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HETEROGENEOUS MULTISCALE METHOD FOR MAXWELL’S
EQUATIONS*

MARLIS HOCHBRUCK', BERNHARD MAIER', AND CHRISTIAN STOHRER

Abstract. We present a Finite Element Heterogeneous Multiscale Method (FE-HMM) for
time-dependent Maxwell’s equations in first-order formulation in highly oscillatory materials using
Nédélec’s edge elements. Based on a uniform approach for the error analysis of non-conforming space
discretizations [17], we prove an error bound for the semidiscrete scheme. We further present error
bounds for the fully discrete scheme, where we consider time discretization using algebraically stable
Runge—-Kutta methods, the Crank—Nicolson method and the leapfrog method. These error bounds
are confirmed by numerical experiments.

Key words. Heterogeneous Multiscale Method, First order time-dependent Maxwell’s equa-
tions, Fully discrete error analysis
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1. Introduction. Our goal is the numerical solution of time-dependent linear
Maxwell’s equations in a highly oscillatory material at reasonable computational cost.
Therefore, we approximate the effective behavior of the electromagnetic field without
resolving the fine scale behavior. This is done using a Finite Element Heterogeneous
Multiscale Method (FE-HMM) introduced in [15]. Such methods are known to be
efficient and offer a good framework for the error analysis for the simulation of ho-
mogenization problems in highly oscillatory media [4]. Highly oscillatory means that
the material parameters, i.e., the magnetic permeability p” and the electric permit-
tivity €7, depend on a characteristic microscopic length 7 that is assumed to be very
small in comparison to the diameter of the domain €. As the material parameters de-
pend on 7, the magnetic field H" and the electric field E" inherit this dependency on
the microscopic structure of the material, indicated by the superscript 1. Accordingly,
we consider the following problem:

Find H" : [0,T] — H(curl, ) and E" : [0,T] — Hp(curl, Q), such that
wl(x)o H" (t,x) = — curl E"(¢t, x),
e"(x)0 E"(t,x) = curl H" (¢, z) — Joxt (¢, ),
H"(0) = Hy, E"(0) = Ey.

(1.1)

We will call this set of equations Maxwell’s equations in first order formulation, as
there are only first derivatives in space. To our knowledge, all previously presented
FE-HMMs for Maxwell’s equations were based on the second order formulation, also
known as the curl-curl problem. In [12] and [16], Heterogeneous Multiscale Methods
for time-harmonic Maxwell’s equations in second order formulation are introduced.
An HMM for time-dependent Maxwell’s equations is analyzed in [21]. These meth-
ods have the drawback of introducing new micro problems, whereas the approach
presented in this work is only based on the micro problems already known from FE-
HMMs for elliptic problems [2]. Besides HMM there are only few multiscale methods
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for the time-dependent first order formulation of Maxwell’s equations. In [10], a mul-
tiscale scheme based on an asymptotic expansion has been presented. Recently, this
idea has been adapted to the time-dependent Maxwell-Schrodinger system [11]. In
[24], the multiscale hybrid-mixed method was extended to Maxwell’s equation (1.1).

As our main results, we present error estimates for the fully discrete FE-HMM.
This includes an analysis of the discretization in time with algebraically stable Runge—-
Kutta methods, the Crank—Nicolson scheme and the leapfrog scheme. Note that
this was already done for parabolic problems, e.g., the application of the implicit
Euler method is analyzed in [5] and a class of higher order Runge-Kutta methods is
considered in [6].

1.1. Outline. The general setup (1.1) is discussed in Section 2. We further
recap a homogenization result from [28], which basically states that the multiscale
solutions H" and E" converge to the solutions H® and E°f of the homogenized
equations. These equations, however, use homogenized material parameters whose
computation in general includes the solution of infinitely many elliptic differential
equations. As we introduce space discretization and derive the HMM in Section 3, we
reduce these micro problems to a finite number. We also derive the so-called HMM-
material parameters, as explained in [3]. These parameters allow us to write the HMM
in a form which is equivalent to the homogenized system, which is fundamental for the
error analysis in Section 4. There, we prove a convergence result for the semidiscrete
discretization using tools from [17]. Furthermore, we generalize these convergence
results to the fully discrete case in Section 5, where we consider time discretization
with algebraically stable Runge-Kutta methods of arbitrary high order, the Crank—
Nicolson method and the leapfrog scheme. Finally, we present some numerical results
verifying our theoretical results in Section 6.

1.2. Notation. Let Q C R* be a Lipschitz domain and Y*(2) = z + (—%, 5)*
for K > 0 and = € Q. To keep notation simple, we omit the argument if x = 0 and
omit the subscript if £ = 1. For s € Ng we denote by |||, o, the standard norm of the
Sobolev space W*2(Q) with L?(Q) = W%2(Q). Analogously, we denote by |||
the norms of the Sobolev space W (Q). By W,*(2), we denote the space consisting
of all elements of W12(Q) with vanishing trace on the boundary of Q. To simplify
the notation, we use the same expressions for the norm of vector- or matrix-valued
Sobolev spaces. We further use the spaces

$,00,82

H(curl,Q) = {f € L*(Q)®| curl f € L*(Q)*},
H(div,Q) = {f € L*(Q)*| div f € L*(Q)*},
H(curl®, Q) = {f € H(curl, Q)| curl f € H(curl,Q)},

and Ho(curl, Q), which consists of all functions in H (curl, Q) with vanishing tangential
trace. Note that this corresponds to the closure of C§°(2) with respect to the norm of
H(curl, ©2). To indicate that a function space F'(Y) contains only periodic functions,
we write Fiu(Y™). Finally, we use a generic constant C' > 0, which may have different
values on any occurrence.

2. Multiscale model problem and homogenization. We consider Maxwell’s
equations (1.1) for locally periodic material parameters.

DEFINITION 2.1. Let n > 0. A tensor o : Q — R3*3 is called locally periodic if
there is a tensor o : 0 x R® — R3%3, which is Y -periodic in its second argument and

a'(z) = o, ) holds for almost every x € Q.
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Furthermore, the magnetic permeability p” and the electric permittivity " are as-
sumed to be symmetric, uniformly positive definite and uniformly bounded. More
precisely, we assume that u”,&” € L>(Q)3*3 and that there are constants A\, A > 0,
such that

(2.1) NP <pm(@)e-€ <Al and  AEP <e(2)€- € < A€,

for all £ € R? and almost every z € €2, which implies that all materials considered
have a positive refractive index for all n > 0.
From (1.1), we get the following variational multiscale Maxwell’s equation:

Find w” : [0,T] = V = H(curl, Q) x Hp(curl, ), such that for all £ € V
(2.2) m" (9" (1), &) = s(u"(t), ) +m"(f7(t), ),
u"(0) = uo.

The solution 7 = (H", E") consists of the magnetic field H" € H(curl, Q) and the
electric field E" € Hy(curl, ). The bilinear forms are given by

(%) (2)) = 675 e + @7 P
(( ) ( )) (curld, ©)o.a — (curlyy, @)y o,

for all ¥, ¢ € H(curl, Q) and ¢, ¢ € Hp(curl, Q). Depending on the given electric cur-
rent Jex € CH(0,T; Ho(cur127 2))NC(0,T; H(div,Q)), we further define the function
f7:00,T] x Q — R® by

(e () = (o) (B

for all ¢ € H(curl,Q) and ¢ € Hp(curl, Q).

