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Abstract

We consider dispersive systems of the form
8tU:AUU+BU(U, V), 58tV:AvV+BV(U, U)

in the singular limit ¢ — 0, where Ay, Ay are linear and By, By bilinear mappings.
We are interested in deriving error estimates for the approximation obtained through
the regular limit system

v = Aupu — Bu (v, Ay By (Yo, vu))

from a more general point of view. Our abstract approximation theorem applies to
a number of semilinear systems, such as the Dirac-Klein-Gordon system, the Klein-
Gordon-Zakharov system, and a mean field polaron model. It extracts the common
features of scattered results in the literature, but also gains an approximation result
for the Dirac-Klein-Gordon system which has not been documented in the literature
before. We explain that our abstract approximation theorem is sharp in the sense
that there exists a quasilinear system of the same structure where the regular limit
system makes wrong predictions.

1 Introduction

What have the following systems, where 0 < ¢ < 1 is a small parameter, in common?
Written as first order systems,



the Dirac-Klein-Gordon (DKG) system, cf. Section 3.1,

3
—in°0u — ZZ YO0y, u + myu = vu, 20?0 = Av — m2v + 1 7 u, (1)
pn=1

the Klein-Gordon-Zakharov (KGZ) system, cf. Section 3.2,

O*u = Au —u — yuw, 2020 = Av + A(Jul), (2)

the mean field polaron model, cf. Section 3.3,

i = Au — yuv, 2020 = —v + A7 (Jul?), (3)

and the Zakharov system, cf. Section 4.2,

i = —Au — you, e20fv = Av + Alul?, (4)

are all of the form
0,5(]: AUU+BU(U, V), 58tV:AVV—|—BV(U, U), (5)

where Ay, Ay are linear and By, By bilinear mappings. Moreover, in the singular limit
e — 0 effective equations for the slow dynamics occur, namely

e the Dirac-Hartree equation
3
—i7°0 — i Y4y, u+ myu = ((—A +m2) " (@ w)u (6)
pn=1
for the DKG system,

e the Klein-Gordon equation
Otu = Au — u — yulu|? (7)
for the KGZ system,

e the Hartree equation
i0u = Au — yuA ™ (Jul?) (8)

for the mean field polaron model,

e the NLS equation
10 = —Au + y|u*u 9)

for the Zakharov system,



and
oy = Ayy — By (Yo, v ), with v = Ay By (o, ) (10)

for the abstract system (5).
It is the goal of this paper to discuss the validity of the following approximation result
(formulated for (5)) for this class of dispersive systems from a more general point of view.

Theorem 1.1. Let Xy, Xy, and Xy be suitably chosen Banach spaces, and let ¢y €
C([0,Tp], Xy) be a solution of (10). Then there exist eg > 0 and C' > 0 such that for all
e € (0,e9) we have solutions (U, V') of (5) with
sup ([|U = vullx, + IV —9vix,) < Ce.
t€[0,T0]
At a first view such error estimates are a non-trivial task since in the equivalent formu-

lation
o,U = AyU + By (U, V), OV =e Ay V + e 'By(U,U), (11)

in the V-equation there are terms of order O(¢7!) on the right hand side which can lead to
growth rates of order O(ef ') and which would make it impossible to prove the bounds for
the error on an O(1) time scale.

At a second view one finds such approximation results scattered in the literature, for the
KGZ system in [DSS16], for the mean field polaron model in [GSS17], and for the Zakharov
system for instance in [SW86, AA8S8]. In fact the underlying idea to prove such approxima-
tion results is rather simple. We eliminate the dangerous nonlinear term =By (U, U) by
the change of coordinates

W=V 4+ MU,U), with M(UU)=A,By(U,U). (12)
We find
U = AyU+ By(UW — A By (U, U)),

13
oW = 8_1Avw+2M(AUU+BU(U,W—A‘;le(U,U)),U). ( )

If Ay is the generator of a uniformly bounded semigroup, for the transformed system (13),
by a simple application of Gronwall’s inequality, the required estimates can be obtained.
Hence, it is the first goal of this paper to show that the scattered results in the literature
can be handled all with the same abstract approximation theorem and that it also applies to
the DKG system (1) to Dirac-Hartree limit (6) which has not been handled in the literature
before.

At a third view, however, it turns out that the problem is more subtle. Although the
Zakharov system (4) formally falls into this class of systems of the form (5), it cannot
be handled with our abstract approximation result. In fact, it is not a technical problem.
Using the resonances of the system we really construct a counter example which shows that,
in case of a 'wrong’ sign in the nonlinearity of (4), the NLS approximation fails to make
correct predictions. Therefore, it is the second goal of this paper to extract the reasons
why for the first three systems (1)-(3) the limit systems (6)-(8) make correct predictions
independently of the sign of the nonlinearity and why for the fourth system (4) the sign of
the nonlinearity plays an essential role.



Remark 1.2. Systems with the same interaction structure in the nonlinear terms, i.e.,
U =...4+ By(U, V), eV =...4+ By(U,U)

occur in various situations. The first class of examples are coupled quantum mechanical
systems such as (1)-(3). Other examples in this class are the Klein-Gordon-Schédinger
system with Yukawa coupling, cf. [FT75] or the perturbed Zakharov system considered
in [BBC96]. The argument with the change of coordinates (12) still works if the bilinear
mapping By (U, V) is replaced by a general nonlinearity Fi; (U, V') and if the bilinear mapping
By (U,U) is replaced by a general nonlinearity Fy (U). Essential is that the nonlinear terms
in the V-equation only depend on U. This generalized interaction structure also occurs in
coupled amplitude systems describing long-short wave interactions or slow-fast oscillations.
Examples can be found for instance in [MNO05, SZ13].

Remark 1.3. General slow-fast systems
atu = f(ua U)? 68151) = g(uv U)

play a big role in applications. In the ODE case, with the geometric singular perturbation
theory, cf. [Fen79, JK94], there exist powerful tools to analyze such systems. For a recent
overview see [Kuel5].

