ﬂ(IT \/ya\/e phenomena

Karlsruhe Institute of Technology ana I YS | San d numer | CS

A space-time discontinuous Petrov-
Galerkin method for acoustic waves

Johannes Ernesti, Christian Wieners

CRC Preprint 2018/15, August 2018

CRC 1173

- _

phenomena

KIT — The Research University in the Helmholtz Association :.!E

mmmmmmmmmmmmm
nnnnnn



Participating universities

2 Universitat Stuttgart

EBERHARD KARLS

UNIVERSITAT
TUBINGEN

Funded by

VFG

ISSN 2365-662X



XXXX, 1-27 August 16, 2018 © De Gruyter YYYY

A space-time discontinuous Petrov-Galerkin method
for acoustic waves

Johannes Ernesti and Christian Wieners

Abstract. We apply the discontinuous Petrov-Galerkin (DPG) method to linear acoustic waves
in space and time using the framework of first-order Friedrichs systems. Based on results for
operators and semigroups of hyperbolic systems, we show that the ideal DPG method is well-
posed. The main task is to avoid the explicit use of traces, which are difficult to define in
Hilbert spaces with respect to the graph norm of the space-time differential operator. Then, the
practical DPG method is analyzed by constructing a Fortin operator numerically.

For our numerical experiments we introduce a simplified DPG method with discontinuous
ansatz functions on the faces of the space-time skeleton, where the error is bounded by an
equivalent conforming DPG method. Examples for a plane wave configuration confirms the
numerical analysis, and the computation of a diffraction pattern illustrates a first step to appli-
cations.

Keywords. Discontinuous Petrov-Galerkin method, space-time discretizations, semigroups,
variational space-time Hilbert spaces.

AMS classification. 65N30.

1 Introduction

The discontinuous Petrov-Galerkin method (DPG), introduced by Demkowicz et al.,
provides a very flexible framework to construct and to analyze stable finite element
discretizations for general linear first-order systems, see [5] for an overview and many
references.

The main idea of the DPG method is to introduce a substructuring, and to use dis-
continuous approximations in the subdomains and traces on the skeleton. This is com-
bined with discontinuous test functions, so that the discrete solution can be obtained
by a symmetric linear system for the skeleton values.

The DPG method can be introduced as a minimal residual method, which allows
for an equivalent saddle point formulation. So the main objective for the numerical
analysis of the DPG method is to provide the corresponding inf-sup stability. This
involves two steps. Firstly, in the ideal DPG method, stability has to be provided
with respect to the dual norm of the residual, i.e., by testing with a full Hilbert space.

We thank Luca Hornung, Dietmar Gallistl, Jay Gopalakrishnan, and Paulina Sepulveda for helpful dis-
cussions on first drafts of the manuscript. We gratefully acknowledge the support of the German Research
Foundation (DFG) by CRC 1173.
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2 J. Ernesti and C. Wieners

Secondly, the explicit construction of a Fortin operator allows to analyze the practical
DPG method with discrete test functions.

Here, we discuss the application of the DPG method to linear first-order systems in
space and time, where we consider as reference example linear acoustic waves. The
required stability for the space-time operator is obtained within a semigroup approach,
which also provides an estimate of Poincaré type. To establish a suitable Hilbert space
setting for the closure of the operator in space and time, we use the results in [19,
Sect. 12] for semigroups, in [20, Sect. 4.5] for polar sets, and the framework for sym-
metric Friedrich systems in [10].

Then, following the DPG analysis in [6, 14], we show that the ideal and the practical
DPG method only rely on the boundary operator using integration by parts without
explicit reference to traces, see also [10]. Then, the construction of a Fortin operator
follows the approach in [17].

In our realization of the DPG method, we use a simplified approach. Since the
traces of space-time cells are different for faces in time and in space, conforming
ansatz spaces on the skeleton may require nodal points on faces, edges, and vertices.
It turns out that discontinuous ansatz functions on the faces of the space-time skeleton
are easier to construct and yield optimal convergence rates in simple test scenarios.
This variational crime is analyzed with respect to a discrete norm by comparing the
simplified method with an equivalent conforming DPG method.

The method is implemented within the parallel finite element software system [21].
We test the full space-time approach by computing the diffraction pattern of a double
slit experiment which demonstrates the advantages of a method which is simultane-
ously parallel in space and time.

2 Linear acoustic waves
We consider the first-order system for linear acoustics
klop+V.-v = 0, (2.1a)
pov+Vp = 0 (2.1b)
in the space-time cylinder
Q=Qx(0,7)cRIxR

depending on a density distribution p > 0 and bulk modulus « > 0 (see [8, Sect. 2]
for more details on this model and the relation to elastic waves). For simplicity of the
presentation, we set p = 1 and k = 1.

The corresponding the first-order differential operator is given by

L(p,v) = (8tp + V- v,0iv+ Vp) )
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Now we want to establish an analytic setting for a unique solution of

Lip,v) = (f. ) (2.2)

(subject to initial and boundary conditions) which depends continuously on the data.

2.1 The semigroup setting
We consider the ODE

8t(pvv) :A(pvv)+(f7g)? A(p,V) = (*V‘U*Vp) ’
where the operator A is associated with a dense domain
D(A) C Ly(Q;R x RY).

Here, we choose D(A) = H)(Q) xH(div, Q) including homogeneous Dirichlet bound-
ary conditions for the pressure on 0Q.

We show that the operator A with domain D(A) generates a semigroup. Therefore,
we check the requirements of the Lumer-Phillips theorem. In the first step, we show
that id — A is surjective. For (f,g) € Lo(€; R x R?), we define p € H}(Q) solving

(Vp,Va)a + (0,9)a = (f,0)a + (8, V@)a, g€ H)Q),

and then we define v = g — Vp. We observe

v.,-Vo)a=(f.a)a— (p.0)a,  ¢€CURQ),

ie., v € H(div,Q) and V-v = f —p, so that together (p, v) — A(p,v) = (f, g). This
gives surjectivity. Moreover, we have

(A(p, v), (p, v))Q =0, (p,v) € D(A). (2.3)

Thus, the operator A generates a semigroup [19, Thm. 12.22] (see also [15, Sect. 2.2]
and [16] for the application to general linear wave equations).