For an initial value ug € V' and a fixed 7, the wellposedness of this model problem
was proven for example in [18, Prop. 3.5]. In order to consider the corresponding
homogenized problem, the uniform boundedness of the solutions with respect to n
has to be shown additionally.

PROPOSITION 2.2 (cf. [28, Prop. 5.3]). For n > 0 let u" = (H",E") € V be the
solution of (2.2). The functions H", E" 0,H", OE", curl H" and curl E" are
bounded in L>=(0,T; L*(Q)3) independently of 7.

Based on this result, the effective Maxwell’s equation can be derived, which models
the behavior of u" in the limit n — 0.

THEOREM 2.3 (cf. [28, Thm. 3.2]). Forn > 0 let u" € V be the solution of (2.2).
Then

u — et weakly in L*(0,T; V),

where u € C1(0,T; L*(2)%) N C(0,T;V) is the solution of the following variational
effective Maxwell’s equation:

Find u*® : [0,T] = V, such that for all € € V

(2.3) m M (Bpu (), €) = ( (t),6) +mT (), €),
u(0) =
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For 1/),1Z € H(curl,Q) and ¢, € Hy(curl, Q) the effective bilinear form m® is given
by

i ((4). (@)) = [ W70 ) + T @E) ol de

® ®
with
(240) () = (I = Dyxu(z. )" (. L) (I = Dyxu(z,v)) dy,
Y1 ()] Jyn ()
(2.4Db) ef(z) = b (I- Dyx,s(:c,y))Tg(ac7 %) (I = Dyxe(z,y)) dy,
Y1 ()] Jyn ()

for x € Q, where I is the identity matriz. The unknown functions x,(z,-), x:(z,-) €
(W;;L’Q(Y”(:r))/R)3 are the uniquely defined solutions of the local problems

(2.5a) /Yn( )(I - Dyxﬂ(x,y))T,u(a:, %)Vyv(y) dy=0 Yo € W#Q(Y"(x)),
(2.5b) /Yn( )(I - Dyxg(%y))Ts(a:, %)Vyv(y) dy=0 Yo € W#Q(Y"(m)).

The function f%:[0,T] x Q — RS is defined by

(2.6) mef <f (), (i)) = (<—Jeit(t)>’ (z»o Q

)

for all ¢ € H(curl, Q) and ¢ € Hy(curl, Q).

Following ideas of [23, Chapter 1.4] and [9, Chapter 2.3], one can show that the
effective material parameters ;°® and €°% are still symmetric, positive definite, and
bounded. Even more, the corresponding bounds remain valid with the same constants
A and A. Therefore, the effective system of Maxwell’s equations is wellposed following
the same arguments as for the multiscale problem (2.2).

Remark 2.4. For further insight into the physical meaning of the effective fields,
we refer to [28]. There, the authors use the concept of two-scale convergence, which
was originally introduced in [27], to characterize the effective fields as local means of
the corresponding two-scale limits. A brief outline of the results can also be found in
[12, Prop. 1, Cor. 2] for second order Maxwell’s equations.

3. Spatial discretization. As for most heterogeneous multiscale methods, two
spatial discretizations are required: a macro discretization of the domain € and a
micro discretization of Y (z) for the micro problems (2.5). In view of the numerical
experiments implemented in deal.II [8], we focus on hexahedral elements. There is
however no principle obstruction to use other finite elements. Let the domain 2 be
partitioned by a shape regular mesh 7y consisting of parallelepipeds. The subscript
H denotes the maximum over the edge lengths of all cells K € Ty.

We need quadrature formulas with nodes sr:f and weights wJK G=1,...,Jk)
for every element K € Tg. Summing over all K € Ty yields a quadrature formula
for the whole domain €. Let Q“J* be the space of polynomials of degree at most
i,7,¢ € N in the respective variables. We assume all quadrature formulas to be exact



HETEROGENEOUS MULTISCALE METHOD FOR MAXWELL’S EQUATIONS 5

for polynomials in Q%¢242¢ where ¢ € N is the order of the finite elements of the macro
discretization introduced in the next section. Hence we have for all p € Q2¢:26:2¢

JK
(3.1) [ p@dr= 3 Y wlntal),

KeTy j=1

which means that products of polynomials of degree at most ¢ in each variable are
integrated exactly.

3.1. Edge elements. For the macro discretization, we use Nédélec’s H (curl, 2)-
conforming elements of first type for hexahedral elements, which were introduced in
[26]. We first recall some important results for these finite elements. With

va — QUL Q=1L 5 Qlili=1
we denote by
(3.2a) Vir(curl, Tz) = {vg € H(curl, Q) | vg|x € Q% VK € Tu}

the space of Nédélec’s H(curl, Q)-conforming elements of first type of order ¢ € N.
We further write

(3.2b) Vi o(curl, Tg) = Ho(curl, Q) N Vi (curl, Ty).

Nédélec showed that the corresponding interpolation operator satisfies the following
error bound.

THEOREM 3.1 (cf. [26, Thm. 6]). Letu € W 12(Q). The interpolation operator
Ty : WHL2(Q) — Vi (curl, Ty) for Nédélec elements of first type satisfies

flu — IHUHH(curl,Q) < CH€|U|2+1,97

where ||, o denotes the WL2(Q)3-seminorm.

3.2. Heterogeneous multiscale method. Our goal is to approximate the so-
lution u® of the effective Maxwell’s equation (2.3). In order to evaluate the bilinear
form me® exactly, the effective parameters pf, £ have to be known. These matrix-
valued functions are given pointwise in terms of the solution of the micro problems
(2.5). As analytic expressions thereof are not available in general, we use an approx-
imated bilinear form instead. This procedure is detailed in the following.

To construct an HMM for Maxwell’s equations, we replace in (2.3) the function
spaces H(curl, Q) and Hy(curl,Q) with the corresponding discrete counterparts de-
fined in (3.2a) and (3.2b), respectively. Furthermore we use the quadrature formula
(3.1) to approximate the bilinear forms m® and s. This yields the following discrete
effective Maxwell’s equation:

Find u$T : [0, T] — Vi = Vi (curl, Ta) x Viro(curl, Tp), such that for all &5 € Vi
mig (Opufy (), ) = sm (g (1), €m) +mif (F (1), €m),

ugt (0) = uo,m

with an approximation ug g € Vg to the initial values up € V. We further use the
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discretized versions of the bilinear forms

(3.3) i (@Z) (gﬁ)) = ;;%K (1 (@ )b () - ()

+ e (@) gu () - ou(al)),

ol(2) ) o s

- {oFH(z]K) . curl@/JH(xf{))
and the function f¢f € C(0,T;Vy) defined by

it (. (1) = (L) (22),

for all 1, by € Vi (curl, Ty) and pu, ¢u € Vi o(curl, Ty), where Jexe g ¢ [0,T] —
Vi (curl, Tr) is an approximation to the electric displacement Jex. The next step is
to insert the equations for the effective material parameters (2.4) into mSf. Therefore,
we define the abbreviations

Gy (x,y) = (I = Dyxu(x,v))vu(z), ey(e,y) = (I — Dyxe(z,y))en(z),
@H,X(x,y) = (I - DyXu(x7y))7ZH('r)7 @H,x(xvy) = (I_ DyXE(Z‘,y))@H(JJ).