The plan of this paper is as follows. In Section 2 we present an abstract approximation
result for dispersive systems of the form (5). The approximation result is used in Section
3.1 to prove the validity of the Dirac-Hartree approximation (6) for the DKG system (1),
in Section 3.2 to prove the validity of the Klein-Gordon approximation (7) for the KGZ
system (2), and in Section 3.3 to prove the validity of the Hartree approximation (8) for
the high frequency limit of a mean field polaron model (3). In Section 4.2 we explain that
although the NLS approximation limit for the (quasilinear) Zakharov system is of the above
abstract form the validity analysis is different. In Section 4.3 we use the resonances of the
original systems to construct solutions which grow in time. We explain why these growing
solutions for the systems (1)-(3) do not contradict the previous approximation results, but
why on the other hand these growing solutions allow to construct the above mentioned
counter example for the system of Section 4.2. This discussion is illustrated by numerical
experiments in Section 4.4.

Notation. Constants which can be chosen independently of the small perturbation
parameter 0 < ¢ < 1 are denoted with the same symbol C. We write [ for fRd' The
Fourier transform of a function u is denoted with . We introduce the norm || - ||z by

1% =/|ﬂ(/~€)!2(1+!k!2)sdk

and define the Sobolev norm ||ul|zs = ||u||z2, but use equivalent versions, too. Sometimes
we use the short-hand notation || f (k)| re(ax) for ||k — f(k)| e

Acknowledgement. The paper is partially supported by the Deutsche Forschungsge-
meinschaft DFG through the SFB 1173 ”Wave phenomena”.
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2 The abstract approximation theorem

For the system
U = AyU + By(U,V), €9,V =AyV + By (U,U), (14)

with 0 < e <« 1 a small perturbation parameter, we pose a number of assumptions.

(S1) The operator Ay is the generator of a strongly continuous group (e2%),cg in some
Banach space Xy. The group is uniformly bounded, i.e., there exists a constant
Cy > 0 such that ||t x, x, < Cy for all t € R,

(S2) Similarly, Ay is the generator of a strongly continuous group (e*v*);cg in some Banach
space Xy satisfying [|e*V!||x, x, < Ch for all t € R.

(B1) For the bilinear mapping By : Xy x Xy — Xy there exists a Cg such that
1 Bu (U, V)lixy < CrllUllxy IV [ x
forall U € Xy and V € Xy.
(B2) For the bilinear mapping By : Xy x Xy — Xy there exists a Cg such that
1By (U, 0) |l xy < CollU|x, 1T x,

for all U,U € X

In the singular limit ¢ — 0 we have the regular system

Oy = Auvy + By (Yo, Yv), 0 = Avipy + By (Yu, Yu). (15)

We assume that

(I) The bilinear mapping A, By (+,-) : Xy x Xy — Xy exists and there exists a C; such
that " -
1AV By (U, D)l xy < CrllU N x 10,

for all U, U € X.

Inserting ¢y, = —A;lBV(¢U, Yy ) into the equation for ¥y gives the regular limit system
by = Autby — Bu(Yu, Ay By (Y, du)). (16)

In order to prove that ¢y makes correct predictions about the dynamics of (14) for € >
0 small, we follow the ideas explained in the introduction. We eliminate the dangerous
nonlinear term !By (U, U) by a change of coordinates

W=V +MUU), with M(U,U)=ABy(U,U).

5



By assumption (I) the bilinear mapping M (-,-) : Xy x Xy — Xy exists and there exists a
C7 such that B B
MU, U)l[x, < CillU]lx [1U]xy (17)

for all U,U € Xy. We find
(3tW == 3,5V + M(@tU, U) + M(U,@tU)
e 'AyV +e By (U, U) + 2M (AyU + By (U, V), U)
= e AW+ 2M (AyU + By (U, V), U)
such that after the transformation

U = AyU+ By(U,W — A By (U,U)),

18
ow = 8_1Avw+2M(AUU+BU(U,W—AalB\/(U,U)),U). ( )

For obtaining local existence and uniqueness of this system we additionally assume that

(M) The bilinear mapping M (Ay-,-) : Xy x Xy — Xy exists and there exists a C; such
that " -
M (AuU, U)llx, < Cil|Ullx, IU]]x,

for all U, U € X.

As before the limit system is given by

Oy = Ay + By (Yo, —Ay' By (Yo, Yr)), Y = 0. (19)

The formal error made by inserting the approximation 1y and ¥y into (18) can be measured
by the residuals

Resy (U, W) = —0,U + AyU + By(U,W — A By (U, U)),

Resy (U, W) = —0,W + e Ay W (20)
+2M (AyU + By (U,W — Ay By (U, U)), U).

For the approximations ¢y and ¥y we find

Resy (v, 0) = 0, Resw (Y7, 0) = 2M (Apvby + By (Yo, —Ay' By (Yo, vu)), du).

By posing additional assumptions on Ay, Ay, By, and By it can be proven that Resy (¢, 0)
can be bounded independently of 0 < ¢ <« 1. However, in order to keep the number of
assumptions on a reasonable level and to be more flexible for the subsequent applications
we assume the following for the residual terms.



Res) Let vy € C(|0, Ty, X)) be a solution of (16) with X, C X another suitably chosen
( ) y <ap P y
Banach space. Then there exists a Cy.s > 0 such that for all € € (0, 1] we have

sup ||[Resw (Y, 0)[xy < Cres, sup ||Ay Resw (Y, 0)|lxy, < Cres,
t€[0,To] t€[0,T0]

and
sup ||A\_/latReSW (¢U7 0) ||XV S Cres-
te[0,To)

Our abstract approximation result is as follows.