2.2 Duality, adjoint operators and the Hilbert adjoint

In the next section, many arguments will rely on duality. For this purpose, we introduce
the Hilbert adjoint A% of the operator A with domain D(A), cf. [19, Sect. 8.4.2].
The adjoint operator is defined in the domain

D(AY) = {(g;w) € Ly(Q:R x RY): (f,g) € Ly(Q:; R x R?) exists
such that ((f,g), (p.v)), = ((¢,w), A(p,v)), for (p,v) € D(A)}.

For the acoustic wave equation we have D(A4%) = H}(Q) x H(div, Q) = D(A).
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Then, for (g, w) € D(A*) we define A%(q, w) € Ly(; R x R?) by

(Aad(Q7 W)? (pv V))Q = ((qv W)’ A(pa v))g ) (pv V) € D(A) :

Since D(A) C Ly(Q; R x R?) is dense, the operator A% is well-defined.
Correspondingly, for the space-time operator L = 0; — A the formal adjoint of the
differential operator is given by L3 = —9; — A%, and we obtain in Q = Q x (0,7)

(L%, w), (0. V) g = (4, W), L(p, V) (p.V), (@, W) € C{(Q:R x RY).

In our application the adjoint problem describes a wave equation backward in time.
In the next section we will define suitable domains for the operators L and L

extending the domains D(A) and D(A*) in Ly(Q; R x R?) to domains of the space-
time operators in L,(Q; R x R%), so that L2¢ is the Hilbert adjoint of L in this setting.

2.3 Polar sets

Below we use polar sets in Hilbert spaces X. Let X’ be the topological dual of X.
For Y C X and Z C X' the corresponding annihilator or polar sets are given by

Yyl = {66X’:<€,y>:0,er},
lz — {ZGX:<€,Z>:0,€€Z},

see [20, Sect. 4.5]. In particular, + (Yl) is the closure of Y in X, cf. [20, Thm. 4.7].

3 A variational space-time setting

We consider the ODE
oy =Ay+b in[0,7], y(0)=0, (3.1)

where A is an operator with a dense domain D(A4) in Y = L,(Q; R™). We assume
that the operator A generates a semigroup. Then, for all

b € C°([0,T}; D(A))
asolution y € C'([0,7];Y) NC°([0,T]; D(A)) of (3.1) exists and is of the form

¢
v(t) = / exp ((t — 5)A)b(s) ds (32)
0
This extends to right-hand sides in

wh((0,7);Y) = {v € Li((0,T);Y): 3f, € Li((0,T);Y):

T T
/gofvdt——/ gp’vdtey,<pec§(o,T)}
0 0
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[19, Thm. 12.16], [1, Def. I1.5.7]. Equation (3.2) directly implies

Olla < [ flexo (= )4) g [b(s) 05

In case of hyperbolic operators satisfying (2.3) we have || exp(4)|lq = 1, see, e.g.,
[19, Thm. 12.22]. Then, ||y (¢)|a < f(f |Ib(s)||qds, and integration in time yields

T ; st 2\ /2 T 12
I¥laxor < [b(s)|lads ) dt < t\|b||§zx(o,t)dt
0 0 0
T 1/2
< (/ tdt |2 ) = T Ibllaxomn . (33)
= A Qx(0,T) NG x(0,T)

The ODE solution (3.1) belongs to the Banach space
V={yecC ([0.7:Y)Nnc’([0,7]: D(A)): y(0) = 0},
and inserting the operator L = 9; — A we obtain for all b € W1 ((0,7);Y") a solution

y € V with Ly = b, see [19, Thm. 12.16]. Note that L is not a closed operator in V.
Since W1 ((0,T);Y) is dense in L, ((0,T); Y'), we obtain the following result.

Lemma 3.1. L(V) is dense in L ((0,T);Y).

In [6] a corresponding density result is obtained for the linear Schrodinger equation
(see also [14] for acoustic waves).

In our application also the adjoint operator A% generates a semigroup, so that this
result transfers to the adjoint problem, given by the ODE backward in time

—0z =AY 4c in[0,7], zT)=0. (3.4)

Thus, for c € Wh! ((0, T); Y) the solution of L2z = ¢ is given by

z(t) = — /tT exp ((s —t)A*)c(s) ds.
Defining
Vi ={zec'(0,T);Y)nC([0,T); D(A*)): z(T) = 0}
this shows that L*4(1*%) is dense in L,((0,7);Y'), and we have

(L, w), (p,v) o = (0, W), L(0,V)) g, (p.V) €V, (g, W) € VY.
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3.1 A Hilbert space setting for the space-time operator
InW =1,((0,7);Y) = Lo(Q; R™) we define the Hilbert space
H(L,Q) = {yeW:LyeW}
= {y € W: b € W exists such that (3.5)
(b,2)q = (v, L*'2)q for z € C{(Q;R™)}

with respect to the graph norm

I¥lo.r =+/II¥Ig +ILyl3, ¥y €H(L,Q).

Analogously, we define H(L*, Q) = {y € W: L*y € W}, and H(L*, Q)’ denotes
its dual space. We define the operator D € E(H(L, Q),H(L, Q)’) by

(Dy,z) = (Ly,z)g — (y,L*2)q, y€H(L,Q), zecH(LYQ),

and the kernel of D is denoted by
N(D) = {y € H(L,Q): Dy = O}.

By definition of the adjoint operator ¢, we have C! (@Q;R™) C N(D). Thus, the
operator D describes traces obtained using integration by parts in abstract form.

Let Ho(L,Q) C H(L,Q) be the closure of C!(Q;R™) C N(D). Then, also
Ho(L,Q) C N(D).

In fact, we can establish equality. The proof is based on duality using the operator
D ¢ L(H(LM,Q),H(L,Q)") with <Dadz, y> = (LY,y)g — (z,Ly)q, i.e., —D™
is the transposed operator of D.

Theorem 3.2. We have

Proof. We only have to show N (D) C Hy(L,Q). Provided we have established
CcH(@; Rm)J‘ C D*(H(L",Q)), the assertion follows from

N(D) = {y €H(L,Q): (Dy,z)=0= <Dadz,y> forz € H(Lad,Q)}
= LD¥(H(LM,Q) ¢ H(CHQR™)) =Ho(L,Q).