This yields an equivalent representation of the bilinear form (3.3), namely

e 7/)H 7:/; N wK
Igf((goH), (¢§>) B KZJD/W(-;‘?V”(/Yn(z ) ( ?7%)1#1{7)(( J 7y) .,(/)H;X('Tj(7y) dy
+ ~/Y’7(;p )6(.%;{, %)@H X( j ay) : SDH,X(Z’jK,y) dy)

Based on the local problems (2.5) we introduce elliptic PDEs which uniquely describe
the unknown functions ¥y, @w.x, Yy, PH,y- Since all functions can be treated
analogously, the procedure is only presented for 1 ,. We introduce

Vpiin(e,y) = (y =) -du(r)  and  Vyy(r,y) = —nxu(@,y)  $u(w).
It is easy to see that
Vg (z,y) = Viun(@,y) + Vig(,y)
is a potential of Yy y, ie., Vy,¥y = 9y ,. While Wp i, is known explicitly, Vg 4
depends on the (unknown) solutions X, of the local micro problem (2.5a). It is easy

to check that Wp 4 is the solution of the following problem:

Find Uy 4 (2, ) € WA (Y"(2)) /R, such that for all v € W, (Y7 (2)))

/WK)u( K 1), 0y (25, y) - Vy0(y) dy =

—/Yn(zK)u( S DV V(5 y) - Vyo(y) dy.
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This weak form is already known from HMMs for elliptic problems, see [1].

The final step in the construction of the HMM is the discretization of the micro
problems stated above. To do so, we first introduce for § > n the sampling domains
Y‘S(asf ), which are used to approximate the effective material parameters. We use
hexahedral Lagrange elements and denote the mesh, which partitions Y‘;(xJK ) by Th.
The corresponding discrete function space of piecewise polynomials of degree at most
k € N in each variable is denoted by S;;(ﬁ) for periodic boundary conditions or
SE(Tn) in the case of homogeneous Dirichlet boundary conditions. Note that the use
of periodic boundary conditions is favorable if 7 is known explicitly, as these are the
natural boundary conditions from (2.5). Nevertheless, we want to emphasize that with
the use of Dirichlet boundary conditions, our scheme is also suitable for applications,
where 7 is mostly unknown. As our error analysis covers both cases, we use the
notation S¥ #(’771), whenever the results are independen of the specific choice of the
boundary conditions. Finally, we get the following elliptic HMM micro problems:

Find \IIH7h,#(xJK, ) € Sf/# (T1), such that for all vy, € Sf/# (Th)

(3.4) /Yé( K) M(ij7 %)qujH’h’#(xJK’y) ’ Vyvh(y) dy =
. "

_ K y . K .
/Y oy A a0 )

Remark 3.2. Note that the solution of (3.4) with Sf/#(ﬂl) = S@(E) is only
unique up to an additional constant. Nevertheless, for the sake of presentation, we
will omit the use of quotient spaces here and in the following to treat both boundary
conditions without further differentiation. Also note that our scheme does not rely
on the solution itself, but only its gradient.

By solving these micro problems on every element for all quadrature nodes and
all basis functions, we find an approximation m"MM to m%l;f:

mam ([N () _ wit K y\7J K .. K
m ((90>7 (@)) = ; |Y5(x§()| (/Y’S(mf)ﬂ(xj 7%)¢H,h(’£]’ ) wH,h(l'j ,y) dy
(3.5) +/Y6(w;()€($§<»g)95H,h(fU§(ay)'¢H,h($§<,y) dy>7

where we use the solutions of the HMM micro problems (3.4) to compute

Yun(x,y) = VyViin + VoV n 4, e (T, Y) = VyPHlin + VyPrh 4,
G, y) = VoV aiin + VoW 4, Grn(T,y) = Vy®Prin + VyPrp 4,
for all ¥, {/;H € Vy(curl,7g) and ou, oy € Vmo(curl, Tg). Together with the
discrete bilinear form sy, we finally derive the HMM for Maxwell’s equation:
Find «™M : [0, 7] — Vg, such that for all £ € Vi
(3.6) m™MM O ™M (), i) = s (W™ (@), €m) + (Fi ™ (1), 1) o 00

U%MM(O) = Ug,H-
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5 ElE =
B ElE =

Fic. 3.1. HMM scheme in 2D

The function fEMMe C(0,T;Vy) is defined by

(3.7) mHMM (fEMM(t)’ (ig)) - ((—Jex?ﬁ(t)>’ (Zﬁﬁ))on

for all ¢y € Vy(curl, Ty) and ¢y € Vg o(curl, Ty).

Figure 3.1 shows an overview of the general procedure of heterogeneous multiscale
methods. For every quadrature node (bullets) of the macro mesh Ty, there is a micro
cell Y? (colored in gray), on which the HMM micro problems (3.4) are solved using a
micro mesh 7j,.

Remark 3.3. As our implementation of the HMM scheme is based on the FE-
library deal.II [8], which supports only hexahedral meshes, we restrict the analysis
to such triangulations. Nevertheless we want to emphasize that the results presented
in this work can be easily extended to tetrahedral meshes using different polynomial
spaces and quadrature formulas. In addition it is also possible to mix the elements,
e.g., one could use tetrahedral elements on the macro scale and hexahedral ones to
solve the micro problems.

3.3. HMM material parameters. As an intermediate step between the in-
troduction of the HMM and the semidiscrete error analysis in the next section, we
follow an idea of [3, Chapter 5.1] to define the so-called HMM material parameters.
Those parameters allow the reformulation of (3.6) into an equivalent differential equa-
tion with a similar structure as (2.3). Although the HMM material parameters are
not used in numerical computations, they are a fundamental tool for the later error
analysis.

A close look at the HMM scheme shows that up to the introduction of the micro
problems in (3.4), we only transformed the bilinear form in an equivalent way. The
idea for the formulation of the HMM parameters is similar, as the continuous local
problems (2.5) are replaced by their discrete counterparts (3.8) in the definition of
the effective parameters (2.4). This results in the following pointwise definitions of
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the HMM material parameters.

1

ptMM () = @] Jyos (I— Dyxpun (@) (@, L) (I = Dyxpn(,y)) dy,
1

etV (z) = V@ o )(I—Dyxs,m,y))Te(x,%)(I—Dyxs,h(x,y»dy,

where X, n(, ), Xen(T,") € Sé“/# (77L)3 are the solutions of the discrete local problems

/8( )(I, DyXu,h(%y))T,u(%%)Vyvh(y) dy=0 Yo, € Sf/#('m),
Yo(x
(3.8)
T
/}/J(I)(IDyXE,h(xvy)) 5(z7%)Vyvh(y) dy = O V'Uh c SCI)C/#(E)7

for almost every = € Q. These definitions allow an equivalent reformulation of (3.5)

mHMM((ﬁg)( “) - S () ) )

+ MMM (VG () - on (2))).