Theorem 2.1. Assume the validity of (S1), (S2), (B1), (B2), (I), (M), and (Res). Let
Yy € C([0,To], Xy) be a solution of (16). Then there exist ¢ > 0 and Cy > 0 such that
for all e € (0,g0) we have solutions (U, W) of (18) with

sup (|U =ullx, + [IWllx,) < Ce,

te(0,To]
respectively, (U, V') of (14) with

sup ([|[U —vullx, + |V —vvlx,) < Ce.

t€[0,T0]
Proof. We introduce

Ny(Z) = By(U,W —Ay'By(U,U)),
Nw(Z) = 2M(AyU + By(U,W — A' By (U, U)), U),

where Z = (U, W), such that (18) can be written as
U = AyU + Ny(2), OW = e Ay W + Ny (2). (21)
The error eR = ¢(Ry, Ry) = Z — 1z made by the approximation ¢, = (¥, ¥w) satisfies

Ry = AyRy+e ' (Ny(yz+eR) — Ny(vz)),

22
atRW = 5_1AVRW + 8_1(Nw(1/12 + €R) — Nw(wz)) + S_IRGSW(wz). ( )

In order to estimate the error R we consider the variation of constant formula
Ry(t) = [ ervDe Y (Ny(¢y +eR) — Ny(vz))(r)dr, (23)

Rw<t) = f(f 6871Av(t_7)6_1(Nw(2/JZ + €R) - Nw(¢z))(T)dT + Sq,

where

t
ST = 51/ esilAV(th)RGSW(QﬂU’0)<T>d7—
0



The factor e~! in s; can be removed by integration by parts, namely

t
7=0

t
+ / eaflAV(t—T)A‘_/laTReSW (,QDUa O) (T)dT'
0

5 = ee*IAV(t—T)A‘_/IReSW (¢U7 0)(7-) |

The terms occurring in (23) can be estimated by using the assumptions (S1), (S2), (Res),
and the following lemma.

Lemma 2.2. For all Cy, > 0 there exist constants Cy,...,Cy such that if ||Yz||x, < Cy,
then

le™ (Ny(¥z + eR) — Nu(vz) | xp + le™ (Nw (17 + eR) — Nw (¥z)]|x,
< C1||R||x, + Ceel|R||%, + Cse®||R||%, + Cse’| Rl

where [|(U,V)lx, = 1Ullxy + [V]lxy-

Proof. The nonlinearities Ny and Ny are compositions of bilinear mappings satis-
fying the estimates from (B1), (B2), (I), (M), and (17). Expanding the corresponding
expressions immediately gives the desired estimates. O

Introducing
S(t) = sup [|R(7)x,

T€[0,t]

yields the estimate
t
S(t) < / CA(C1S(T) + CoeS(7)? + C3°S(7)% + C4®S(7)* + 2C,e5)d.
0

For
6’288(7)2 + 03528(7)3 + 04538(7)4 <1

we find

S(t) < /Ot CA(C1S(T) + 1+ 2C,c5)dr.
Gronwall’s inequality then shows
S(t) < (14 20,5 te8 < (1 + 20,05) ToerT0 =2 M.
Choosing finally g > 0 so small that
CheoM? + C’gggM?’ + 0453]\44 <1,

we are done. O



Remark 2.3. It is obvious that the previous arguments still work for systems, with general
nonlinearities Fy; and Fy,, of the form

U = AgU + Fy(U, V), edV =NV + Fy(U),
with associated limit system

oy = Aoy — Fu(Yu, A Fy (Vo))

if we assume a certain smoothness of Fyy : Xy x Xy — Xy, Fy : Xy — Xy, and adapt the
assumptions (B1), (B2), (I), and (M).

3 Applications

From a functional-analytical point of view the proof of the above approximation theorem
is not difficult. The difficulties are transferred to the application of the theorem and are
discussed below for the first three examples of the introduction.

3.1 The Dirac-Hartree approximation for the DKG system

The Dirac-Klein-Gordon system is used as a model for proton-proton interactions where
one proton is scattered in a meson field, cf. [BH17]. It is given by

3
—iy°0u — i Z Y0y, u + myu = vu, 2020 = Av — m2v + a7 u, (24)

pn=1
with t € R, € R3, and describes a vector field u(z,t) € C* and a scalar field v(z,t) € R.

We have the small perturbation parameter 0 < ¢ < 1, the masses m,, m, > 0, the Dirac
matrices y* € C** with

L, 0 , 0 o’
0 __ 2 i _ )
7_(0—12)’ 7‘(—@0)

for j = 1,2,3, and the Pauli matrices 0/ € C?*? with

(10 L (01 o (0 —i s (10
s=(p 1) =(Vo) #=(0) =0 h)

u is called a spinor field and u” is the transposed vector associated to u.
It is the goal of this section to explain that the singular limit € — 0 of the DKG system,
where we obtain the Dirac-Hartree equation

3
—i7°0u — zz YOp,u+ myu = ((—A +m2) (@ u))u (25)
pn=1



as limit system, is covered by Theorem 2.1. In order to do so, we write (24) as a first order
system

3

ou = — E YO0, — im,y u + iy vu,
p=1
o = e Yiwy,
~ 1. 1
00 = e Yiwyw — e —u",
Wy

where w, and 1/w, are defined via their symbols in Fourier space

Wy(k) = /|k]? +m? and 1/@, (k).
In order to apply our abstract approximation result from Section 2 we set U = u, V = (v,0),
and

3
. 0 1w,
b=t A= (0 )

w.
p=1 v

for the linear operators. For the nonlinear terms we choose

. 0
By(U,V)=ivu,  By(UU) = (—Lawou) :

Wy

Finally, the Banach spaces Xy and Xy are given by the Sobolev spaces Xy = (H®)* and
Xy = H?® which are closed under multiplication for s > 3/2 due to Sobolev’s embedding
theorem.

We are now going to check the assumptions of Theorem 2.1. The validity of the assump-
tions (S1), (S2), (B1), and (B2) is obvious. We have for instance

120U || s = (|80 || 2 < ||| oo ]| U]l 2 < U] s
or
]' —7 0 1 —/T-O\
IBv(U, D) = ||=—a7%u|| < ||= [ 70u|| 22
Wy L2 wy (k) Lo (dk)
< Cllayullus < C|U|%..

