ﬂ(IT \/ya\/e phenomena

Karlsruhe Institute of Technology ana I YS | San d numer | CS

Weak martingale solutions for the stochas-
tic nonlinear Schrodinger equation driven
by pure jump noise

Zdzistaw Brzezniak, Fabian Hornung, Utpal Manna

CRC Preprint 2018/11, July 2018

CRC 1173

W\2\/e

phenomena

KIT — The Research University in the Helmholtz Association -!I:

mmmmmmmmmmmmm
nnnnnn



Participating universities

2 Universitat Stuttgart

EBERHARD KARLS

UNIVERSITAT
TUBINGEN

Funded by

VFG

ISSN 2365-662X



WEAK MARTINGALE SOLUTIONS FOR THE STOCHASTIC

NONLINEAR SCHRODINGER EQUATION DRIVEN BY PURE JUMP

NOISE
ZDZISLAW BRZEZNIAK, FABIAN HORNUNG, AND UTPAL MANNA

ABSTRACT. We construct a martingale solution of the stochastic nonlinear Schrédinger
equation with a multiplicative noise of jump type in the Marcus canonical form. The
problem is formulated in a general framework that covers the subcritical focusing and
defocusing stochastic NLS in H' on compact manifolds and on bounded domains with
various boundary conditions. The proof is based on a variant of the Faedo-Galerkin
method. In the formulation of the approximated equations, finite dimensional operators
derived from the Littlewood-Paley decomposition complement the classical orthogonal
projections to guarantee uniform estimates. Further ingredients of the construction are
tightness criteria in certain spaces of cadlag functions and Jakubowski’s generalization of
the Skorohod-Theorem to nonmetric spaces.
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1. INTRODUCTION

In this paper, we study the stochastic nonlinear Schrodinger equation with pure jump
noise in the Marcus form

du(t) = (—iAu(t) — iF(u(t))) dt — imZ:l Buult)odLn(®)  £>0. |

u(0) = uo.

Here, A is a selfadjoint nonnegative operator with a compact resolvent in an L?-space H
e ey . 1 .

and the initial value ug is chosen from the energy space E4 := D(A2). Typical examples

for this setting are

e the negative Laplace-Beltrami operator A = —A, on a compact riemannian mani-
fold (M, g) without boundary, £, = H'(M),
e the negative Laplacian A = —A on a bounded domain M C R¢ with Neumann
boundary condition, i.e. E4 = H'(M), or Dirichlet boundary conditions, i.e. E4 =
H; (M)
e and fractional powers of the first two examples.
Moreover, F': E4 — E7 is a nonlinear map generalizing the two most important examples,
namely

e the defocusing power nonlinearity F. (u) := |u|* 'u with subcritical exponents in
the sense that the embedding F4 < L**! is compact

e and the focusing nonlinearity F, (u) := —|u|* 'u with an additional restriction to
the power a.

The stochastic noise term is given by selfadjoint linear bounded operators B,, for m =
1,...,N and an RY— valued Lévy process L(t) := (Ly(t), -, Ly(t)) with pure jump

defined as t
L(t):/o/Blﬁ(ds,dl) (1.2)

where B := {|l| <1} C RY¥. Here, n represents a time homogeneous Poisson random
measure with o-finite intensity measure v such that

/B\l|2u(dl) < .

Moreover, 77 := n — Leb ®v denotes the corresponding time homogeneous compensated
Poisson random measure (see Appendix A for details). Note that by the choice of L in
(1.2), we restrict ourselves to the case of small jumps. A generalization of the results of
the present article to noise with jumps of arbitrary size will be investigated. Using the
abbreviation

B(l)=> InBm, 1€RY,
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the equation (1.1) including the Marcus product ¢ is understood in the sense of the asso-
ciated integral equation

u(t) = ug — i/o (Au(s) + F(u(s))) ds +/0 /B[e_ig(l)u(s—) —u(s—)] 7(ds,dl)
—l—/o /B{eig(l)u(s) —u(s) +iB(l)u(s)} v(dl)ds. (1.3)

Before we describe our approach and state our result in detail, we would like to give a
general overview of the literature on the stochastic NLS. In the two previous decades,
existence and uniqueness results for the stochastic NLS with Gaussian noise have been
treated in many articles, most notably [dBD99|, [dBDO03|,[BRZ14],[BRZ16],[Hor18b] in the
Re-setting, [BM14] for general 2D compact manifolds and [CM18] for the d-dimensional
torus T¢. In these articles, the authors applied Strichartz estimates in a fixed point argu-
ment based on the mild formulation. Typically, this argument was either combined with
a transformation to a random NLS without stochastic integral or with a truncation of the
nonlinearities and suitable estimates of stochastic convolutions.