Following an analogous approach as for the effective material parameters, one can
show that the HMM parameters are again symmetric, uniformly positive definite, uni-
formly bounded and satisfy the same bounds as in (2.1). This yields the wellposedness
of the HMM scheme (3.6). For details, we refer to [25, Lem. 6.4 and Thm. 6.6].

As final preparation for the error analysis in the following section, we now present
bounds for the differences between the HMM parameters and the effective parameters.
These bounds are based on the introduction of auxiliary parameters 9, %9 which
are defined equivalently to (2.4) (2.5) with Y7 (z) and W;’z(Y"(:c)) replaced by Y?(x)
and Wol/’j(Y”(:v)), respectively. For the definition of the space Wol/’; (Y"(x)), we use

the same boundary conditions as for Sf/ L (Th).
Based on this definition, we split the differences between the HMM parameters
and the effective parameters at a quadrature node x]K

(3.9)
MM () — ) o < [ ) — o0 () o e () — )
[ () — ()] < [ (@) — 00 () | |9 () — ()

where the first term arises due to the discretization of the local problems, whereas
the second term covers the introduction of the sampling domains and if present the
homogeneous Dirichlet boundary conditions.

For the first term, we present the following bound on the difference of the effective
and the HMM parameters shown in [3, Cor. 5.3].

LEMMA 3.4. Let k € N, U/#(’771) be the finite element space used to solve the
micro problems (3.4) and assume that

(3.10) |Xﬂ‘k+1,Y5(w§()7 |X5|k+17y5(z§.() <Cn* |Y6($§{)|
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holds for all quadrature nodes :55( of the mesh Tg. Then we have the following esti-

mates on all quadrature nodes wf

o 2k
supl | (@) — p 0 ) < C(5)7
(3.11) !

2k
S#I?IIEHMM(%?) — e (@)llp < C ()
»J

with the Frobenius norm ||-||z and a constant C' > 0 independent of h and 7.

As pointed out in [3, Remark 5.1], a sufficient condition for the case k = 1 to show
(3.10) is that the multiscale material parameters are sufficiently smooth on every mesh
element of the macro discretization, i.e.,

Mn|Ka€n|K S Wl’oo(K)3X37 |/ln‘W1,oo(K)3><37 |5n|W1,oo(K)3><3 < C"771,

for all K € Ty with C' > 0. For the case k > 1 a similar estimate based on higher order
Sobolev spaces depending on the regularity of the multiscale material parameters is
also indicated there.

To bound the second term of (3.9), which is the main contribution to the so-called
modeling error, we cite results from [4, Lem. 4.8, Thm. 4.9].

LEMMA 3.5. (a) If the local problems (3.4) are solved with periodic boundary val-
ues, we have % eN

sup|[e”™ (a) — (@) = 0

K,j
forall K € Ty.
(b) If the local problems (3.4) are solved with homoegeneous Dirichlet boundary con-
ditions, we have for § > n

off, 8 K\ _ _eff( K <c(n
supllee™ (af) — e af) 1 < €5 +9)

for all K € Ty with a constant C' > 0 independent of h and 7.

Remark 3.6. Note that our framework is not limited to the discrete micro prob-
lems (3.8) presented above, e.g., one may also use different boundary conditions or
different averaging methods to discretize (2.5). For further discussion of the resulting
discretization errors, we refer to [29]. Another approach is presented in [7], where
the authors suggest the usage of hyperbolic micro problems together with averaging
kernels to improve the bounds for the modeling error.

4. Semidiscrete a priori error analysis. The following error analysis for the
semidiscrete approximation (3.6) to the continuous problem (2.3) is based on the
unified error analysis [17, Thm. 3.3]. Our analysis makes use of the following function
spaces equipped with the corresponding inner products.

X =L*(Q)°, (&,6)x =m*(¢,6),
V= H(CU.I’L Q) x Hy (CllI'l, Q)7 (Cv Z)V = (Ca g)H(curl,Q)Zv
Vi = Vi (curl, Tir) x Vigo(curl, T), (€, €1 vy = mM™MM (e Ex).

We further introduce the space Z = W*1:2(Q)¢ equipped with the standard norm.
All these spaces are Hilbert spaces and the norms that are induced by the bilinear
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forms m°f and m"MM are equivalent to the standard L?(€)%-norm. Hence for all
£ € X and all £ € Vi, we have

(4.1a) VAllllon <li€llx < VAIEl 0
(4.1b) Vlésllo.q <l€ally,, < VA€o0,

as pff, eoff MM and cHMM )] satisfy the bounds from (2.1).
In order to prove an error estimate for the HMM solution, we have to bound the
errors in the bilinear forms

Am: Vg x Vg =R, Am(Ey, &) = m®(Em, Eu) — m™M (€, &),
As: Vg x Vg = R, As(Er, ) = |5(Em, Emr) — s (Em, En)],

which is done in the following lemma.

LEMMA 4.1. (a) Let assumption (3.10) be fulfilled and assume
42) g, e e € WHSRES 1y i 16 gm0k < C

for all K € Ty with a constant C>0 independent of n and H. Then, we get for all
5 € Z7 SH € VH

Am(E,&m) < C<HZ + (%)Qk + 6mod> ||5He+1,9||€H||0,Qa

with emoa = 0 under the assumptions of Lemma 3.5(a) or emod < % + 6 under the
assumptions of Lemma 3.5(b).
(b) For all {pr, €y € Vi, it holds

AS(fH,gH) = O

Remark 4.2. As the space Z is continuously embedded into C(f2) for £ > 1, we
can extend m$t and mHMM to 7 x Z.

Proof of Lemma 4.1. As part (a) is more involved, we will first prove part (b).
The estimate for As is trivial, since inserting the definitions of the bilinear forms

yields for all (iz), (gf[ ) e Vy
() )<l i i
+Z‘/ o () - curl iy (x) dr =Y wlop(z)) 'CurliH(wf{)‘,
K WK J

which is just the sum of two quadrature errors. We assumed in (3.1) the exactness
of the quadrature formula for polynomials in Q2%2%2¢, Therefore these quadrature
errors both vanish, which yields the result.

The proof of part (a) is not as simple, since the effective parameters and the HMM
parameters appear in these differences. We start by splitting Am into an HMM error
a quadrature error and a modeling error.

Am(f, SH) S A7nHMM (67 fH) + AWLQuad (67 5H)+6mod7
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where

) = [mMMM g gr) — mSH(E, Em),

#) = [m(E Emr) —mi (& Em)l,

for all £ = @) €Z, ¢y = (ZﬁZ) € Vy.