For checking the assumption (I) we first note that

1/0 iw) " 0
—1 _ - v
Ay Bu(lUa) = =3 (z‘wv 0 ) (ﬁ(ﬂ’i’youz +ﬂ§'y°ul)> '
such that

MUy, Up) || vz = | AV By (U, Un) | gsve < Cl UL || s | U s

10



which is better than what is actually needed for (I). The validity of the assumption (M)
follows from

HM(AUU17U2>’ Hs+1 S CHAUU1’ Hs—1HU2| Hs—1 S CHU1| Hs UQ’ Hs—1.
We obtain for the residual, first
|Resw (Yur, )|z = 2||M(Apby + By (Yo, —Ay' By (Yo, ¥u)), Yo) | ms
< C(|M(Apvu, vu)|lms + |M(By (Yo, —Ay By (Y, vu)), Yo)l )
< C|Avvu | ms—2|vvl gs—2 + C||Bu (Y, —Ay' By (Yo, ¥u)) || -2t || g
< Cllvullas—llvollms-2 + Clivullgs—I| = Ay By (Yo, Yol g2 1t || o2
< Cllvulla—llvollms-—2 + Clvu |l ge—z[tu 3 llbol g2

Since Ay;' gains one derivative we have next

AV Resw (Y0, 0) || < Cllvu||me—2llvu || ge-s + Cllbu || me=s||vbu)|

Finally, for the same reason we find

wos[Yullme-s. (26)

AV OResw (v, 0) | s
ClloM (Autby + Bu (Yo, —Ay' By (Yo, ¥u)), o)l s
C(|M(AvOr, Yu) || w1 + | M (Avyoy, Opr)|
+||M (B (9wbu, —Ay' By (Yu,vbu)), Yo ) || a1

+2||M (By (¢u, —Ay' By (0ibu, vu)), o) || a1
+||M (By (v, —Ay By (Yu, u)), Oy |

Replacing then 0y by the right-hand side of (19) allows to estimate all terms in terms
of H*-norms of ¢;. The term losing most derivatives — namely two — is Ayd;y. Since we
gained two derivatives in (26) also the third estimate of (Res) can be obtained by choosing
Yy € H® = Xy = Xy.

Thus we checked all assumptions of Theorem 2.1 and so we have

IAIA

Hs—1

Hsfl).

Theorem 3.1. Let ¢, € C([0,To], H®) be a solution of (25) for an s > 3/2. Then there
exist eg > 0 and Cy > 0 such that for all € € (0,e9) we have solutions (u,v) of (24) with

sup ([Ju = Yullms + [lv = tollas) < Ce,

t€[0,To)

where ¥, = (—A + m%)_l(myowu).

3.2 The Klein-Gordon approximation for the KGZ system

We consider the Klein-Gordon (KG) limit of the Klein-Gordon-Zakharov (KGZ) system,
i.e., we consider
O*u = Au — u — yuv, 2020 = Av + A(Jul?), (27)

11



with v = £1, ¢t > 0, z,u(z,t) € R3, and v(z,t) € R, for small 0 < ¢ < 1. In the limit
¢ — 0 we obtain the regular limit system, namely the KG equation

Pu=Au—u+~uu. (28)

The KGZ system occurs as a model in plasma physics where it describes the interaction
between so called Langmuir waves and ion sound waves via some ion density fluctuation
v and the electric field u, c¢f. [MNO5]. Error estimates that the KG equation or a slightly
modified KG equation make correct predictions about the dynamics of the KGZ system for
small € > 0 can be found in [DSS16] in case of periodic boundary conditions. It is the goal
of this section to explain that this singular limit of the KGZ system is covered by Theorem
2.1.

In order to do so we write (27) as a first order system
Ol = Wy,
0l = i 2
U = W, U — —— U,

Wy,
1

O = € 1wy,
~ 1. 1. 2
00 = £ Viw,v + e Y, |ul”,
where w,, 1/w, and w, are defined via their symbols in Fourier space

Buk)=VEE+1 and  @,(k) = |k|.

In order to apply our abstract approximation result from Section 2 we set U = (u,u),

V = (v,v), and
0 1wy, (0w,
Ao = (iwu 0 ) » Av= (m 0 )

for the linear operators. For the nonlinear terms we choose

By(U,V) = <_iw) - Bl U) = (z‘wv(?u!?)) '

Finally, the Banach spaces X;; and Xy are given by the Sobolev spaces Xy = H*™! and
Xy = H? with s > 1. We are now going to check the assumptions of Theorem 2.1. As
is Section 3.1 the validity of the assumptions (S1), (S2), (B1), and (B2) is obvious. We
have for instance

1Bu(U, V)l[gs =

—uv
Wy,

< Clluvl

[[a]| 2
Lo (dk)

s < C|\U|

H 1+k:2 1/2

Hs S C||U|

Vl

HS

For checking the assumption (I) we first note that
- up-u
AV By (Uy, Uy) = ( ' 2) .

12



such that

1AV By (Ur, Ua)lir= < Cl UL+ U -

which is better than what is actually needed for (I). The validity of the assumption (M)
follows from

| M (AyUy, Us)|

s < C|AgUi|

Us|

we < CllU | o[ U]

Hs Hs-

Checking the assumption (Res) is less trivial and depends on whether we consider the
KGZ system in R? or with periodic boundary conditions, cf. [DSS16]. This distinction
plays no role for

[Resw (¢, 0)]

He 2||M (At + By (Yo, —Ay' By (v, du)), o)l

C(|M(Avvbu, Yo)llms + |M(By (v, =AMy By (Y, ¥u)), Yo )|l us)
ClAvvu || us=|lvu | as + C|Bu(bu, —Ay By (Yo, o)) || m=[vu | 1
Cllvull s lvullms + Cllbulas—1 || = AV By (@, o)l s 1o ]

Clldollas+Yollas + Clivollas—lldv]

However, for the time derivative both cases have to be treated differently. For the periodic
case we refer to [DSS16] and restrict ourselves here to x € R3. We use

HS

VAN VANR VAN VAN

w1 [Vl

Lemma 3.2. For z € R?® the operator A;l is invertible from H*" 1N L' to H® for s > 1,
i.€., there exists a C' > 0 such that

1AV Vs < C|IV]

Hs—1nL1.