The proof uses the technique in [10, Lem. 2.4], see also [4, Lem. 2.2] and [22, Lem. 1].
For a given functional £ € C! (Q;Rm)L C H(L, Q)" we construct z € H(L*, Q) with
Dz = (. Therefore, we define y € H(L, Q) solving

(Ly, Lo)g+ (v.6) g = —(L.8), ¢ €HL.Q). (36)
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Then, since <£, w> = 0 for test functions w € Cé (Q; Rm), we observe

Inserting z = Ly and using the definition of H(L, @), we observe z € H(L¥, Q)
and L*z = —y. From (3.6) we now obtain

(D¥z,¢) = (L“z,¢) o~ (L),
~(v.¢)q = (Ly, Le) g = (£,¢), & <€H(LQ),

i.e., D¥z = ¢. ]

3.2 The closure of the space-time operator (L, V)

We assume that C7, > 0 exists such that
Iyle <Crlilylleq. yeV. (3.7)

In case of linear hyperbolic operators this is obtained from (3.3) with C, = %T, see
also [18, Thm. 3.1], [7, Lem. 1], and [23, Lem. 6].
In particular, L is injective on V. Now we define

V="(V") CH(L,Q),

i.e., V is the closure of V in H(L, Q) with respect to the graph norm [20, Thm. 4.7].
The estimate (3.7) also holds for the closure, i.e.,

Iyl <CrlLyllg, yeV. (3.8)

Theorem 3.3. L € L(V, W) is a bijection.

This is a general result for operators: if L satisfies (3.7) and L(V) C W is dense,

then L extends to a bijection in the closure V' = + (V).

Proof. From (3.8) we observe that L is injective, and since V' C H(L, Q) is closed,
L(V) C W has closed range. This is shown as follows: for any sequence (y,), C V'
with lim Ly,, = b € W we have

|yn = ¥ellQ + [ILyn — Lykllg < (CL + 1)||[Lyn — Lykllg — 0,

so that (yy, ), is a Cauchy sequence in V'; since V. CH(L, @) isclosed, y = limy, € V
with Ly = b exists. Since L(V) C W is dense (Lem. 3.1), we obtain L(V) = W. 0O
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The estimate (3.7) transfers to the adjoint operator, i.e., we have for z € Y

b L L
lzllg = sup ZDI — gy BIVQ _ p ET2Y)0 ey
b ol 32 Tvle 5% TEvle

again using the density of L()) in W, and using
<Dadz,y> = (Ladz,y)Q —(z,Ly)g =0, yevV,ze V9, (3.9)

which holds by construction of V and V. Defining V¥ = L(Va)L c H(LY, Q),
the estimate corresponding to (3.8) holds also for the closure of the adjoint, i.e.,

lzllo < CL || L%l g,  ze V™. (3.10)
Theorem 3.4. We have
V — J_Dad (Vad)
= {y € H(L,Q): (Ly,z)g = (y,Ladz)Q forall z € Vad} .

In particular this shows that the operator L with domain V is the Hilbert adjoint of
the operator L* with domain V2.

Proof. We have V C +D (Vad) by (3.9), so that V C + D (Vad), since - D (Vad)
is closed in H(L, Q).

Now, for w € +D (Vad) C H(L,Q) set b = Lw and let y € V be the unique
solution of Ly = b, cf. Thm. 3.3, yielding L(y —w) = 0. Sincey € V c +D(yad),
we have y — w € 1+ D%(V4)  and we obtain for all z € V¥

0= <Dadz,y — W> = (Ladz,y — W)Q — (z,L(y - W))Q = (Ladz,y — W)Q .
Since L2 (V) C W is dense, we obtainw =y € V. ]

Remark. By the definition of V', Thm. 3.4 directly extends to V' = + D2 (Vad).
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4 Space-time substructuring

For a decomposition Q, = | Rer, It into open disjoint space-time cells R, we con-
sider the corresponding discontinuous space H(L, Q) = [[z H(L, R).
Introducing local operators D € L£(H(L, R),H(L*, R)") defined by

<DRyRa ZR> = (LYR, ZR)R_(yRa LadZR)R 5 YR € H(La R) , ZR € H(Lad7 R) 5

we extend the operator D to Dy, € L(H(L, Qp), H(L™, Q})") by
(Dhy,z) = Z (DryR.2R)
R

with yg = y|r and zr = z|g. In particular, we obtain

<Dy7 Z> = Z ((Ly)|R7 Z|R)R - (Y|R7 (Ladz)|R)R = <DhY7 Z> 4.1)
R
for conforming functions y € H(L, Q) and z € H(L*, Q).
Analogously, we define D € L(H(L*, Qp,), H(L, Qy)").
Lemma 4.1. We have

VvV = LD';lLd(Vad)
= {y €H(L,Qn): (Dry,z) =0 forall zc V*}.
Proof. Itis sufficient to show L D3d(V3)  H(L, Q). Then, (4.1) yields the assertion
by 1DV NH(L, Q) = +D* (V) =V, cf. Thm. 3.4.

Fory € 1D¥(Va) c H(L,Qy) and b = Ly € W, we have <Dhy,z> = 0 for
z € CH(Q,R™) C V. Thus, we obtain

(b,2)q = (Ly,2)q, = (v,L"2)q, = (v, L"2)q,  z€C(Q.R™),
so that indeed y € H(L, Q) by definition (3.5). a
Lemma 4.2. We have
Ho(L,Qp) = N(Dy,) .
Proof. We have Hy(L, R) = N'(Dg), cf. Thm. 3.2. Thus, the assertion follows from

Ho(L,Qn) = [IzgHo(L, R) =[x N(DRr) = N'(Dy) . 0
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This shows that the operator Dy, is well-defined on the quotient space (associated
with the quotient norm) denoted by

H(L, =H(L, Ho(L,Qp), 9 = inf ,
(L, Qn) = H(L,Qp)/Ho(L, Q) 191260 y:y+HO(L,Qh)||yHL7Qh

ie., Dy € L(H(L,Qp), H(LY, Q})") is well-defined with

<[)hyvz> = <Dhyaz>7 yZY+HO(L7Qh)

By construction, Dy, is injective, i.e., N'(Dy) = {0}.

With respect to the substructuring, we represent the solution in W x ﬁ(L, Qp) as
follows. For given b € W lety € V be the unique solution of Ly = b, and define
¥ =y +Ho(L,Qp) € H(L,Qp). Then, inserting Dy, yields

(b,z)Q = (Ly,z)Q = (y, Ladz)Qh +(Dyy,z), z € H(LY, Q).