The next step is to prove a bound for Amyy using the estimates (3.11) for the
HMM material parameters. Inserting the definitions of m"™MM and msf ff and using the
triangle inequality yields

Ampnim

&€
Amquad(§,§

)

(4.3)
Ampmm ((fi)? (i;g)) <C sup Sup”aeﬁ(x;{) — ™M) |

ac{p,e} K,j
> +| [ i),

where we used the notation (* = ¢, (* = ¢. From [13, Thm. 4.1.5] we have the
bound

(e - () - /Kca(x)g%[(x) d

(4.4)

< CHZ—HHC ||4+1 K”CHHl K

Sl @) ) = [ ¢ ite) do
J

and with the inverse inequality (cf. [13, Thm. 3.2.6]), this yields

Sl ) Glal) = [ ¢ @) ile) da
J

For the last term in (4.3), we use the Cauchy-Schwarz inequality to get

(4.5)

< CHYIC N gy s IS o xc-

‘ | cwee

< N1€%Mlo, £ 1<Fr Mo, £c-

Inserting these results into (4.3) and using again the Cauchy-Schwarz inequality to-
gether with Lemma 3.4 and Lemma 3.5 yields the desired bound for Ampy.

Finally, we treat the quadrature error Amquaq following [13, Thm. 4.1.4]. Using
the triangle inequality, we get

Amauaa(&,€x) < ‘ /Q p (@) (x) - pp (x) da — wa p (@)l (2l )‘

_|_

[ =)ol o) d— St el olef) - utef )

Application of [13, Thm. 4.1.5] and using the same techniques as in (4.4) and (4.5)
then yields the result. O

Remark 4.3. Similar to the comment following Lemma 3.4, it is also possible to
reduce the assumptions (4.2) to regularity assumptions for the multiscale parame-
ters. This follows from the definition of the effective parameters (2.4), since these
parameters only depend on the multiscale parameters and the solutions of the local
problems.
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As final preparation for the semidiscrete error bound, we have to prove the interpo-
lation property from Theorem 3.1 in the norm of the discrete space V.

LEMMA 4.4. For £ € Z and the identity operator I, the following estimate holds.

I(Z = Zr)élly,, < CH €4 ,0-

Proof. The idea of this proof is to apply the norm equivalence (4.1b) and the
interpolation property from Theorem 3.1. However, as (Z — Zy )€ is in general not in
Vi, we cannot apply (4.1b) directly.

As a workaround, we define an interpolation operator Zy,, : Z — Vg (curl, Tx)?,
such that for all £ € Z, &g € Vi

(IVHga €H)VH = (6? §H>VH

holds. Since the inner product on Vg contains only nodal evaluations at the quadra-
ture points, Zy,, is the nodal interpolation at the quadrature points. As a direct
consequence, we get

IZ = Zvyy )y, = 0.
Together with the triangle inequality, this yields

IZ = Zu)éllv,, < 1T =Zvi)éllv,, + 1 Zvie = Zr)€lly,, = 1(Zvie = Zr)€lly, -

Using the norm equivalence (4.1b) and again the triangle inequality, we get

I(Z = Zu)élly,, < CIT = Zvy )éllo.o + CIT — Zu)élo o
From [14, Sec. 3.6.2, Thm. 7] we get a bound for the first term.

I(Z = Zvi)ello o < CHF el i1 0
Bounding the second term with Theorem 3.1 yields the result. O

With all preliminary results at hand, we now state the error estimate for the semidis-
crete HMM method.

THEOREM 4.5. Let u®® € C1(0,T;Z) be the solution of (2.3) and let uMM ¢
L>(0,T;Vy) be the solution of (3.6) at time t € (0,T). If (3.10) and (4.2) hold, we
get the semidiscrete error estimate

||UI;1MM(t)_UCH(t)H0,Q <SC(1+1t) (”UO,H - IHUOHO,Q + [ Jext,m — Jext||L°°(O,t;L2(Q)3)

14 T T 2k T
+ H ([ e 0,02) H1OU™ | o 0,0,2)) + ((%) ‘Femod)H‘i)t“e ||Loo(o,t;z))>
with emoa = 0 under the assumptions of Lemma 3.5(a) or emod < % + & under the
assumptions of Lemma 3.5(b).

Proof. We use [17, Thm. 3.3] to prove this result. Interpretation of the HMM
method as a non-conforming method then yields the following estimate.

(4.6)
[uf ™ () — u(#)] x < C(1+1) (IluO,H = Zuug |y, + 1™ = P fN e 0.tva)

+||(Z - IH)ueH||Lm(07t;V) + sup  sup  Am(Zgdu(r),vy)
rel0] llolly,, =1

+[(Z - IH)atueHHLOC(O,T;X) + sup  sup  As(Zuu(7), UH)),
T€[0,t] lvmlly,, =1
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with Py : X — Vg, such that for all £ € X, &g € Vi
(4.7) (Pu&, &u)vy = (§,€m)x

holds.
Now we bound the terms in (4.6) separately. From Theorem 3.1 we get

sup |[(Z — IH)ueH(T)”V < CH£|UEH|L<>0(0¢;Z)’

T€[0,t]
s?got]ll(l — Zu)0pu (1)l x < CH O™ e 0,052
T7€|0,

and Lemma 4.1(b) yields

sup  sup  As(Zgut(r),vy) = 0.
T€[0,t] HUHHVHzl

Finally, we have to bound Am. For vy € Vg the triangle inequality yields
Am(Tgow (1), vy) = [m (8,ut (1), vy ) — MMM (O (1), vy)
+ mEH(IHatueH(T), vy) — meﬂ“(atueﬂ”(f), vy)
+ mIMM (9,0 (1) vg) — mPMM(TL 0,0 (1), vy
< Am(0wu™ (1), vm) + |(Z — Zu)0pu™ (1), ve) x|
+ (T = Zu) 0™ (1), vm) vy |-
Using Theorem 3.1 and Lemma 4.4 we further get

sup Am(IHatuCH(T), vH)

lomlly, =1
SH e Am(9yu (1), vn) + CI(T = Zu)opu™ ()| 5 + (T — L) 0w (7) Iy,
VH VH:1
< sup Am(9u(r),vy) + C(H" + Hz+1)|5tueﬂ(7)|z+1 Q
sy, =1 ’

We use Lemma 4.1(a) to get

[S) 2k €
sup  sup  Am(Qu (1), vy) §C’((HZ + %) +emod) ||Opu H||Lm(07t;z).
rel0.4] vnly, =1

Finally, we bound the error in the right-hand sides using (3.7), (4.7), (2.6) and (4.1b).

L =P f oy, = sup (MY o) —m NPy T o))
lvrlly,, =1
= sup ((Jext,Hva)o’Q — meﬂ(feff,’UH))
lvelly,, =1

g %”Jext,H - JextHO’Q

Inserting these results into (4.6) finishes this proof. d

Remark 4.6. Instead of continuous finite elements, it is also possible to use the
discontinuous Galerkin (dG) approach presented in [22] to discretize the spatial do-
main 2. We want to emphasize that for this setting an error estimate analogous to
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Theorem 4.5 can be derived, as the difficulties arising from the dG approach affecting
sy and those from the HMM scheme affecting m™MM are well separated. Indeed, the
bilinear form sy does not depend on the material parameters and can therefore be
bounded as explained in [17, Chapter 3.2.2]. The bound for Am follows as before,
using the discrete spaces and the interpolation operator from the dG approach.