Proof. Since
1A Ve < ClIEITV (R) | z2qany
C (< BRIV () z2ary + X1 (R)ETV ()| z2a)
C Iz o) &~ 2 |V () e any
X111 (6) ] ™| oo a1V ()| 2y
Clxmi<a (R k]~ | 2qai 1V Il + 1V []22)

IN N TN

IN

and since

1
HM§WWW@M=/ W“MIQ/rHM<m
[k|<1 0

for d > 3, the operator Ay can be inverted from L' N L? to L? if d > 3. For the derivatives
no singularity at k = 0 occurs and the estimates follow in a trivial way. O

Since Resy (1, 0) contains only terms which are at least quadratic, by the Cauchy-
Schwarz inequality we not only have that ||Resy (¢, 0)| s is bounded for ¢y in H**!, but
also that |Resw (¥, 0)||gsnz1 is bounded. Hence, applying Lemma 3.2 shows

1Ay Resw (Yo, 0) |l < Clibw |l [¢o | s + Cllvbull s 1]

o llvu || b

13



Finally, we find

IAV O Resw (Yo, 0)]| s
ClloM (Auvy + By (vu, —Ay' By (Yo, vu)), Yol ge-1ar
C([|M(Avocpu, vu)llgs—nrr + M (Avdby, O )|
+|| M (By (0cr, —Ay' By (Yo, ¥u)), o) L1010

+2|| M (Bu (v, —Ay' By (0bu, bu)), Yu)|
+| M (By (v, =Ny By (Y, u)), Oy |

IA A

Hs=1nLt

Hs—1nL!

Hsflle )

Replacing then 0;1y by the right-hand side of (19) allows to estimate all terms in terms
of H*-norms of ¢y;. The term losing most derivatives — namely two — is Ay sy such that
also the third estimate of (Res) can be obtained by choosing vy € H**' = X, = Xy.
The L'-estimate follows again from the Cauchy-Schwarz inequality. Thus we checked all
assumptions of Theorem 2.1 and so we have

Theorem 3.3. Let v, € C([0,Ty], H*') be a solution of (28) for an s > 3/2. Then there
exist £g > 0 and Cy > 0 such that for all e € (0,g¢) we have solutions (u,v) of (27) with

Hs+1 + ||U + |¢u|2| Hs) < (Ce.

sup ([lu — |
te[0,To]

3.3 The high frequency limit of a mean field polaron model

We consider the high frequency limit of a mean field polaron model [BNAS00], i.e., we
consider

i0u = Au — yuw, 2020 = —v 4+ A7 (Jul), (29)
with v = +1, ¢t > 0, z € R3, v(z,t) € R, and u(z,t) € C for small 0 < ¢ < 1. This
model describes a free electron interacting with a dielectric polarizable continuum under a
number of assumptions. The evolution of the lattice polarization is modelled as a harmonic
oscillator, described by the electrostatic potential v = v(x,t) € R, subject to an external
force coming from the single electron, which is described by its wave function v = u(z,t) €
C. In the limit € — 0 we obtain the Hartree equation

iy = Au — yu(A7(Ju)?) (30)

as regular limit system. It is the goal of this section to explain that this singular limit of
the mean field polaron model is covered by Theorem 2.1.
In order to do so, we write (29) as a first order system

10w = Au — ~yuw,
Oy = ie 17,

A0 = ie v+ ie P AT (|ul?).

14



In order to apply our abstract approximation result from Section 2 we set U = u, V' = (v,0),

and
. 0 i
Ay = —iA, Ay = (Z é)

for the linear operators. For the nonlinear terms we choose

Bu(U,V) = —yuv, By(U,U) = <z’A10(|u|2)) .

Finally, the Banach spaces Xy and Xy are given by the Sobolev spaces
Xy=H* Xy=L*NH,
with s > 1 where

Vilx, = VI~ + > [IV*V] L.
|k|=1

We are now going to check the previous assumptions. The validity of the assumptions (S1),
(S2), and (B1) is obvious. We have for instance

I Ul = 13Tz < BTz < [V

and

|1Bu (U, V)]

s < CJU|

V]

ne = |[yuo we [V e

for s > 3/2 due to Sobolev’s embedding theorem. The assumption (B2) follows by

1By (U.O)llenmy, < MK (uwa)lninze < Cll(ual)l|zzaze

< Claillpran < CIUla U |lar

for r > max{s — 2,3/2}, where the second estimate holds for d = 3, ¢f. [GSS17, Lemma
2.3]. Tt is based on

AV ] oo CIIEI20(K) |1 ar)
C<||X\k‘\ﬁl(k)’kl_Qi}\(k)”Ll(dk) + ||X|k|>1(k’)|k|_2@\(k)||L1(dk))
Cllxw<1 (k) || 2 amy 0K || Loo (an)
x> ()R 2wy 10 22 ary )
C(l[vllzr + [Jv]lz2)

IA A CIA

IN

where we used

1
Ixk<t (B) R 2] L1y = / k|2 dk = Cd/ ri 3 dr <
|k|<1 0

15



for d > 3 and

I (R oy = [

|k[>1

|k|~*dk = (Jd/ r 5 dr < oo
1
for d < 3. Since Ay is a bounded operator the validity of assumption (I) is a direct
consequence of (B2), i.e., we have the estimate
1AV By (U, U) | p~nms, < CNUN - 1Ula

for r > max{s — 2,3/2}. The estimate is better than necessary for (I). The validity of the
assumption (M) follows from

||M(AUU7ﬁ)“meHg1 < ClAvUi|ar|Us||ar < Cl|UL||gr+2]|Us || ar-
We find next
[Resw (Y, 0)|| zeonnz, = 2|M (Avtow + Bu (v, —Ayv' By (Yu, %v)), o)l penns,

< CUIMAvYu, Yo)lli=nms, + I1M(By (¢, —AV By (Yu, ¢v)), Yu) | p=ns,)
< ClAvyullaI¢ollm + CllBu(bu, —Ay By (Y, vo))lmellvull e

< Clullarlvulla + Cllvullal — Av' By (Yo, du)llzenns, 1Yl o

< Olgullar=lvullar + Cllvol|ar lbo | 31bo || -

for r > max{s —2,3/2} and ¥ > max{r — 2,3/2}. Since A;' is a bounded operator we also
have

IAV Resw (Y, 0)[|zoonms, < Cllvwllarselldollar + Cllvu || ar 1ol Ee 1Yol o
for the same values of r and 7. Finally, we have

1AV O Resw (Yur, 0) || ez,

Cllo:M (Aytpy + By (Yu, —Ay By (Yo, vw)), o) Lo,
C[M(AvOipu, Yu)llzenms, + M (Avtby, Orbu) | Loenms,
+|M(By(0ipw, —Av' By (Y, ), o)l Lenms,
+2|| M (By (Yv, — Ay Bv (9w, Yu)), o)l Lenms,

M (By (¢, —Ay' By (Yu, ¥v)), 0w | enns,)

Replacing then 0,1y by the right-hand side of (19) allows to express all terms in terms of H*-
norms of Yy;. The term losing most derivatives — namely four —is Ay 0y¢py. Since M gains two
derivatives the third estimate of (Res) can be obtained by choosing ¢y € H**? = X, C Xy.
Thus we checked all assumptions of Theorem 2.1 and so we have

Theorem 3.4. Let v, € C([0, Ty, H*?) be a solution of (30) for an s > 3/2. Then there
exist €9 > 0 and Cy > 0 such that for all e € (0,g9) we have solutions (u,v) of (29) with

e+ v = AT () | enn, ) < Ce.