For the corresponding Petrov-Galerkin method in W x H(L, Qy,), we define the oper-
ator

Bh S E(W X PI(La Qh)? H(Lad7 Qh),) ) <Bh(y7 y)? Z> - (Y7 LadZ)Q + <Dhy7 Z>
As a result, the pair (y, ¥) also fulfills the equation
(Bu(y.9).2) = (b,2)g,  z€H(LY, Q).

for trial functions (y,§) € W x H(L, Q},) and test functions z € H(L*, Qy,).
The norm in W x H(L, Qy,) is denoted by ||(y,¥) | q:z.00, = \/||YH%Q + 19117 00, -
Now we show that By, is invertible in W x V with V = V/Ho(L, Qx) < H(L, Qp,).

Theorem 4.3. We have for (y,§) € W x V

B (w9
up <h(y7Y)7Z>> 1

z 1(y: 9)ll@:z.0q) -
zer(,Q,) 1l g, 4C2 42

Proof. In the first step, we establish

<Bh(yay)7z> 1
sup A > 12l o o »
yrewsxi |V Ile:oen 403 +2

For given z € H(Lad, Qr) C W, we find a unique function yy € V solving Ly = 2,
and we set o = yo + Ho(L, Q) € V. Then,

4.2)

zc H(LY Qp). (4.3)

(Bu(y0,90)2) = (vo, L") o, + (Dn30.2) = (Lyo.2), = |2l
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and inserting (3.8) yields

I(yo, 90 1o:.00, = I¥olle + I90ll7 00
< ol + IyollZ.q = 2llyolle + I Lyolg
< (26 + DlLyolig = 2CF + 1)llzl3, ,
so that we obtain
wp B9z (BulyoFo)m) _ I=[1%
yoewxv 1 Ioroe. — Ivo.Jo)llersee. 1o Fo)lle:L.oq,
1
> ——llzllq-
2C% +1
Then, choosing (y,¥) = (L*z 0) yields
By(L¥z,0),z 4
sup (B ( )z) > < ,:Q( hz) 1Lz
ygrewxv 1Y Y)HQLth [(L*z,0) ;2,60
Now, (4.3) follows from ||Z||LﬂdQ < 2max{||z||Q, |Ladz||Q} ie.,

max {||zllq, | L*'zllq } >

—— Z a .

ﬁ 12l £ g

In the second step, we show that the operator By, is injective in W x V' then, (4.2) is
obtained by duality [2, Lem. 4.4.2].

Therefore, we consider (y,§) € W x V with

(Bu(y,9),2)=0,  z€H(L", Q).

This yields
0= (Bu(y,9):2) = (v, L"2),,,  z€C(QnR"™),

ie.,y € H(L,Qp) and Ly = 0. Thus, from § € V and <Dhy,z> = 0forz e V¥,
we conclude for all z € V24

~ d A A

0 <Bh(y7Y)aZ> - (LYaZ)Qh = (yaLa Z)Qh + <Dhy3Z> - (LY7Z)Qh
= <Dhya Z> - <Dhy7 Z> = _<DhYa Z> )

which showsy € V, cf. Lem. 4.1. Together with Ly = 0 and (3.8) this implies y = O.
Thus,

0=(Bu(y.9).2) = (Drn3,2),  z€HLY Q)
which implies § = 0, see Lem. 4.2. O
Thm. 4.3 provides stability for the ideal DPG method with discrete approximations

in W x V, and for test functions the continuous space H(L*, Q). Using a discrete
test space yields the practical DPG method.
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5 The DPG method

Now we select a global conforming discrete ansatz space Vi, € V on the skeleton
and local ansatz and test spaces Wg, C Lo(R,R™) and Zg;, C H(L*, R). We set
Vih = Vilor, Wi = [[ Wrp and Z), = [ Zr .

In order to verify discrete inf-sup stability, we construct a suitable local Fortin op-
erator [1z, € £ (H(Lad, R),Z R7h) in every space-time cell I following the approach
presented in [17, Sect. 3.1.4], see also the construction in [9, Thm. 1]. This yields a
mesh-dependent estimate. Then we show by a scaling argument, that it is sufficient to
construct a local Fortin operator on a reference cell, so that finally a mesh-independent
a-priori bound for the DPG approximation is obtained.

5.1 The local construction of the Fortin operator
We define B € £(Lo(R,R™) x H(L, R),H(L*, R)") by
(Br(yr.9r)-2r) = (Yr: L2R)  + (DRI R 2R) -

We assume that for given \737;1 and Wg , the local test spaces Zg , are selected so that
for all zr € H(L*, R) the affine space

N(zgr) = {ZR,h € Zrn: (BR(YRA T rA) ZR1) = (BR(YRW IR1)>ZR)
(YR I RE) € WRA X VR,h}

is not empty for all R € R. Then, a Fortin operator with Iz ,zr € N (zR) exists.
For the scaling argument below we require the additionally [T1g 1zg| 1« g < |ZR[10 g
with respect to the semi-norm |zg| . p = | L*z || r. This can easily be achieved by
extending Wg j, to Wg‘}l D Wgrp+ LMz R,h» since the orthogonality

0= (Br(yrn0),2rn — 2r) = (YR L' 200 — 2R)) 1, YRrh € WES,

implies |zg p |1 g < |ZR| 1w g. We assume that also N*'(zr) C N (zg) obtained by
testing with the larger space Wgﬁl D Wg, is not empty.

In order to compute a bound for the norm of Iy j, numerically, we assume that
extensions Vg 5, C H(L, R) of VR,h exists with dim Vg , = dim ‘A/R’h, so that for every
trace function y i j, € VR,h aunique extension y , ;, € Vg p, exists which can be locally
evaluated in R and which satisfies

(Dr¥ g zr) = (DrYpnp 2zR), zr € H(L*, R), (5.1
i.e., Yrn =Ygy + Ho(L,Qp). This defines a well-defined bijection
Irn: Van — Ven

such that ), = fR,h}_’R,h satisfies (5.1).
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The minimizer zg , = Iz pzr € N(zg) with respect to the norm in H(L*, R)
can be computed by a discrete linear saddle point problem as follows. We define the
discrete operators

BR’h € ,C(Wg:;l X VR,hv Z;{,h) ;
CR,h € £(ZR,ha Z}%,h) s
GR,h S E(ngi):;l X VR,hv (Wle%):;z X Vth)/)

b N
Y (BrRu(YRm TR ZRE) = (BrRYRAIRKTRL):ZRE)
<CR,hZR,h7 ¢R,h> = (ZR,hv wR,h)Lad7R 9
<GR,h(yR,h7 yR,h)? (¢R,h7 éR,h)> = <YR,h7 ¢R,h)R + (yRJLv éRwh)L,R )

and the embedding Egj, € L(WES x Vg, W x H(L, R)). Then, zr ), = gz
solves the discrete saddle point problem

Crnzrn+ BrRo(YR1TRE) = O, (5.2a)
B}%,hZR:h = Efr{’hBlRZR y (52b)

where (Yrh, Y1) € W}%XZ X Vg p is the Lagrange multiplier.