In their joint papers [BHW17] and [BHW18] together with Lutz Weis, the first and second
named author developed a different approach to the stochastic NLS with Gaussian noise.
By complementing the classical Faedo-Galerkin approximation with methods from spectral
theory and particularly, a general version of the Littlewood-Paley decomposition, they were
able to prove the existence of a martingale solution. In contrast to the argument based on
Strichartz estimates, the construction only employs the Hamiltonian structure of the NLS
and certain compact Sobolev embeddings. Therefore, the result could be formulated in a
rather general setting including the stochastic NLS and the stochastic fractional NLS on
compact manifolds and bounded domains. Subsequently, the authors concentrated on the
special case of 2D manifolds with bounded geometry and 3D compact manifolds and proved
pathwise uniqueness using appropriate Strichartz estimates from [BGT04| and [BS14]. For
a slight generalization of the existence result from [BHW17| allowing a certain class of
non-conservative nonlinear noise, we refer to the PhD thesis [Hor18a] of the second author.

In contrast to their Gaussian counterpart, stochastic nonlinear Schrodinger equations
with jump noise as in (1.1) are less well studied in the literature. Models of this type have
been proposed in [VM10] and [VM11] to incorporate amplification of a signal in a fiber
at random isolated locations caused by material inhomogeneities. In [dBH17], de Bouard
and Hausenblas considered a similar problem as (1.1) on the full space R? and obtained
the existence of a martingale solution. The authors continued their work and in the recent
preprint [dBHO18] with Ondrejat, and proved pathwise uniqueness in the R-setting. The
analysis of the noise in our present work is different compared to [dBH17, dBHO18] and is
motivated by the requirement that the noise must preserve the invariance property under
coordinate transformation. This issue is important for the norm-preserving condition,
see (1.6) below. Thus, one needs to find an analogue of the Stratonovich integral in the
case of stochastic integral with respect to compensated Poisson random measure. The
work of Marcus [Mar81|, developed later by Applebaum and Kunita, see e.g. Section
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6.10 of Applebaum [App09] and Kunita [Kun04]; see also Chechkin and Pavlyukevich
[CP14]; provides a framework to resolve this technical issue. Surprisingly, the literature
on stochastic partial differential equations driven by Lévy noise in the “Marcus" canonical
form is very limited and such work has recently been initiated by the first and third
named authors in [BM17] for the Landau-Lifshitz-Gilbert equation. The current paper
is motivated by similar question and we believe that the theory developed in this work
may help in understanding analysis of many other constrained PDEs (e.g. harmonic map
flow, nematic liquid crystal model etc.) driven by jump noise or more general Lévy noise.
Also, there are some very recent works, see e.g. Chevyrev and Friz [CF17|, where rough
differential equations are studied in the spirit of Marcus canonical stochastic differential
equations by dropping the assumption of continuity prevalent in the rough path literature.
Therefore, we hope that Gubinelli’s [Gub04] approach of Lyons’ theory of integration over
rough paths may be integrated with [CF17] and our approach to gain newer insight into
the analysis of constrained SPDEs.

The goal of the present study is to construct a martingale solution of the stochastic
NLS with pure jump noise in the Marcus canonical form. For that purpose, we transfer
the argument developed in [BHW17| for the NLS with Gaussian noise to the present
setting. Let us present our reasoning in detail. First, we introduce a strictly positive
operator S which commutes with A and also has a compact resolvent. The operator S
is used to present a unified proof for each example and will chosen individually in the
different concrete settings from Section 3. Typical choices are S = A or S = Id+A. By
means of the functional calculus of S which is based on its series representation, we define
operators P, = p,(5) and S,, = s,(S5) for n € Ny. The functions p, and s,, n € Ny are
illustrated in Figure 1. For the precise definition, we refer to Section 5 and particularly the
proof of Proposition 5.1. To summarize the most important properties of these operators,
we remark that both P, and S,, have a finite dimensional range, P, is an orthogonal
projection and the operators S, satisfy the uniform estimate sup,,cy, ||Sn|zzet1y < o0
since we assume that S satisfies (generalized) Gaussian bounds. Let us remark that a
similar construction has been employed in [Hor18c¢| to construct a solution of a stochastic
nonlinear Maxwell equation with Gaussian noise. This indicates that using operators like
Sp, n € Ny, significantly increases the field of application of the classical Faedo-Galerkin
method for both continuous and jump noise.