IN A

sup ([lu — |
te[0,To]
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4 Discussion

Our abstract approximation theorem applies to all semilinear systems of the structure (14)
which additionally satisfy the assumption (M). Here, we show that the assumptions of the
abstract theorem are sharp in the sense that there exists a quasilinear system of the same
structure where the regular limit system makes wrong predictions. Hence, it turns out that
this limit for non-semilinear systems in general is a rather subtle problem.

4.1 The singular limit and normal form transformations

In order to explain the difference between the systems (1)-(3) on the one hand and (4) on the
other hand we have to make a small detour to the theory of normal form transformations.
In order to do so we consider the simple ODE system

Ou = 1u + iuw, 0w = v — iu?, (31)

with £ € R, u(t),v(t) € C, and 0 < & < 1 a small perturbation parameter. In the singular
limit € — 0 the regular limit system

Opy = iy + ipydy, 0 = ipy — Wy,

and finally
Oy = iy + W} (32)

is obtained. Although (31) falls into the class of systems (5) and although checking the
assumptions of Theorem 2.1 is rather trivial we redo the calculations from above, but this
time we collect the terms differently.
We make the transform
w= v+ au®, (33)

with the new variable w and a coefficient o € C which has to be determined in such a way
that the dangerous term —ic~'u? is eliminated. We find

dw = O+ a(Ou)u + au(du)
= de o —ie u® + aliu + iuwv)u + auliu + juv)
= de'w A+ (= A + Ay + M) —ie Hu? + O(1) + O(a),

where )\, = i is the eigenvalue of the linearization of the u-equation, and A\, = ic~! is
the eigenvalue of the linearization of the wv-equation. Hence, in order to eliminate the

nonlinear term —ie~'u?, i.e., in order to compute o, we need the validity of the non-

resonance condition

A+ A+ Ay #O. (34)
If (34) is satisfied we can choose

je~ ! je ! g1

R I WIS W TR T
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which is O(1) for € — 0. After this transformation we have a system
ou = O(1), Ow =i w + O(1) (35)

for which easily an O(1) bound for the error on the O(1) time scale can be obtained with
the help of the variation of constant formula and Gronwall’s inequality. The right-hand side
of (35) can be expressed solely in terms of v and w since the normal form (33) is invertible.

Obviously, as we have done in Section 2 it is not necessary to eliminate all the terms
proportional to u? in order to obtain a system of the same form as (35). It is sufficient to
eliminate the O(¢7!) terms only by choosing a = —ie~!/\, = —1. This is exactly what we
used above and as a consequence for problems on the real axis we do not need the validity
of the non-resonance condition

for all Fourier wave numbers k,[ € R, but only the much simpler condition
—Ao(k) #0 (37)

for all Fourier wave numbers k£ € R, which corresponds to the existence of A‘_/l, respectively
the weaker assumption (I).

This observation is restricted to systems with this special nonlinear interaction structure.
We will use this correspondence to normal form transformations to construct the counter
example. An introduction to normal form transformations can be found in [SVMO07]. In
the last years they have been used extensively in proving error estimates for the NLS
approximation, cf. [DLP*11, Sch16] for an overview.

Remark 4.1. We buy the simpler non-resonance condition (37) or the weaker assumption
(I) with the additional assumption (M) which is necessary to control the terms which
are O(1) and which are not eliminated by the simpler approach. As we have seen for the
relevant systems from Section 3 the assumption (M) is satisfied.

4.2 The NLS approximation for the Zakharov system

Another system which can be reformulated to have the structure of (14) is the Zakharov
system

10 + Au = —vyou, e20fv — Av = Alul?, (38)
with v = +1, t,v(z,t) € R, x € R? wu(x,t) € C, and 0 < ¢ < 1 a small perturbation
parameter. In the limit ¢ — 0 we obtain the regular limit system

i0u + Au = —vyvu, —v = |u?, Ttesp. i+ Au = y|ul*u, (39)

which is a NLS equation. We proceed in the same way as in Section 3.2 for the KGZ system
and write (38) as a first order system

Oyu = 1A + iyuv,
O = ie tw,v,

~ . -1 2
00 =i wyv + e wy(|u),

with w, defined via its symbol in Fourier space &, (k) = |k|.

18



Remark 4.2. The Zakharov system is a reduced model obtained from the Klein-Gordon-
Zakharov (KGZ) system, considered in Section 3.2, cf. [CEGT04]. It can also be obtained
directly from Maxwell’s equations coupled with Euler’s equations [Tex07]. The Zakharov
system is a quasilinear system in the following sense. With the choice X;; = H**!, Xy, = H*
assumption (B1) would be violated. On the other hand, with the choice Xy = H*® and
Xy = H? assumption (B2) would be violated, and so (38) cannot be solved with the
variation of constant formula in the above sense. Therefore, the assumptions of our abstract
approximation theorem, Theorem 2.1, cannot be satisfied.

In contrast to the semilinear systems of Section 3, where the sign of v was irrelevant,
for the Zakharov system (38) an approximation property only holds if v = 1. In fact in
Section 4.3 we construct a counter example which shows that in case of v = —1 the NLS
approximation fails to make correct predictions. For numerical illustrations of this fact see
Section 4.4. Before we construct this counter example we make two additional remarks.