Remark 5.1. Inf-sup stability requires that By, is injective in W), x Vj,, but locally
we cannot expect that Br y, is injective, since Br (Y r.1, Y r,n) = 0 for all functions
YRrh € VRN Wgp NN(L).

On the other hand, since we assume that N**'(z ) is not empty for all zg, the equation
(5.2b) has always a solution, and since C'r j, is positive definite, zr , = I1g zR is the
unique solution of the optimization problem. The Lagrange parameter (yr,x, ¥ g ) iS
only unique up to N'(Bg1,)-

Inserting zp j, = —CglhBRﬁ(yRﬁ, Y k) yields

Srn(YRmIRE) = —FEgrnpBrzr

with the Schur complement operator

Sk = BruCryBri € LIOWVES, X Van, Wi, X Van)') -

Inserting the pseudo-inverse (with respect to the inner product in W5, x Vg 1)

. _ —1 -
Sin = Jim (SrnGrjySrn+0Grn)" SraGri,
satisfying S}, . Sr.nSs ), = St defines

Ngn = CryBrASE ERpBR - (5.3)
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We compute ag 5, > 0 such that
{Lrp, Sk nlrn) < arn(rp, Gl_{}th,h> ; Crp € (WS X Vra) (5.4

i.e., we determine the largest eigenvalue of a finite dimensional symmetric general-
ized eigenvalue problem. For given zr € H(L*, R) we select the discrete functional
(g, = B ,, Brzr, and the norm of the Fortin operator is estimated by

Mrnzrlliur = (BraSkulrn CriBruSknlrA)
(CR 1 Sh 1 SRASE BlRN)

(Crhy SE R 1)

< arn{lrh, Gﬁ}th,h>
< ZaR,hHZRH%ud,R
using
- (R, (YR YR
\/<£R,ha GR}hER,h> = sup < #)

(YR1TRA)EWEY, X VR \/<GR,h(YR,h7 Yrn) YRATRE))

<E}-E,hB%’,ZR’ (YR yR,h)>

= sup

rnTan)eWsxVen  1VRA YRR RLR
BrRER W (YR,h: Y ZR
_ sup < R, (y_R7 7yR,h)a > < \/EHZRHLH“,R
(yR’h,yR’h)EWg‘(}h XVRJL H (yR1h7 YRJl) ||R’LaR

with (Gru(YR1 T Rp)> YRATRA)) = 1Y R T RA) T, R a0d

(Br(YRn> IrnT rp) 2R) = (YR L2R) 5 + (LY RpoZR) g — (Trp LZR)

< yrallrIL¥2R ] + ILF m 4l Rzl R + 15 R AllRIL 2R 7

< Iy mall + 13 0l + 19 Rl /21 L8] + 2l

< V2Ul(yrn I pa)lmirrllzR] o g -

The construction is completely local, so that it extends to
Tzl g, < V20 |2l g, ,  2z€H(LY Q) (5.5)
with o), = max ag j,. This gives discrete inf-sup stability

(Br(yn,91)>2n)
INSVAS ||Zh||L‘“l,Qh

> Bull(yhs 1)l Q:2.60s (5.6)

for (ypn,95,) € Wi x V), with 8, = Ti/ﬁ (3, Prop. I1.2.8].
\% ) L
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5.2 A scaling argument

Numerically we observe that the eigenvalue estimate (5.4) is mesh-dependent. Thus
we compute vy = g, p, On a reference element Ry = (0, k) x (0, ho/c) for the
speed of sound ¢ > 0, and we analyze the transformation ¢r: Ry — R. For sim-
plicity, we only discuss a scaling of the form pr(x,t) = (xg,tr) + (h/ho)(x,t) with
R = (xg,tr) + (0,h)? x (0, h/c).

Let I1g, 5, be a local Fortin operator on the reference cell Ry. For the semi-norm
|ZR|[u g = | Lz R ||z and the operator By we assume the scaling properties

h_d+1 |ZR‘%ad7R — had+1 |ZR [e] (10R|iad7R0 s

ho® (Bry(YRh© ¥R, IR}, © PR)ZR © PR) -

h (Br(yr.p, SRL)>ZR)
This holds for acoustic waves with constant coefficients. Then, the transformation
pnzr = (HRo,ho (zgo ng)) o @;21

defines a local Fortin operator in R. By scaling we obtain for h < hyg

= Mg pzrl % ho N (M pzR) 0 @R|E,

ho " MRy e (2R © @R)|IR,

< by Mgy g (2R © 0R) |70 g,
< g MRy o170 g, 128 © PRI T g,
he™ ' lzroerliug, = W zrlk A+ ho® B 2Rl g
< B gl g
W ppzrlu g, = ho™ [(Trazr) o orliu g,
=y Mgy (2R © 0R) [ g,
< by 2R o orlTw g, = b 2R T g
which yields together

Ik nzllzsmy < /1 + Mool 3 g, 220 20 7

For simple meshes this results into the computable inf-sup constant

1

\/1 +20¢R{),h01/40% +2

Br =
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5.3 An a priori error estimate for the practical DPG method
The discrete DPG solution (y},,¥,) € W), x Vj, is obtained by minimizing the residual
By(yh,§%) — b in Z;, i.e., by minimizing the functional

(Bih(yh,91),21) — (b,24)
Yn(yn,¥5) = sup 9
z2, €7, HZhHLad,Q

The unique minimizer is the Petrov-Galerkin solution obtained by testing with the
optimal test space Z,*' = C; ' B, (W), x V), i.e.,

(Bn(yn,91),2zn) = (b.z1),, zn€Z). (5.7)
Q

Since By, is continuous and since we assume that \'(z) # {0} forallzr € H(L*, R)
(so that a computable but in general mesh dependent inf-sup constant exists as dis-
cussed in 5.1), Petrov-Galerkin estimates apply [24, Thm. 2]. In simple cases where
the scaling argument applies, this yields a mesh-independent estimate for a, and thus
for the inf-sup constant 3.

In our experiments, the assumption N (zg) # {0} can be achieved easily by choos-
ing polynomials of higher order in the local test spaces Zg j, than in the local ansatz
spaces Wg p, VR p.

