vu*)]v(v o ’U,*) Vwdr de.

The assumed Lipschitz continuity of D¢A (4.5) finishes the proof. O

Note that we did not exploit w € W in the estimates for m;, (v). Lemmas 4.4 and 4.5 underline
that u* should be close to u, which can be seen as a local convergence result and motivates the
discussion of different linearization points further below in this section.

Linearization error |(Q,, — Q¥ )Igu|;. In case of a Kacanoc-type linearization from Example
3.2, we observe that my,(u) in (4.2) can be bounded as min(u) < ||A" — A|| Lo ()|ul1. Hence,
this linearization error can be expressed as the L°°(Q)-error between the “true” coefficient 2A*
and the “reference” coefficient 2 used in practice for computing the corrector Q,,. The error
[(Qm — Q%) Iuly in (4.3) is obviously also closely related to the error between the coefficients
A% and 2A. However, estimating directly the error between the correction operators allows for
a refined estimate in the sense that not merely the global L>°-error, which is of the order one
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already for a local change in the coefficient, will be taken into account. Before we present the
estimate in detail, let us first note that, obviously,

|(Q'rn - Q;Ln)IHuh S sup ‘(Qm - Q%)UH‘I ‘IHU"I

vEEVH,|vg|1=1

so that we will estimate (Q,, — Q% vy for an arbitrary vy € Vy in the following. Further, by
the definition of Q,, and QY as sums of element correctors with support only in N (7T") we have

(Qm — Qi)vul} S Com Y (Qrm — O )valt.

TeETH

We now have the following estimate for the error between the correction operators, the proof is
postponed to the Appendix B.

Proposition 4.6. Fiz T € Ty and vy € Vg. For any a € L>®(N™(T),R¥*?) denote by @ the
average of the trace, i.e., @ := me(T) tr(a) dx, and denote by @ € L>°(N"(T),R¥*9) the scaled

coefficient, i.e., a := a/&. Define

A Vi -VQO 2.,

Edp = > 124 = A Foe 7y max [ber vy rmllor:
QT LT 1 ey )3
T/eTH’TlcN’"L(T) T H 1,7

Then,
(Qrm — QF p)vE|L S Eorlvalir

We emphasize that Proposition 4.6 relates the error between the element correctors to the error
between the coefficients 20 and 2%, but (i) locally on each element or element patch, respectively,
and (ii) only the L*-error between the scaled coefficients is relevant. The latter point is possible
because (3.6) can be multiplied by the scalar-valued constant 2 without changing the element
corrector. Note that this is only possible for scalar-valued constants which is the reason for taking
the trace of A in the definition of @. Hence, if a coefficient is (locally) multiplied by a constant,
the error between the associated correction operators is zero while the error between the unscaled
coefficients can become very large. This is the second advantage we see in estimating the error
between the correction operators.

Error indicators similar to Fg 1 in Proposition 4.6 were already presented in [19, 20] in the
context of time-changing or perturbed diffusion coefficients. We point out the following differ-
ences between Proposition 4.6 and the results in [19, 20]: First, the idea of studying the scaled
coefficients is new in Proposition 4.6. Second, since " is not available in practice in our case,
Proposition 4.6 is an a priori result and aims at linking the error between the correction opera-
tors to the error between the coefficients. This is in sharp contrast to the previous works, which
use Eg 7 as a practical indicator to steer re-computation of element correctors. For this reason,
some terms in [19, 20] are different or additional to (i) estimate the error between the element
correctors in the energy norm and (ii) to avoid constants depending on the upper and lower
spectral bounds of the diffusion coefficients in the error estimate. The result of Proposition 4.6
with the scaled coefficients can probably be refined in this spirit as well, but we omit this for
simplicity.