Remark 4.3. The Zakharov system (38) can be made semilinear [OT92] by introducing
the new variable w = dyu — i6u with # > 0 suitably chosen. Then u can be reconstructed
via

Au — Ou = —iw — you. (40)

For a given v there exists a 6 sufficiently big such that for (40) there exists a unique solution
u = u*(w,v) where u is two times more regular than w and v. The second equation of (38)
is written as first order system

o = e 'Vq, 01q = e 'Vu + 7 'V|ul? (41)
Since w = (0 — if)u we can apply (J; — i6) to the first equation of (38) and find
i(0p(0y — i0)u + A(0; — i0)u = vOy(vu) — ibyvu

such that
10w + Aw = ywv + e 'yuVy.

The evolutionary system

ow = iAw —iywv —ie yut(w,v)Vg, (42)
v = e 1Vg, (43)
0q = e 'Vo+e 'Viu(w,v) (44)

for w, ¢, and v, is semilinear, if we choose w € H*~! and v, ¢ € H® which yields u* € H*!.
However, the new semilinear system (42)-(44) is no longer of the form of our abstract system
(14).

Remark 4.4. For instance in [SW86, AA88] it has been shown that the NLS equation
makes correct predictions about the dynamics of the Zakharov system. We follow [AASS]
and sketch how the sign of v enters the proof of an approximation result for the NLS limit
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for the Zakharov system. In detail, we explain how to obtain an O(1) bound on an O(1)
time scale for the solutions u, v of (38) in case v = 1. We rewrite the Zakharov system as
a first order system

10u + Au = —vyou, ov=V-q, £20,q = Vv + V|ul?.

We multiply the first equation with —iw and integrate this equation w.r.t. x. Adding the
complex conjugate gives

d
Sluliz =o. (45)
We multiply the first equation with 0;u and integrate this equation w.r.t. x. Adding the
complex conjugate gives

d
aHVUH%z = — /v(vuétﬂjt vudyu) de. (46)

Multiplying the second equation with v, the third equation with ¢, and integrating both
equations w.r.t. z yields

d d
Gl 2l = [l de =~ 1PV qae = - [ pPowds. (a7

Adding (45)-(47) yields in case v = 1 that

7 (lllze + [Vullze + llollze +*llallz: + /U\UIzdx) = 0. (48)
For u, v sufficiently small, but O(1), the square root of the energy on the right-hand side
is equivalent to the H' x L? x L?-norm.

This idea has been used in [AA88] to justify the validity of the NLS approximation .
The equations for the error R, = u — Ugpp, Ry = v — |tapy|* can be handled in the same
way if 7 = 1, since ¢, which is scaled with ¢ in the energy, does not appear in the nonlinear
terms.

In case v = —1 the term [ (vudyu +vudyu — |u|*dpv) dr remains on the right-hand side of
(48). It cannot be estimated in terms of |[ul|3, + [[Vul[2, + [[v]|72 + €2||¢]|32. In Section 4.3
we explain that in case v = —1 the NLS approximation fails to make correct predictions.

4.3 No counter examples and counter examples

In all models there are resonant wave numbers violating the non-resonance condition (36).
Depending on the sign of v these resonances can be stable or unstable. In the unstable
case, i.e. v = —1 in the models (1)-(4), exponentially growing modes occur. In this section
we explain why the unstable resonances for the semilinear systems from Sections 3.1-3.3
only lead to growth rates of O(1) in coincidence with our approximation theorem. These
growing modes cannot be used to construct a counter example, showing that the limit system
makes wrong predictions about the original system. Hence, the sign of the coefficient ~ in
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the nonlinear terms is irrelevant in accordance with our abstract approximation theorem,
Theorem 2.1.

However, we compute the growth rates of the resonant modes for the Zakharov system
to be of order O(e'/?) in the unstable case. This growth allows us to construct a counter

example which shows that in case v = —1 the NLS approximation fails to make correct
predictions.
Wy, Wy,
Wy
Wy
k k k
Wy
a) b) c) Wy

Figure 1: Graphical computation of the resonant wave numbers by intersection of k — w, (k)
and k — w,(0) + w,(k). a) shows these curves for the system from Section 3.2, b) these
curves for the system from Section 3.3, and ¢) these curves for the system from Section 4.2.
The intersection points in a) are at (O(e),O(1)), in b) at (O(1/y/¢),O(1/e)), and in c) at
(O(1/e),0(1/€%)).

4.3.1 The KGZ-KG limit

As an illustrative example for the semilinear case we consider the KGZ-KG limit from

Section 3.2. The non-resonance condition to eliminate the dangerous nonlinear terms
e 2A(ul?) in (27) is given by

Wy (k) = Wu(k — 1) —@u(l) # 0 (49)

for all k,l € R, where in the one-dimensional case we set @, (k) = k. There are many reso-
nances. Since we already know from our previous analysis that the unstable resonances can
lead at most to O(1)-growth rates we refrain from a complete discussion of all resonances,
and for expository reasons we restrict ourselves to the special situation [ = 0. Then the
non-resonance condition is given by

k
wp(k) —wy(0) —wyu(k) =+——1—-V1+k2#0 (50)
€
It is easy to see that the resonant wave numbers are given by k4 = iliz = O(e). See

Figure 1a). In order to compute the dynamics of the resonant modes we make the ansatz

u(z,t) = Ag(t)e Ot 4 en Ay (t)e!Fratentkt) ¢
v(z,t) = By(t) + "By (t)eitrztenkt) 4o e
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for an > 0 fixed, i.e., a small perturbation of the z-independent situation. The linear terms
cancel and so we find in lowest order

2iw, (0)0,Ag = —vAoBo,
2w, (k1) A1 = —v(A By + AyBy),
20°By, = 0,
2e%iw, (k1)0;B1 = —k3(A1Ay).

For simplicity we restrict ourselves to the case Byl = 0. Then we find Ay = const. and
By = 0. We compute

27,(,0”(]’6'1)8,52141 = —")/AoatBl = —")/AO (—k’%(AlA_())),

2e2iw, (k1)
ie.
6’?141 = FAl and (9331 = FBl,

where
| Ao| k7
Va2, (ko (k1)
We have that I" has the opposite sign of 7, due to w,(k1)w,(k1) > 0, and so for v = —1
exponential growth occurs. Since k; = O(e), Ag = O(1), wy (k1) = O(1), and w, (k1) = O(1)
we have I' = O(1). Thus, in accordance with Theorem 3.3, even in case v = —1 the resonant
modes B; stay O(1) bounded on the natural O(1)-time scale of (27).