Theorem 5.2. Let y € V be the solution of Ly = b, and set y =y +Ho(L,Qy) € V.
If a Fortin operator can be constructed and bounded by (5.5), a unique Petrov-Galerkin
approximation (yp,9,) € Wy x Vi, of (5.7) exists and satisfies the a priori error
estimate

L V2 . A
Iy =yn ¥ —In)llorog, < 5 . inf  |[(y —&n. 3 — &1)llqiL.oq, -
ﬁh (d)h,d)h)EWhXVh
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6 The simplified DPG method

For the realization of the practical DPG method it is advantageous to use traces on the
skeleton OQ),. This process depends on the application and is now described for linear
acoustic waves. For space-time tensor-product decompositions with space-time cells
R =K x (a,b) C Q x (0,T), we define a trace mapping Iy to L, (OR; R x R?) by

(PR VR) | K x {8} for traces at time ¢ € {a, b},

1 s VR) =
or(PR; VR) {(pR,(VR-nF)nF)Fx(a,b) in space with ' C 0K

for all sufficiently smooth functions (pr, vr). We define local trace bilinear forms

Yr((Pr,VR), (4R, WR))

= ((Pr, VR), (@R WR)) s, 1y — (PR, VR), (48, WR)) 0y

+ Z (PR, WR - HK)FX(a,b) +(Va- nK>QR)Fx(a,b)
FCOK

for (pr, VRr) € Lo(OR;R x R?) and (qr, wg) € H(L, R) sufficiently smooth with
Isr(qr, wgr) € Ly(OR; R x R?), and we define

br(((p,v), (0,9)), (¢, w)) = —(p,dg+V- W)Qh — (v, 0w + Vq)Qh
+ ’Yh((ﬁ?{’)’ (q,w))

for (p,v) € La(Q; R x RY), (5,%) € Ly(0Qn: R x RY) and for (¢, w) € H(L™, Q)
V),

with traces in L,, where fyh((ﬁ (q, ) =>nr 7R((ﬁR>‘7R)a (qR,wR)).
By construction, we observe

Y& (Ior(pr, VR), (qr, Wr)) = (Dr(PR,VR), (4R, WR))

for (pr,vr) € H(L, R) and (¢r, wg) € H(L*, R) with traces in L, and

bh(«p’ v), laq, (57‘7»7 (q,W)) = <Bh((p, v), fh(ﬁv ‘7))7 (q,w)>

for (p,v) € Ly(Q; R x R%), and for (j,v) € H(L,Qy), and (¢, w) € H(L¥, Qp,)
with traces in L,.

Thus, in the realization of the DPG method we can replace the operator By, by the
bilinear form by, (-, -), so that it is sufficient to represent Vi, by its trace values on Q).
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In the simplified DPG method, we select independently polynomial ansatz spaces
for the traces on every space-time face of the skeleton @)}, i.e., we choose a discon-
tinuous space

Vh = H Vicx{a},n X H Vi (apn C L2(0Qp; R x R) .
Kx{a}CoQn Fx(a,b)CoQp

The representation of Neumann traces for (py,, v5,) € Vi, requires to select an orienta-
tionng € {:I:nK}. Then, {’h|F><(a,b) = Opnp with 7y, € Lz(F X (CL, b))

In case that V}, is the trace of a conforming subspace V;, C V, i.e., Vi, = 150, Vh,
the simplified method coincides with a conforming DPG method. In general, the skele-
ton space 1}, may be nonconforming. Then, we assume a weaker condition which is
described in the following.

In order to obtain a well-defined method and to provide an a priori error analysis,
we assume that a conforming reconstruction V3, C V of V}, exists such that for given
(pn,¥1) € Vj, the reconstruction (5, ¥5) € Vj, is uniquely defined by

YR((PrhVRA): (R0 WRE)) = YR (LorA (BRs V1)s (ARE WRE)) (6.1)

for all (qrn, WrK) € Zrp and all space-time cells R. In particular, this implies
dimV}, = dimV},. Note that the traces in V}, only coincide with functions V}, when
tested with the finite dimensional space Zg j,.

Then, by construction, the simplified method with ansatz space W}, x v, and test
space Zj, yields the same discrete linear system as the practical method with V, re-
placed by Vi, = V},/ Hy(L, Qp,). For the error analysis we introduce the discrete norm

y (ﬁha Vh) € Vh . (62)

G ¥n)llg = s Y ((Brs V1), (qn, wh))
DPhsVh Z;L - p ||( W )H
(an-wWh)EZp qh; Wh)llL2,Q,

This extends to a (mesh-dependent) semi-norm in Ly (0Qp; R X Rd), and we observe
for (p,v) € V with trace (§, V) = Ing, (p, v) € L2(0Qn; R x RY)

||(ﬁ ‘7)” J— Sup ’Yh((ﬁ’ {’)’ (qh7wh))
AT awmezn 1(@n W)l g
hyWh h ’ s h
) (Dy(p+ po, v + Vo), (qn, wn))
= sup inf

(qn,Wn)EZ, (Po,vo)EHo(L,Qn) 1(qn, wn) ||L“d7Qh

(Di(p + po, v +vo), (¢, w))

< sup inf
(¢,w)€H(L,Q},) (p0,v0)€Ho(L.Qn) 1(g; W)l a9,
< inf 1>+ po, v+ vo)ll., = (0 V)llLog,  (63)

(Po,vo)€Ho(L,Qn)

with (9, ¥) = (p,v) +Ho(L,Qn) € V.
With respect to the semi-norm (6.2), we can transfer the result in Thm. 5.2 to the
simplified DPG method.
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Theorem 6.1. Assume that a conforming reconstruction Vi, C V of Vi, exists satisfy-
ing (6.1) and dim V}, = dim V},.
a) If a Fortin operator can be constructed and bounded by (5.5), a unique Petrov-
Galerkin approximation ((ph, Vi), (Ph, ffh)) € Wy, x Vy, exists solving

on (((2rs Va), (Br, h))s (an, wWh)) = ((f.8), (@rWr)) o (an, Wh) € Zr.

b) Let (p,v) € V be the solution of (2.2), and assume that (p,v) is sufficiently
regular with traces (P, ¥) = Ipg, (p,v) € La(0Qn; R x RY).
Then, the error can be bounded by

(2 v) = (n Vi), (3.9) = Bns 0)) [y 11
< (1+v28,")

((d)hvw}z)v(&:fgh))ewhxvh ||((p7 V) (¢h7¢h))7 ((p,V) (¢h7¢h))||W><Z;L .
Proof. For the conforming reconstruction Vj, C V of V, and V), = V}, /Ho(L, Qp), the
practical DPG method applies, providing an error estimate in W}, x Vi by Thm. 5.2.