5. Full discretization. In this section we provide the analysis of the full dis-
cretization composed of the HMM scheme and different time integration methods.
In the first part, we focus on algebraically stable Runge-Kutta methods, whereas
we consider the Crank—Nicolson and the leapfrog method in the second part. Al-
though the leapfrog method is an explicit scheme and therefore more commonly used
in applications, we want to emphasize that implicit schemes like the algebraically
stable Runge—Kutta methods or the Crank—Nicolson method can outperform explicit
schemes not only in artificial examples, but also in applications. This was shown in
[20], where the authors discuss the efficiency of several explicit and implicit Runge—
Kutta schemes for Maxwell’s equations.

5.1. Error analysis for algebraically stable Runge—Kutta methods. We
consider implicit s-stage Runge-Kutta methods of order p with Runge-Kutta matrix
Q = (aij)j j—1, weights b = (b;);_;, and nodes ¢ = (¢;);_;. Moreover, we denote
the time step by 7 > 0. We assume that the ¢;’s are pairwise distinct and satisfy
0 < ¢; <1 for all i. Furthermore, we introduce the operators Cuyvym @ Ve — Vg,
CH i @ Vu(eurl, Ty) — Vi(eurl, Ty) and CE\y : Vaoleurl, Ti) — Vi o(curl, Ty)
(cf. (3.2a), (3.2b)) via

o e (20 (2), - () G2), -(2) ()

for all ’(/JH,’(ZH S VH(CHI‘I, TH) and WH»SEH S VH’Q(CUI‘L TH) Note that Cgyv is
skew-symmetric, since we have for all vy € Vg

(CuvmVe, Vi) vy = Sa(vE,vE) = 0.

With this definition, we can rewrite the evolution equation for the HMM for Maxwell’s
equation (3.6) as

(5.2) Opugr ™ (t) = Crnnuly ™ (1) + FiM (2).
Using the abbreviation f%! = fHMM(z, 4 ¢,7), the approximations u% = (H%, E%) to

the solution wfMM(¢,,) = (HEMM (¢, ) EEMM (1Y) of the semidiscrete HMM problem
(3.6) at time t,, = n7 are given by the following Runge-Kutta method

(5.3a) Up = CanamUR + f2F i=1,...,s,
(5.3b) Uﬁi:u%JrTZaijUgj, i=1,...,s,
j=1

S
(5.3c) uit = a4+ T Z biUR  and uly = ug .
i=1



16 M. HOCHBRUCK, B. MAIER, C. STOHRER

We consider only Runge-Kutta methods with the following properties
(5.4a) p>s+1,
(5.4b)  b; > 0,i=1,...,s and (ba;; + bjaz — b;b;); ;_; is positive semidefinite.
(5.4c)  There exist 8 > 0 and a diagonal, positive definite matrix D, such that
(DA~ ') v > B(Dv) - v, for all v € R®.

Assumption (5.4b) means that the Runge-Kutta method is algebraically stable and
assumption (5.4¢) that it is coercive.

Let u*® be the solution of the effective Maxwell’s system (2.3). In order to prevent

overloading the notation, we drop the superscript and simply write u. Using the
notation

u” = u(t,), U™ = u(t, + cT), U™ = dyulty, + 1),

with n = 0,...,N, ¢« = 1,...,s, it is easy to see that these quantities solve the
perturbed Runge—Kutta equations
(5.5a) U™ = CogU™ + ™, i=1,...,s,

S
(5.5b) UM =u"+7Y _a U™ + A", i=1,...,s,

j=1

S

(5.5¢) u"t =t 7 Z biU™ + 6" and = w.

i=1
The operator Cegt : V' — X is defined analogously to (5.1) by
(Cetvrr, Vpr)x = 8(vm, V),

for all vy, vy € V. We further define f™ = ff(¢, + ¢;7) and the defects A", §"+!
are implicitly given by (5.5b) and (5.5¢).

In order to study the error of the fully discrete scheme, we apply the interpolation
operator Zy to (5.5) and subtract these equations from (5.3). With

e = ufy — Ty, EW =Uy —IgU", By =Uy —IgU™,
we find for the first equation
Eg :CHMMUEZ —IHCefoni+f]7}]i—Iani7 i = ].,...,S.

Introduction of the operator Ry = CuvmmZy — PuCesr (with Py as defined in (4.7))
yields

EY = CammEY + RuU™ + (Py — Ig)CogU™ + [ — Ty f™.
Defining
gM = RuU"™ 4+ (Py — Iy)CogU™ + fii — Ty f™

yields the following system of equations for the error terms.

(5.6a) EIT? = CHMMEIZZ + g}?, 1=1...s,

(5.6b) By =ef+7Y  ayEy —IpA™, i=1...s,
j=1

(5.6¢) ezﬂ =ey+T Z bZE?f —Zypé™™ and €Y = w05 — Zruo.

i=1
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We present a stability estimate for (5.6) based on [19, Lem. 3.3 and Thm. 3.5].

THEOREM 5.1. Let u € CY(0,T;Z) be the solution of (2.3) and assume further
O, 052 € L2(0,T; W22(Q)). The approzimations uly to u(t,) (n =1,...,N)
obtained by application of (5.3) with step size T > 0 sufficiently small satisfy

n—1 s
n |12 2 s
(5.7) ||eHO,Qsc|e%||o,g+c<1+T>( 2D Bu, s, ) 47 Y gk VH)

r=0 i=1

with

dt.

ta
Blu,s,t.)? = / 105 u(t) |2 0 + 105 2u ()2

Proof. Taking the Vy-inner product of (5.6¢) with e’;IH + e and using again
(5.6¢) on the right side of the equation yields

S S
et 5, — ety = (7Y biEl = Iud™ " 2¢) + 7% bEY — Iund" v,
i= i=1

= |Zad" 3, — 2Zad" el + 7> biER vy

i=1

+27 Y b B el vy + 70> bibi (B B v,
=1

ij=1

= |Zad" 3, — 2Zad" el + 7> biE vy,

i=1

+27 Z bi(EY B + Iy A™)y,

— 7 Z (biasj + bjazi — bib)) (ER, B v,
ij=1

where we used (5.6b) to replace e, and (5.4b). Since the method is algebraically
stable, the sum on the last line is non-negative and we get the following estimate.

n n |12 n 2 n n NG
ez 1T, — ek, < 1Zud" 5, — 2Zud™ el + 7Y biEE)v,
(5.8) =t

+27 ) bi(BY, B+ IaA™)y,

We bound the remaining terms separately starting with the latest one. Using (5.6a)
and Young’s inequality with a constant v > 0 yields
(BY, BEY+TaA™)y, = CammEY + g, B + Iy A™)y,
_<E17?7CHMMIHAT”)VH (gH ) E ) (gH aIHA )
2
<gH Iy, + 2IEHIT, + = 1Za A" 3, + 31CamZa A™ 3, -
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From [19, (3.18)] we further get

(Zus" ety +7 ) biER vy < (IIeHIVH + ZIIE 5 + Z”IHAMHVH>

i=1 i=1
+WII;IH5"+1HVH~

Following the proof of [19, Lem. 3.4], we bound the inner stages E7 with a constant
C=0C(Q,sD,p) as

ZHE 12, < C(Iel, + SMTaa™ 1, + 7 S IgH Iz, ).