Choice of linearization points u*. The previous discussion of the linearization errors has shown
that the choice of u* is crucial for the performance of the method and that, ideally, u* should be
chosen close the exact, but unknown, solution w. With this in mind, let us discuss and compare
some possible choices of u*.
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1. We can select for u* the initial value of the nonlinear iteration, for instance u* = 0. This
results in a multiscale space Vp ,, that can be computed a priori. Since Vg ., is rather
low-dimensional, this is a very cheap method. The overall error of course will only be
dominated by the discretization error of order H + ™ if u* is already close to the exact
solution. For instance, a similar assumption is also needed to guarantee convergence of
Newton’s iteration method for the nonlinear problem. In particular the choice u* = 0
should yield satisfactory results for problems without steep gradients. We discuss this
issue also in the numerical examples.

2. Since choosing u* a priori will work only in rather restrictive settings, another option is to
compute the finite element solution uy using Vi and to use it as u*. Since Vi is associated
with a coarse mesh, the computation of ug is rather cheap. Due to the finescale features
of A, however, uy alone will not be a satisfactory approximation of u in general, not even
in the L?(Q)-norm. The finescale features of A are then taken into account in the ensuing
LOD solution. To estimate the linearization error in this case, we can combine Lemmas 4.4
or 4.5, respectively, with standard a priori estimates for the finite element solution. Finite
element error estimates in the L?(Q)-norm and H'(§)-semi norm are briefly presented in
Section 2.2. In case of the Newton-type linearization, Lemma 4.5 also requires a W1>°(Q)-
estimate, where we obtain from [8, Chapter §]

||'LL — uHHWl,oo(Q) § CHHuHWz,oo(Q)

Note that for all finite element error estimates, higher regularity of u is required and that
the constants will depend on the finescale parameter ¢, cf. the discussion in Section 2.2.
We emphasize that this approach is different from [39] where uy is “post-processed” by
solving a linear problem on a fine mesh.

3. Finally, one can compute a whole cascade of LOD solutions by starting with some u*,
computing the solution ug ,, to (3.7), and using this solution or its FE part Igug m,
as new u*. For this cascade, we can inductively combine (4.2) and Lemmas 4.4 or 4.5,
respectively, to obtain an a priori error estimate, which consists of the discretization error
of order H+ 8™ and the linearization error for the initial choice of w*. This straightforward
procedure of estimating the error, however, does not seem to be optimal because the initial
linearization error will always remain and one does not exploit that the LOD solution
should be closer to the exact solution with each step.

When computing a whole cascade of LOD solutions by a nonlinear solve of (3.7) and an
update of the linearization point, an error indicator in the spirit of Proposition 4.6 — with
QY replaced by Q"™ with the current LOD solution — can be used to locally determine
which element correctors should be recomputed with the new linearization point. Since
(3.7) is solved by an iterative method as well, one can also imagine to already update
some element correctors during this nonlinear iteration. A detailed study of such iterative
generalized finite element approaches — for instance concerning convergence of the iteration,
suitable stopping criteria and a priori error analysis — is a future research topic of its own
and beyond the scope of the present contribution.

In the numerical experiments, we will compare the solution to (3.7) with (i) u* = 0 as in the

first point, (ii) u* = uy as in the second point, (iil) u* = wgm or v* = Iguy ., With ug,, the
LOD solution with linearization point zero as in the third point.
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Figure 5.1: Spatial part of the coefficient (left) and reference solutions uy, for f;(middle) and fo
(right) in the experiment of Section 5.1.

5. Numerical experiments

We present the results of several numerical experiments, subject to different multiscale coefficients
and nonlinearities. In all cases, the computational domain is Q2 = [0, 1]%. Since no exact solution
is known in any of the examples, we compute a reference solution u;, € V}, using a standard
finite element method on a fine mesh 7, that resolves all multiscale features. Specifically, the
reference mesh size is fixed as h = 278 in all experiments and the coarse mesh size varies as
H =272273 ..276 We present results for oversampling parameters m = 1,2,3 and already
point out that m = 2,3 is a sufficient choice in most experiments. To solve the nonlinear
problems, we use Newton’s method with tolerance 10~!! for the residual as stopping criterion.
Sections 5.1 and 5.2 consider nonlinearities of the type A(z, Vu), where Assumption 2.1 is only
satisfied in Section 5.1. Further, we consider a model for the stationary Richards equation with
a quasilinear coefficient of the form a(z,u)Vu in Section 5.3. Note that the resulting nonlinear
form B is no longer monotone such that the above proof techniques do not directly transfer, see
[5, 6]. Nevertheless, we use the presented multiscale method with the obvious modifications for
(3.7) and A := a(z,0) in the corrector problems.