Let (p,v) € V be the solution of (2.2), let (, ffA) = Ipg, (p,v) € Lo(0Qn; R x RY)
its trace, and set (p, V) = (p,v) + Ho(L,Qp) € V.

For the discrete solution ((pp, v4), (Br, V1)) € Wi, x V;, let (pn, ¥5) € Vj, be the
conforming reconstruction of (j, v3), and set (P, V1) = (B, V1) +Ho(L, Q) € V.
Then, (6.1) and (6.3) yield || (Bn, V1)l z; = [Lor,n(Dr, i)l z; < [1(Dr, V0 )llL.00,-

Now, for some ((¢h, W), (én, 1,~bh)) € Wy, x Vi, let (¢n,, ;) € Vi, be the conform-
ing reconstruction of (¢p,, 1), and set (¢p, ¥y,) = (én, %) + Ho(L, Q). Then

Bull((or, Vi) = (Dn: 1), (Brs n) — (Pn, 1)) HQ;L,th
(Bi((pn, Vi) — (S0, ¥n), (Br 1) — (Bn, P1)). (an, W)

< sup
(qn,wn)EZp, ”(Qhawh)”Lﬂd,Qh
<Dh((ﬁ> ‘A,) - (éhv 12’}1))7 (qh7 Wh)>
< _
<lev) =@y + s [@wnlmo,
B B (B, %) = (D1 ). (qn, Wh))
= I, v) = (én, ¥n) ||y + (qh,jvl;f))eZh Tamwallono,

= H(p7 V) - (¢ha¢h)”W + ||(ﬁ7‘7) - (<Z>h717Jh)| z
< ﬁ ”((p7 V) - (¢ha¢h)7 (ﬁa V) - (th,ﬂ’h)) HWXZ,’I

using discrete inf-sup stability (5.6). Together with
(&) — (ﬁha{’h)HZ’/l = |[foqu(én, ¥n) — Ith(ﬁhﬂ"h)HZ;L

(0, ) — (ﬁhv‘A’h)HL,th

IN
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we finally obtain

(G2 v) = (s va)s (8,9) = By ¥0)) |y
< (@ v) = (@n:%n), (5:9) = (Bns %)) [y 4
+ [ (B won) = (s va)s (0 1) = Bn 1)) vy 1
< (@ v) = (@n:%0). (3.9) = (@1 P0) e
)

+ 1| ((Dn,¥n) = (Ph, Vi), (Pn "vah)_(ﬁha‘A’h))HQ;L,th

< (1 + \B/hj) H ((p,V) - (¢h>¢h)> (ﬁv{’) - (&hﬂzjh)) HWXZ}/L : O

The reconstruction space V}, is completely virtual, it is not required for the realiza-
tion of the simplified DPG solution. On the other hand, one needs an explicit repre-
sentation of V}, for the estimate of the discrete inf-sup constant as it described in the
previous section.

For the numerical solution, the discrete Petrov-Galerkin equation is reduced to a
positive definite Schur complement problem for (fy,, V1); see [22, Lem. 9] for explicit
estimates for the Schur complement depending on S and C7,.
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7 Numerical experiments

To evaluate the efficiency of the simplified space-time DPG-method, we consider two
examples in two space dimensions, i.e., d = 2. In the first numerical test, we use
a configuration where the exact solution is known, so that we can compare the ap-
proximation results with the a priori estimate in Thm. 6.1. The second test illustrates
the application to a double-slit experiment. Also see [11, Sect. 5] for a more detailed
evaluation of this space-time DPG method.

For both examples we use the discrete spaces

Wrp=Q(R) x Q(R)?,  Zpp = Qa(R) x Qu(R)?

with tensor product polynomial spaces Q,(R) = P, ® P, ® P, in the space-time cells
R = K x (a,b), and on the skeleton 0Q}

Viesgrn = Qa(K) x Qy(K)? for faces in time, and
Vis@pr = Qa(F x (a,b)) x Qa(F x (a,b))np for faces in space.

7.1 The construction of the Fortin Operator

In case of conforming trace approximations 1}, and simple meshes it is sufficient to
construct the Fortin operator in a reference element R, and then the estimates for the
Fortin operator in R C (p, follows from the scaling argument in Sect. 5.2.

In the nonconforming case, a conforming reconstruction V;, C V' with (6.1) has to
be computed. Therefore, we compute a minimum energy extension of trace functions
in V4. On each cell R we select a basis {(51,V1),...,(Pn,Vn)} of Vg, and an
extension space Vg, C H(L, R). Then we compute (51,V1),...,(B~N,VN) € Ve
by solving the minimization problem

min [ n)]

o _ L,R
(pnyvn)EVR,h (pn’Vn

in the affine space

VR,h(ﬁna Vn) = {(ﬁm‘_’n) € VR,h: 'YR((pna ‘_fn) - (ﬁnyvn)y (QR,ha WR,h)) =0
for (qr.n, WrK) € ZR1}

see Fig. 1 for an illustration. The resulting estimates for the Fortin operator for differ-
ent polynomial degrees are listed in Tab. 1.

Computational setup The numerical calculations were performed on a parallel com-
puter consisting of two nodes each of which features AMD Opteron(TM) 6274 Proces-
sors with 64 cores and 512 GB memory. We used a GMRES method preconditioned
by a local symmetric GauB3-Seidel iteration on every parallel subdomain to solve the
linear systems. This performs reasonably well for our examples; it remains an open
task to realize an efficient multigrid preconditioner for this application.
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Figure 1. Conforming reconstructions in Vg j, = Q¢(R) X Q¢(R) for d = 1 of the trace
space Vi = P, x P, on a face K C OR, and test space Zr 5, = Q4(R)?. We show the
extensions p,, and o,, for the three nodal basis functions in P,.

ITaallper | ho hy ha hs ho
p=0 2067 2161 2182 219 | 291
p=1 12039 18.817 32.87 123.71| 34.85
p=2 |35861 64.140 11678 239.71 || 144.78

Table 1. We present two upper bounds for |[IIg 1| L« g in two space-dimension with
R = (0,a1hi) x (0,az2hy) x (0,chy) and a; ~ ay = ¢~ 1.