I =

4.3.2 The Zakharov-NLS limit

The non-resonance condition to eliminate the dangerous nonlinear terms e >A(|u|?) in (38)
is given by (49), where again we restrict to the case [ = 0, i.e., to the non-resonance
condition (50). It is easy to see that the resonant wave numbers k; are of order O(1/¢). See
Figure 1c¢). In order to compute the dynamics of the resonant modes we make the ansatz
u(x,t) = Ag(t)eOf 4 en Ay (t)e!Fratenttt) ¢
v(z,t) = By(t) + "By (t)elFratwn®t) ¢ e

for a n > 0. The linear terms cancel and so we find in lowest order

i0, Ay = —vA¢DBy,
i A = —y(A1 By + AyBy),
e20’By = 0,

2e%iw, (k1)0,B1 = —k2(A1Ay).

For simplicity we restrict ourselves to the case Byl;—9 = 0. Then we find Ay = const. and
By = 0. A necessary condition that the NLS equation makes correct predictions is that By
stays O(1)-bounded on an O(1)-time scale. We compute

1

iafAl = —vA0, B, = _'YAOW

(—k{(A1Ao)),
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le.
0}A; =TA; and 9B, =IB,
where
| Ao* k7
7282601,(]{51) ’
We have that I" and v have opposite signs, due to w,(k;) > 0, and so for v = —1 exponential
growth occurs. Since k1 = O(1/¢), Ag = O(1), and w, (k1) = O(1/e?) we have I' = O(1/?).
Hence in case 7 = —1 the resonant modes grow as @(e° *) which is not O(1) bounded on
the natural O(1)-time scale of (38). Thus, in case of v = —1 the associated NLS equation
makes wrong predictions about the dynamics of the Zakharov system, cf Section 4.4.

I'=

4.4 Numerical illustrations

By numerical experiments we illustrate the differences between the approximation properties
occuring for the semilinear system from Section 3.2 and the ones for the quasilinear system
from Section 4.2.

4.4.1 The KGZ-KG limit

We choose 27/ ky-spatially periodic boundary conditions with k; the resonant wave number
of order O(e). Hence, the spatial domain grows as € — 0. Moreover, due to the fact that
we consider a bounded interval with periodic boundary conditions the limit system has to
be modified. Instead of choosing v(z,t) = —u(x,t)?* we consider

vz, t) = —u(z,t)* + () (51)
with $(t) chosen in such a way that fo%/ " 920(z,t) dz = 0. In detail we choose

ki

~or

27 /ky
B(t) /0 (—u(x,0)* + u(z,t)?) dx (52)

and u to satisfy the modified KG equation
O2u — Au+u = —Bu + y|ul*u. (53)

We refer to [DSS16] for details. As predicted by our analysis, the numerical experiments
show a comparable error for v =1 and v = —1. See Figure 2.

4.4.2 The Zakharov-NLS limit

We choose 27/ki-spatially periodic boundary conditions with k; = 1/e the resonant wave
number. Hence, the spatial domain shrinks as ¢ — 0. As predicted by our analysis, the
numerical experiments show that the NLS equation provides a good approximation for
v = 1. However, in case 7 = —1 the Zakharov system (38) behaves much faster in a
different way as predicted by the NLS approximation. See Figure 3.
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1073 )

20 40 60 80 100
T

Figure 2: The L?mnorm of the approximation error for u in case v = 1 (red lower curve)

and in case v = —1 (blue upper curve). The computations for the initial conditions u|—o =
1 + &2 cos(kiz), Owuli—o = 0, v|i=g = —ul’,, and dv|i—g = 0 confirm our analysis. The
error in case v = —1 grows faster than in case v = 1, but stays bounded and the unstable

resonance does not destroy the approximation property. The computations for ¢ = 0.1
were made with a split step method for 1024 Fourier modes. The time step was 7,y =
4.77 x 1077 for the KGZ system and 73, = 4.88 x 10~* for the KG equation. The lower
curve shows the oscillatory character for v = 1. The right panel shows that beyond the
natural approximation interval the error in case v = —1 finally will be of the same size as
the solution.
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Figure 3: The L%norm of the approximation error for u in case v = 1 (red lower curve) and

in case v = —1 (blue upper curve). The computations for the initial conditions E|—¢ = 1,
nli—o = —1 + €?cos(kix), and dnli—¢ = 0 confirm our analysis. The error in case v = —1
grows faster than in case v = 1. The unstable resonance destroys the approximation
property since the error in case v = —1 (blue upper curve) grows faster for smaller e. The left

panel shows the case € = 0.1 and the right panel the case € = 0.05. The computations were
made with a split step method for 1024 Fourier modes. The time step was T,..; = 4.77x 1077
for the Zakharov system and 7, = 4.88 x 10~ for the NLS equation.
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A Local existence and uniqueness of the limit systems

For completeness we add the following local existence and uniqueness result for (16).

Theorem A.1. For all Cy > 0 there exists a Ty > 0 such that for all Uy € Xy with
|Usllx, < Cy there exists a unique mild solution vy € C([0,To], Xv) of (16) with Yy |i—o =
Up.

Proof. We consider the variation of constant formula
t
Yu(t) = MUy — / AT By (Y, Ayt By (Y, o) ) (T)dr (54)
0

associated to (16). Due to the assumptions (S1), (B1), and (I), for all fixed C; > 0 the
right-hand side of (54) is a contraction in a ball

{¢U € C([07T0]7XU) : ||¢U - 6AUthOHXU S Cl}

for a Ty > 0 sufficiently small. By the contraction mapping principle there is a unique
fixed point of the right-hand side of (54) which by definition is the unique mild solution
Yy € C([0,Tp], Xy) of (16) with vy =0 = Ubp. O

Remark A.2. In one of the previous applications, for estimating the residual terms, we
used solutions ¢y € C([0,Tp], Xy) with X, C Xy another suitably chosen Banach space.
The local existence and uniqueness proof in X, will work exactly the same since Xy and
Xy have been chosen as Sobolev spaces H*V and H*v with sy < sy.
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