5.1. Periodic coefficient

We choose a model problem similar to [2]. The nonlinear coefficient is defined as

1.1+§+sin(27r%))( 1 )
1.1 +sin(272) (1 o+ |§|2) 1/2

with € = 275 and sources fi(x) = 10exp(—0.1|z — x¢|?) or fa(x) = 100 exp(—0.1|z — zo|?) with
o = (0.45,0.5)T in our case. The coefficient and the reference solutions u; are depicted in
Figure 5.1. We will consider the two right-hand sides f1 and f2 to study the influence of higher
values of the solution u and its gradient on our method and the linearization errors. Note that
one can hope for higher regularity of the exact solution v in this experiment.

We use the Galerkin method (3.7) and obtain a solution wg,m € Vi m, where the correctors
are computed using the Newton-type linearization at u*, which is specified below. We focus on
two (relative) errors in the following: The so-called (relative) upscaled error

Az, €) = (1 + w4+

[up, — wEml1

€LOD ‘= |Uh|1
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Figure 5.2: Convergence histories for the (relative) macroscopic error eg (in L?-norm) (left) and
the (relative) upscaled error epop (in H!-semi norm) (right) with f; (top) and fo
(bottom) for the experiment of Section 5.1.

between the reference and the LOD solution in the H'-semi norm, for which we expect a linear
convergence rate (cf. Theorem 4.2); and the so-called (relative) macroscopic error

Nun = Igum mllo
€Hg ‘—
lunllo

between the reference and the FE part of the LOD solution in the L?-norm, for which we expect
the same behavior as the L2-best approximation in Vi (cf. Theorem 4.3).

For the simple choice u* = 0, these two errors are depicted for the two right-hand sides in
Figure 5.2. We note that the (relative) macroscopic errors ey in the left column closely follow
the error of the (relative) L2-best approximation in the space Vi for m = 2,3 (cf. the discussion
after Corollary 4.3). Since Iyup,m lies in the same space, we cannot hope for anything better.
In particular, the reduced convergence rate for H between /¢ and ¢ is no defect of the method,
but intrinsic to the problem, see also the discussion of this so-called resonance effect in [18]. We
emphasize that in the pre-asymptotic range H < ¢, the standard finite element method does
not produce faithful results and also shows no convergence rates, while the presented multiscale
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Figure 5.3: Convergence histories for the (relative) macroscopic error ey (in L2-norm) (left) and
the (relative) upscaled error erop (in H!'-semi norm) (right) with f; and different
choices of the linearization point for the experiment of Section 5.1.

method follows the best approximation error and converges with linear rate. For approximations
in the H'-semi norm, the (coarse-scale) space Vy is no longer sufficient, as also underlined
by homogenization theory, but fine-scale features have to be taken in account. Therefore, we
consider the (relative) upscaled error epop in the right column of Figure 5.2. This error for
the LOD solution up ,, overall converges linearly as expected from Theorem 4.2. All in all, the
experiment clearly confirms the predicted convergence rates of Theorem 4.2 and Corollary 4.3.

When comparing the top and bottom row of Figure 5.2, we also observe that the higher values
of u, and thereby larger gradients of u; caused by fy influence the performance of the method.
In particular the relative upscaled error er,op in H!'-semi norm shows some deviation from the
optimal linear convergence most probably because the linearization error starts to dominate.
Therefore, we compare the behavior of ey and ep,op for different linearization points with fixed
m = 3 in Figure 5.3. We consider the following choices of u* as discussed in Section 4.2: u* = 0,
u* = uy with the standard FE solution uy on the coarse mesh Tx and u* = up ., as well as
u* = Iguy,m, where ug », is the LOD solution with linearization at zero. All these solutions show
a similar qualitative behavior, but in the quantitative errors we observe clear differences between
the linearization points, especially for e;,op. The choices u* = uy and v* = Igup,m, result in
almost identical results, probably because they lie in the same space Vg. A bit surprisingly,
those choices even perform slightly worse than the simple choice u* = 0. A possible explanation
is that while Iyup ,, is already a good approximation of u in the L2-sense, the gradients are
relevant for the nonlinearity, where the space Vy does not provide sufficient approximations.
Both for ey and er,op, the choice u* = up ,, performs best, which motivates to study iterative
LOD approximations as discussed in Section 4.2 in more detail in future research.