=1 =1

We insert these bounds into (5.8) with v =1+ T.

" Cr
e 1, — B, < Tom Rl + O+ T)r (an {8

(5.9)
AT+ Z||IHAM||2V).

=1

Using the interpolation property from Theorem 3.1, an inverse estimate and [19, (3.6)
and (3.7)], we have

Y (IRZad™ 3, + Do IZu A} ) < Cr2 D B, s, ts).
r=0 i=1

Taking the sum over n in (5.9) and using this result yields

n—1

Cr

n 12 2 r o2 s

et v, < leklly, + o7 > lewlly, + C0+T)7* T B(u, s,t,)
r=0

n—1 s

ca+1)m 3 N lgiils,,-

r=0 i=1

Finally, using the discrete Gronwall Lemma and the norm equivalence (4.1b) yields
the result. ]

In the next lemma, we bound the right-hand sides g%
LEMMA 5.2. Letu € CY(0,T;Z). Forn=0,...,N—1andi=1,...,s, we have

gy, < I —Puaf"ly, +C  sup sup  Am(ZuOpu(t),vn)
(5.10) te€ltn,tn 1] [lvaly, =1
+ C”(I — IH)atuHLoc(t X) + CH(I — IH)u||L°°(tn,tn+1;V)'

notngi;

Proof. By definition of g7 and the triangle inequality, we have
(511) 9 vy, < IRaU™ vy, + 1T = Pi)U |y, + UFE = Prf" vy -

We bound these terms separately. Following the proof of [17, Thm. 3.3], using Theo-
rem 3.1 and Lemma 4.1(b), we get

IRl oo tsniviny < CINE = Za)ull oo 0,050y
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We can further bound the second term using [17, Lem. 2.11] for the special case
Cy = 1;QZ :PHajH:IH
1(Ze = Pe)U™ |y, < 1(Ter = Prr)Ost| poe g

<  sup sup  Am(Zgowu(t),ver)
te[tnvtn+1] HUH”VH:1

+|(Z - IH)atullL“(tn,tn+1§X)'

nstnt1;VE)

Using these bounds in (5.11) yields the result. |
Now we state one of our main results.

THEOREM 5.3. Letu € C(0,T; Z) be the solution of the effective Mazwell’s equa-
tions (2.3) and assume 9f T u, 05 2u € L2(0,T; W22(Q)). The approzimation u}, to
u(ty) (n=1,...,N) obtained from (5.3) with step size T > 0 sufficiently small (de-
pending on the Runge—Kutta method and T ) satisfies the following bound.

i=1,...,s
2k
+ O ()" +emoa ) 100tull 0.0, + CH (1l w0, + 10000 e 0.,

with emoq = 0 under the assumptions of Lemma 3.5(a) or emoa < % 4 0 under the
assumptions of Lemma 3.5(b).

Proof. First, we split the error into

lo.o + 112 — T)u(tn)]

lufr —ulta)llon < llef 0.0

From Theorem 3.1 we get
|(Zw _I)U(tn)”o,a < CHZ|U(tn)|e+1,Q < CHZ'“'LOO(O,tn;Z)'

In order to bound e}, we insert (5.10) into the stability estimate (5.7).

lehl2 0 < CleY 12 o+ CL+T) (ﬁ“*”Bm,s,tn)Q

n—1 s
ni ni| 2 2
73 S =P f "l + I = Zm)deule o,
r=0 i=1

+ (T — IH)uHiOC(O,t";V) + sup  sup Am(IHatu(t)wH)?)’
te[0,tn] HvHHVH:l

where we used 7n < T. Following the proof of Theorem 4.5, we use Theorem 3.1,

Lemma 4.1(a) to show

r=0,...,n—1
1=1,...,s

lef 6.6 < Cllet Iy, +C(L+T) (T”S“)B(u, sita)? +C _max | fif = Puf"5,

2 2 2k 2
+ CHZ(H“HLoo(o,tH;Z) + ||atu||L°°(O,tn;Z)) + C((%) +emod> ||8tu||Loe(o,tn;Z))-

Taking the square root finally yields the result. 0
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5.2. Error analysis for the Crank—Nicolson and the leapfrog method.
After studying a class of Runge-Kutta methods, we now consider the Crank—Nicolson
and the leapfrog method for time integration. The Crank—Nicolson method applied

o (5.2) reads

(5.12) Ut =g+ SCmam (@ ) + 5 (T + fR),
with ﬁ?q =uo,u, fiy = ngM(tn) The leapfrog method is given by
ﬁn+1/2 = I/LI\}} - 1C}?Ml\/IJE’Ajﬁa
(5.13) EnH EH + TCHMMH”+1/2 ( frt + fH)
Hn+1 _ Hn+1/2 B §CHMMEZ[+17

with (HY, BY) = ug g, (0, f11) = fIMM(¢ ) using the operators from (5.1).
Following an approach from [22, Sec. 3.2], we rewrite the Crank—Nicolson method
(5.12) in the following form.

(5.14) Rouy™ = Reuy + Z(f + 1), and 4% = uo .

with
A ICE T —ICE
Ry — . 3 HMM>’ Ry — (T 3 HMM).
g <2CI§IMM 7 f §CI§IMM 7

Similarly, the leapfrog method (5.13) can be rewritten as

(5.15) Roayt = Reuy + T(fatt + f2), and @% = uo.m,
with
Ry = ( IH 2%CI§MME >7 7%3 _ < fl ;%I?{I]{EMME )
_%CHMM T- TTCHMMCHMM %CHMM T- TTCHMMCHMM

In this way the leapfrog method can be interpreted as a perturbed Crank—Nicolson
scheme. Since the leapfrog method is an explicit scheme, the time step 7 > 0 needs
to satisfy the CFL-condition

26
5.16 < H
( ) T OCFLCoo 1?»1617%-1 K

for the scheme to be stable. Here 0 < 6 < 1 is arbitrary, but fixed. The con-
stant Ccpr, > 0 depends on the mesh Ty and the polynomial degree ¢ and co, =
||/LHNHVIEI“\/H\/I||07007Q is an upper bound for the speed of light within the material.

We now state our main result on the error of the full discretization for both
schemes.

THEOREM 5.4. Let u € C(0,T;2) N C3(0,T;X) be the solution of the effective
Mazwell’s equations (2.3).
(a) For the Crank-Nicolson approzimation uf to u(t,) (n =1,...,N) obtained
from (5.14) with step size 7 > 0, we have the following bound

i — u(tn) o0 < ot — w0V loo +C_gua iz P Sl
2 2k
+ O} Ul oo (4, £ 40:02(0)0) +C(( ) +em0d)||atu”L°°(0,t,,,;Z)

+ CHZ(HUHLOO(O,tn;Z) + ”atuHLOO(O,tn;Z))V

with emeq = 0 under the assumptions of Lemma 3.5(a) or emod < %—HS under
the assumptions of Lemma 3.5(b).
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(b) Let further 0 < 8 <1 and the CFL condition (5.16) be satisfied. The leapfrog
approzimation Wy to u(ty,) (n=1,...,N) obtained from (5.15) with step size
7 > 0 satisfies the following bound

s = ulta)lloq < Clluo.r —uOlloq + € _max_ [Ifyr = Pufly,

+ CTQ(||8t2u||Lm(tn,tn+1;L2(Q)5) + ||5t u||L°°(tn,tn+1;L2(Q)5))

2k
+ ()™ +emoa ) 100tll = 0.1,
+ CHZ(”U’”LW(O,)‘%;Z) + ”atu”LOO(O,tn;Z))a

with emod = 0 under the assumptions of Lemma 3.5(a) or emed < g—i—é under
the assumptions of Lemma 3.5(b).