Left: Numerical norm estimates with ansatz space Wg ;, = QP(R)3, test space Zg j, =
Qp+2(R)%, and extension space Q,.4(R)*> D Vg ;. The estimates depend on the mesh
size hj, = 2* and the polynomial degree p.

Right: Numerical estimate on the reference cell Ry with W, = Q.1 (R)>. This yields
an inf-sup constant independent of h by the scaling argument in Sect. 5.2.

7.2 A plane wave solution

We consider a rectangular domain Q@ = (—2,2) x (0,1) with a non-homogeneous
material distribution for density p and bulk modulus

(1, 1) 1 <0,
(p(z1,22), K(x1,22)) =} (2,0.5) =1 €(0,1),
(0.5,2) x> 1.

so that the system (2.1) has a plane wave solution with amplitude a(-)

a(x; —t)(1,(1,0)) r1 <0,
(p(xl,l'z,t),V(fE],.’Ez,t)) = a(le —t)(l,(l,())) T € (071)7
a(1.5+0.5xz; —t)(1,(1,0)) = >1,
cf. [13, Sec. 3.5]. For our test we use a(s) = cos(ws)? for |s| < 1 and a(s) = 0 else.

We use homogenous Neumann boundary conditions v-n = 0 forz, = 0and 2, = 1,
and homogeneous Dirichlet boundary conditions p = 0 for x| = £2.
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Note that due to the special choice of material parameters, the analytic solution does
not feature reflections on the interfaces. Fig. 2 illustrates the evolution of this solution
in the space-time cylinder.

X X

Figure 2. A wave front traveling from left to the right through three different materials.
Here, the the full space-time mesh with 3193344 DoFs can be truncated resulting in
1284 984 DoFs while the approximation quality remains unchanged.

The convergence of the DPG-method for this example is evaluated for a sequence of
regular meshes, where each cuboid is subdivided in 8 congruent parts on refinement,
see Tab. 2.

DoFs ‘ 7560 54432 411264 3193344
en 0.493784 0.244424 0.081376 0.028764
ean/en 2.020197 3.003630 2.829075

log, exn/en 1.014495 1.586707 1.500330

Table 2. The convergence of (pn,vy) in Ly(Q; R x R?) on a sequence of uniformly
refined meshes with hy, = 2% hg, ho = 1.

Now we exploit that the support of the solution is contained in a small fraction
of the space-time cylinder (). To this end, we use the simulation on a coarse mesh to
identify a superset of this support. In a second step we truncate the space-time mesh by
dropping cells where the solution vanishes. The resulting new space-time boundaries
are enhanced with zero boundary or initial conditions. As a result, we have reduced

DoFs ‘168534 1284984 10026720 79201152

en 0.08127  0.02902 0.00519 0.00114
exn/en 279989  5.59012  4.51952
log, ean/en 1.485373 2.482881 2.176172

Table 3. The convergence of (p, v) in the L,(()) norm on a sequence of truncated meshes
for hy, = 2" Fhg, hg = 273, is shown.
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the amount of DoFs to approximate the solution while conserving the approximation
quality. See Fig. 2 for an example of this procedure and Tab. 3 for a convergence study.

7.3 The diffraction pattern from a double slit

The second example considers a double-slit experiment, where two coherent wave
fronts enter the domain through a pair of small slits. By Huygens principle, a circular
wave is propagated from each of the slits yielding a characteristic inference pattern,
cf. Fig. 3 for a description of the setup and Fig. 4 for visualizations of the solution.
The boundary 0Q = I'y U I'p is partitioned in a Neumann part I'y and a Dirichlet
part I'p, where we use v-n = 0 on I'y x (0,7) and p(x,t) = sin(2rw(z — t)) for
(x,t) € I'p x (0,T) withw = 2.

Fr= " ~ 1

| |

| |

d | !
|

t |
5 Q b
—d |
t :
2 .
| |

| |
[ |

Figure 3. The spatial domain € is described on the left, where the slit dimensions are
d = s; = s, = 0.25, their distance is 6 = 1, and the dimensions of the large rectangle
are a = 6, b = 12. Q is substructured using a regular mesh Q;, of squares with side
lengths 0.25. The corresponding space-time cylinder @ = Q x (0, T') is discretized using
tensor-product elements R = K X (t,,_1,t,) for each cell K € Q, and ¢, = nT/N,
n=20,...,N,withT = 10 and N = 50. The dashed portion of 9Q indicates I'y and
the remaining faces, marked by three lines, represent I'p. On the right, a space-time plot
of the solution is given on a two times refined version of this mesh featuring 3 692 800
space-time cells and 234 210 528 face DoFs.

This example compares the results in [12, Sect. 8.3.2] for a space-time discontinu-
ous Galerkin method for 2D Maxwell’s equations and a similar double-slit setup. The
experiment demonstrates that the space-time DPG method is able to approximate a
complex wave pattern in a physically motivated example. An in-depth comparison of
the space-time DPG method to other methods like discontinuous Galerkin remains as
a challenge for the future.
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[

Figure 4. Snapshots of the pressure component at times ¢t = 0.6,2.08, 3.56,5.04,6.52, 8.
These were obtained by slicing the space-time solution from Fig. 3 along planes that are
orthogonal to the time direction.

8 Conclusion and Outlook

We presented a space-time framework for acoustic waves including an appropriate ab-
stract trace space and we constructed and analyzed a space-time DPG method within
this setting. Moreover, we considered a non-conforming variant with appealing prop-
erties from an implementation point of view and we provided a numerically accessible
criterion to compute a bound for the norm of the Fortin operator. We demonstrated the
flexibility of the method by providing a numerical example with a truncated space-time
mesh which reduces the size of the linear system by a factor of three. Furthermore,
we presented an example for a double-slit experiment as a starting point for upcoming
in-depth comparisons of space-time DPG to established discretization methods.

For the presented theory, we used tools from semi-groups and functional analysis
which are also applicable to other first-order systems such as electro-magnetic or elas-
tic waves. Moreover, we assumed a constant material distribution to keep our notation
simple. A consideration of more general wave equations taking into account spa-
tially varying material properties remains as a future challenge. To render this space-
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time discretization competitive to classical schemes, a preconditioner is necessary that
scales well with respect to the mesh size and also with the number of processes used.
In the future, we would like to consider multigrid-algorithms which are promising
candidates in this respect, see e.g. [8, 12] for a multigrid preconditioned space-time
discontinuous Galerkin method.
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