5.2. Random coefficient

We choose the nonlinear coefficient as

1,3
A6 =< (8718,
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Figure 5.4: Spatial part of the coefficient (left) and reference solution uy, (right) for the experi-
ment of Section 5.2.

where c(z) is piece-wise constant on a quadrilateral mesh 7. with e = 27¢ and the values are
random numbers in [0.1, 1]. The right-hand side is

5 ZTo < 0.1,
f) = {50 else,

see [21] for the nonlinearity and a similar right-hand side. Note that we clearly cannot expect
higher regularity than Hg(€2) for the exact solution in this case because of the spatial discon-
tinuities in A. Further, A is only locally Lipschitz constant in its second argument. Thus,
Assumption 2.1 is violated and we even have |A| — oo for |¢| — oo. The coefficient and corre-
sponding reference solution wy are depicted in Figure 5.4.

For this example, we study the Petrov-Galerkin LOD as briefly discussed in Remark 3.3.
Precisely, we compute uﬁcfn € Vg as the solution of

Blujiiwivn) = (fom)e  forall vy € Vim,

where Vi, is defined as in the Galerkin case. Hence, the solution uﬁ,cfn lies in the FE space and

we expect the relative macroscopic error ey := W to follow the L?-best approximation

error as predicted in Corollary 4.3 for the FE part of the (Galerkin) LOD solution.

We first consider the convergence history of ey for the linearization u* = 0 and different
choices of m in Figure 5.5 (left). The multiscale method performs obviously better than the
standard FEM. The error of the Petrov-Galerkin LOD is following the L?-best approximation
as expected up to a saturation or stagnation for the last considered mesh, where most probably
the linearization error starts to dominate. As in the previous example, we also consider ey for
fixed m and different linearization points u* in Figure 5.5 (right). The considered choices are

u* =0, u* = uy with the FE solution uyg on the coarse mesh as before and u* = uﬁcfn as well

as u* = (id —Qn)uf,, where uf;G, is the Petrov-Galerkin LOD solution with u* = 0 and Q,, is
the corrector computed with u* = 0. The latter two linearization points play roles comparable
to Igup m and ug,m, in the Galerkin setting discussed in the previous experiment. Although

the linearization with zero shows a saturation at the end, it performs best of the considered
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u* = 0 and different m (left) and for fixed m = 3 and different u* (right) for the
experiment of Section 5.2.

linearization points. We emphasize that the impractical choice of u* = wu; would lead to an
er completely following the L2-best approximation error (data not shown). This illustrates the
validity of our error estimates also for the Petrov-Galerkin LOD, but also stresses the influence of
the chosen linearization point. Moreover, this example confirms and underlines that the present
multiscale method does not rely on assumptions such as periodicity or scale separation and thus
also works in situations where no homogenization results are available.

5.3. Stationary Richards equation

We now test the applicability of our method to quasilinear non-monotone problems, which, for
instance, are frequently encountered in (unsaturated) groundwater flow and can be modeled
by the (stationary) Richards equation. Here, we consider a quasilinear coefficient of the form
A(z,u, Vu) = ¢(x)k(u)Vu. For ¢ we choose a spatial multiscale model with a channel as depicted
in Figure 5.6 left, which is often present in geophysical applications. Note that this can easily
be extended to the case of several channels. For the nonlinearity k, we consider the following
so-called van Genuchten model [38]

(1 afs|(1 + (als)?*)~'/%)
1+ (afs])?

with o = 0.005, see also [11]. The right-hand side is

k(s) =

fz) =

0.1 x5 <0.1,
1 else,

The reference solution for the present setting is depicted in Figure 5.6 right. Note the influence
of the channel, which analytically manifests itself in a low regularity of the solution.