Proof. (a) As in the proof of Theorem 5.3, we first split the error.
@ — u(tn)lloo < llegllon + CH€|U|LOO 0,tn:2)°

with €7y = 4%y — Zyu(ty,). Following the proof of [22, Lem. 5.1], one can show that
€y satisfies a perturbed version of (5.14), namely

(5.17) Rrept = Rpep +d",
where the defect d” is given by

A" = I(’PH *IH)( n+l n) o IRH( n+1 +un)
+ 55 = Puf" A+ i = Puf") + 7 Pud"

and 6" = (6%, 0%)7 is defined via

. m(E— ) (g — 1
5U:/t ( )2(T2+1 )af’U(t)dt, U-=H,E.

n

Using (5.17) and taking the sum over n yields

ettt =RE + Y RVR N,
m=0
with R = RleR. From the triangle inequality and [22, Lem. 4.1] and [22, Lem. 4.2],

we get

(5.18)

€5 oo < Clleglloo + Z [d™ [lg q-

m=0

As in the proof of Lemma 5.2, we then bound the defect d".

Ld* g < sup sup  Am(Zpowu(t),vr) + CI|(Z — Tu)Owul poo 4
’ t€ltn tnra] llvmly,, =1

+ CI(Z = Tu)ull s,

n ytn+1 ;X)

vy T Cpgﬁ?ﬁ_lﬂfﬁ = Puflly,

i1

21193
+C77||0; uHLoo(tn,tn+1;X)'
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Inserting this result into (5.18) and using Lemma 4.1(a) to bound Am yields the
result.
(b) We also split the error of the leapfrog scheme.

-~ ~ ‘
gy — w(tn)lloo < l€flloo + CH Ul (o, 2)>

with €y = u}y — Zgu(t,). Again, one can show that e}, satisfies a perturbed version
of (5.15), namely

Rpeptt = Rpepy +d,
with a perturbed defect ar given by

~ 7-2

0
dt =d" — — ~n —n off " " i
4 <CII{JMMC}EIMM(e7r,El — el p) + Chm (ﬁ(aﬂf t—oH )))

However, the same approach applied to the leapfrog method does not yield the ex-
pected orders of convergence. Instead, the defect has to be investigated more carefully,
as proposed in [22; Sec. 5.1]. The main idea is to split the defect d™ into

C’l\n =d" + (7/?\,[, — ﬁR)En,

with

eff

e T (cl'fMM(a:;l ~ )+ e (OH — am)) |

4 0

In this way, we get from (5.14)
n n—1
é\ngl _ gn _ Rnﬂ—lgO + Z Rn—mRzldm _ Z Rn—mnil(fm-&-l _ é-vn)7
m=0 m=0

with R = 7%217%3. Using again the triangle inequality, [22, Lem. 4.1] and [22,
Lem. 4.2], this yields

n n—1
e o < 1€l + 1€%0.0 + D 14 oo + D IE™ = €™l o
m=0 m=0

For £", we have the following bound (analogously for 7).

£
1€ 0,0 < CTHUNE e 1, 1, swresr2@yy T CTNFH | o, 44122 (20

The differences can be bounded via
||§m+1 B meO)Q S CTH£||E||Lm(t7n;t7n+2;we+l’2(ﬂ)3) + CT3HatBHHLOO(t'm7t7n+2§L2(Q)3).

Using nT < T and the fact that we have already shown a bound for the sum over d™
yields the fully discrete error estimate for the leapfrog method. 0
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Fic. 6.1. Mazimal difference between the solution of the effective system (2.3) and the HMM-
system (3.6) over all time steps. The computations were done with first order elements (left) and
second order elements (right).

6. Numerical experiments. We use the finite element library deal.II [8] for
the implementation of the numerical schemes discussed in the previous sections.'
Let the computational domain Q = [0,1]3 be triangulated into uniform hexahedral
meshes Ty of different mesh widths H. The electric permittivity and the magnetic
permeability are given by

p'(z) =e"(x) = (\@ + sin(27rf7—1)) (\/§ + sin(27r%)> (\/5 + sin(27rf7—3)),

with 7 = 279, The corresponding effective parameters are puf = e = 1 (cf. [23]).
Using a vanishing source term Jey; = 0, the exact solutions of the effective Maxwell’s
equations (2.3) are given by

—4sin(27mx;) cos(2mxs) cos(2mx3) sin(2v/37t)
H(2,t) = —— | —=2cos(2mz1) sin(27x5) cos(2mas) sin(2v/3nt) | |
5 cos(2mx1) cos(2mas) sin(2mas) sin(2v/37t)

2 cos(2mry ) sin(2mzy) sin(27x3) cos(2v/37t)
Ef(z,t) = 3 —3sin(2721) cos(2may) sin(27w3) cos(2v/37t)
1sin(2mz1) sin(2722) cos(27mx3) cos(2v/37t)

For the time integration, we use the leapfrog method with step size 7 = 0.0025 and
final time 7' = 1.

Figure 6.1 shows the maximal L?(Q)-error between u° and «¥MM for § = 5 with
periodic boundary conditions for the local problems. The left column was computed
with linear elements, whereas the right column is based on quadratic elements. The
upper row shows the errors over the macro mesh width H for different micro mesh

LOur source code is accessible under https://www.waves.kit.edu/hmm-maxwell.php.
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—— 6/77 =1.1

o/n=1.2
5/n=1.3
o/n=1.4
5/n=1.5
52' J== =16

! !
0.05 0.1 0.25
H
Fi1G. 6.2. Mazimal difference between the solution of the effective system (2.3) and the HMM-
system (3.6) over all time steps for varying edge length § of the sampling domasin.

widths hA. The bottom row shows the same errors, but plotted over the micro mesh
width h for different macro mesh widths H. As expected, we see first order con-
vergence in H and second order convergence in h for linear elements. For quadratic
elements, we get second order convergence in H and fourth order convergence in h.
For the use of homogeneous Dirichlet boundary conditions for the local problems

with varying edge length ¢ of the sampling domain, we show in Figure 6.2 again the

maximal L?(Q)-error between u®® and u}™MM over the macro mesh width H. We

compute these results for the same material parameters as before but with n = 2712,
using first order elements both in the macro and micro discretization with fixed micro
mesh width 2/ = 0.05 and time step size 7 = 0.005. As predicted, we observe that
the error declines for § increasing.

Acknowledgments. The authors like to thank David Hipp for inspiring discus-
sions on the unified error analysis [17]. We further thank both reviewers for their
helpful suggestions.
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