As a consequence, we observe exactly the (worst-case) convergence rates as predicted by our
theory (for the monotone case only), but not more. In particular, the L2-error for Iyugy ., follows
the best-approximation error, which in this case is “only” linear as discussed after Corollary 4.3.
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Figure 5.6: Coefficient ¢(x) (left) and reference solution (right) for the experiment of Section 5.3.

Furthermore, we see the expected linear convergence of the upscaled error er,op up to a slight
saturation for small H. This is most probably caused again by a dominating linearization error,
which could be cured by a different choice of the linearization point as discussed in the previous
experiments and in Section 4.2. This experiment clearly underlines the applicability of the
approach also beyond the strictly monotone case and indicates that similar convergence rates as
in Theorem 4.2 and Corollary 4.3 can be expected.

Conclusion

We presented a multiscale method for nonlinear monotone elliptic problems with spatial multi-
scale features. A problem-adapted multiscale basis is constructed by solving local linear fine-scale
problems for each coarse-scale mesh element. Numerical analysis shows optimal error estimates
up to linearization errors and we discussed choices of the linearization. Several numerical experi-
ments underline and confirm the applicability of the method as well as the expected convergence
rates. We also numerically compared the influence of the chosen linearization on the perfor-
mance of the method. As mentioned, iterative (adaptive) LOD methods where either a cascade
of LOD solutions to different linearization points is computed or the correctors are (partially)
updated during the nonlinear iteration are interesting extensions of the presented method and
will be subject of future research. Also the numerical analysis for the quasilinear non-monotone
problems, where the numerical example has shown promising results, will be studied in the fu-
ture. A generalization of the method to other nonlinear problems seems possible, here we note
as interesting applications (besides Richards equation) porous media flow, nonlinear elasticity,
and wave propagation in nonlinear media (e.g., of Kerr-type).
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L2-error estimate for the Galerkin method

In this appendix, we prove an L2-estimate for the Galerkin method (3.4).

Theorem A.1. Let Assumptions 2.1 and 3.1 be fulfilled and suppose further that A(xz,Vu) =
Ap(z,Vu,Vu). Let u be the solution to (2.2) and up , the solution to (3.7). Then it holds that

2

e —wmmllo S (H +C0 8"+ sup [(Q — Qi vrrh)lu—wm b + i1 (o, Trrn) 111 )

vg €VH
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with the linearization error Mmin,1 defined as

(Min,1(w,v), ) = /Q(AL(JU,Vu, Vo) — A(x,Vv)) - Vi dz

and where Ug,m s defined via (A.1) below.

The first term of the above error estimate presumably is of O(H?) for the choice m = |log H |
(up to the linearization error |(Q,, — Q% )vy|1 discussed in Section 4.2). The linearization error
Min,1(u, v) can be estimated in the same way as in Lemmas 4.4 and 4.5 by replacing u* with w.
According to those lemmas, we then need to estimate |u — Uy, m|1 and [|[V(u — U m)| Lo (o). As
shown below, |u—Ug |1 is of the same order as |u —up |1 discussed in Theorem 4.2. However,
it is not clear whether W1 >-estimates for the multiscale space Vi m can be established in the
spirit of [8, Chapter 8] to obtain a quadratic rate for n;y 1 in case of a Newton-type linearization.

Proof. Let tg,m € Vi m be the unique solution to
(Ql“VﬂH,m,VvH,m)Q = (QL“VU,VUHM)Q for all vg.m € Vi m, (A1)
cf. [2]. Note that this can equivalently be written as
(AL(:U, Vu,VEH,m),VvH}m)Q = (AL(x,Vu,Vu),VvH,m)Q for all vgm € Vi m.

We split the error v — ug,, into w — Up,m and U, ym — UH,m and estimate both parts separately.
First step: Estimate of Wp,m — wim: By the monotonicity of A, Galerkin orthogonality, the
assumption A(z, Vu) = Ar(z, Vu, Vu) and (A.1), we deduce
lutm = Gamli S (Ale, Vurm) — A, Viam), V(uam — mm)),
= (A(:c, Vu) — A(I, VﬂHM), V(UHM — aH,m))Q
= (AL(z, Vu, Vu) — A(z, Vigm), V(Wim — ﬂH,m))Q
= (AL(SC, Vu, VﬂHﬂn) — A(IL‘, Vﬁva), V(Uva — aH,m))Q
< i1 (w, @ m) | -1 () [ H,m — U m 1 -
The L2?-estimate is obtained by applying Friedrich’s inequality.
Second step: Estimate of w — g m: This is in principle an L?-estimate for a Galerkin LOD for
an elliptic diffusion problem. The main issue, however, is that the multiscale space Vi, is not

built with respect to the diffusion tensor A* = Ay (z, Vu) but with respect to A = A (z, Vu*).
We first of all note that due to the projection, we have

|u—ﬂH,m|1 5 inf \u—vH,mh S |’U,—UH’m|1.
VH,mEVH,m

Let now z € H& () and zg.m € Vi,m be the solutions of the following dual problems

(Ql“Vv,Vz)Q = (v, u — UH,m)a for all v € H} (),
and  (A“Vog,m, VzH,m)Q = (VH,m, U — UH,m)Q for all vy m € Vim.
Assumption 3.1 and Galerkin orthogonality imply
|z — zamh S inf |z —vEmh <|z— (id—Qm)Iuzh

UH,7nEVH,m

<z = (id—=Q"“)Muzli +[(Q" — Qu) Izl + [(Qy, — Qm)Iuzl1,
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where the second term is estimated with Proposition 4.1. Employing (2.5) and the a priori
(stability) estimate for z, the last term yields

(9t = Qu)Inzh S ( sup (i = Qu)vnly )l = itm]lo

vHEVEH
For the first term, we obtain with the ellipticity of A" as well as the definitions of Q" and z that
|z — (1[d—Q")Ipz|] S (A*V(z — (1d—Q“)Ip=2), V(2 — (id —Q“)IHZ))Q
(QJ.“V,Z V(z - (id—Q")Igz) )
= (u—UHm, 2 — ([d—Q“) g 2)q
S Hl|lu—tgmlolz— (id—Q%)Igz|;.
Combining the foregoing estimates, we conclude

|2 = 2l S (H +Cof2 8™ + sup [(Qm — Q4)val1) lu — tggmllo-
vgeVy

Finally, the definition of the dual problems yields
w — Tp.m|s = (Ql“V(u — Ul m), VZ)Q
= (A"V(u—Ugm), V(z — 2m,m))

Sz = zam|i|u — Uamli,

Q

which in combination with the already derived estimates finishes the proof. O

B. Proof of Proposition 4.6

The proof of Proposition 4.6 simply relies on the definition of the element correctors and is
similar to the results in [19, 20].

Proof of Proposition 4.6. Let T € Ty and vy € Vi be fixed. Abbreviate w := (Qp m — Q%’m)vH
and note that w € W(N™(T)). We deduce by the definition of Qr,, and Q% that

\wﬁ < (Q/l;Vw,Vw)Nm(T)
= (Q/[EVQTym’UH, Vw)N"”(T) - (é\lVQT’mUH, Vw)
= (=AY (1Y = V1), VO) o

< @ =A%) (xrV = VQrm)vrllom(r) [wl:
We then proceed as follows
[w|f SNE@ = A (xrV = VOrm)vm§ xm(r)
”(Ql - %“)(XTV - VQT,m)wH(z),N’"(T) | ‘2

vy + @AV, Vo) = (Ao, Vw)

< max w
= WlrpEVn W1 7 o
|(x2V = VOrm)¥ll§ 1
S Q[ Ql oo (T7) ’ ’ w
> -y max e ul? r

T' €Ty, T'CN™(T)
_ 2 2
= EQ,T |w|1,T’

which finishes the proof. Note that only in the very first step we hide the lower spectral bound
of A%|m(7y in the notation <, all other estimates are constant-free. O
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