Pn(A) sn(A)
1 : 1
0 % | 0 % ;
0 2" on+1 A 0 9n on+1 A

FIGURE 1. Plot of the functions p, and s,
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Let us denote B, (1) = 32N _ 1,uSnBmSy for n € N and [ € RN and
_Mwollar
U i= Snllo Ol Snuolle ? Sutio # 0,
’ 0, SnUO =0.

for n € N. Then, the finite dimensional approximation

Uy (t) = Puo—i/ (Aun(s) + PoF (un(s ds+// By, (5=) — Up(s —)] 7(ds,dl)
/ / {e7 B Dy (s) — un(s) + iBa(lun(s)} v(dl)ds (1.4)

of problem (1.1) has a unique solution. Due to the properties of P, and S, and the
Hamiltonian structure of the nonlinear Schrédinger equation combined with the Marcus
structure of the noise, we are able to prove the mass identity

[[un () ]|2 = || Paol 2
almost surely for all ¢ € [0,7] and the uniform estimate
supE[ sup ||un(t)||gA] < 00 (1.5)
neN te[0,7)
for all » € [1,00). Using several compactness Lemmata for spaces of cadlag functions
inspired by [Mot12] and [BM17|, (1.5) leads to tightness of the sequence (u,), oy in
Zr :=D([0,T], E%) N L0, T; L*TH (M) N Dy, ([0, 7], Ea) -

For the precise definition of Zp, we refer to Section 4. Subsequently, a limit argument
based on the Skorohod-Jakubowski Theorem shows the existence of a martingale solution.
Altogether, we prove the following result.

Theorem 1.1. Choose the operator A and the energy space E4 according to Assumption
2.1, the nonlinearity F according to Assumptions 2./ and 2.6 and the noise according
to Assumption 2.7. Then, for any ug € H, the problem (1.1) has a martingale solution

<Q, F,P, T, u) which satisfies
we LIQ,L=(0,T; Ey))
for all g € [1,00). Moreover, the equality
[z = luollz (1.6)
holds P-almost surely for all t € [0,T).

The article is organized as follows. In the second section, we fix the setting by stating
the general assumptions on the operator A, the nonlinearity F' and the noise term. These
assumptions are illustrated in the third section by concrete examples. The proof of the
main Theorem 1.1 is contained in the sections 4, 5 and 6 that deal with compactness

results, the uniform estimates for the Galerkin approximation and the limit procedure. In
the appendix, we collect basic material on Poisson random measures and Marcus noise.
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2. GENERAL FRAMEWORK AND ASSUMPTIONS

In this section, we formulate the abstract framework for the stochastic nonlinear Schrédinger

equation we refer to in Theorem 1.1.
Let (M, X, i) be a o-finite measure space with metric p satisfying the doubling property,
ie. u(B(x,r)) < oo forall x € M and r > 0 and

p(B(x,2r)) S p(B(z,r)). (2.1)

Let M C M be an open subset with finite measure and L?(M) for ¢ € [1, oc] the space of
equivalence classes of C-valued g—integrable functions. We further abbreviate H := L*(M)
and equip H with the standard complex L?-inner product.

Let A be a non-negative self-adjoint operator on H with domain D(A). We set E, :=

D((Id —i—A)%) and call it energy space. Equipped with the inner product
(ac, y)EA = ((Id +A)z2z, (Id +A)5y)L2,

E 4 is a complex Hilbert space. Moreover, we define the extrapolation space H_1 as the

1
2
completion of H with respect to the norm

|zl 1 == |(ld+A) 2z, z€H,
and obtain a Hilbert space with the inner product

(r.9) s = lim_((d+4) 2z, (1d+4) 2y,

29
n,m—00 L

x,yGH_%,

for sequences (2n,),,cn s (Ym)meny € H With 2, = 2 and y,, — y in H

_1 as n,m — oo. Note
that we can identify H 1 with £’ and the duality is given by

1
2

= lim (m,yn)LQ, re by, yeH_

n—oo

(z,y)

I

Wl

1 _1
207 2

with (yn),eny C H such that y, — y in H_i as n — oo. Often, we shortly write (-, -) for
and write E% instead of H_1. Note that (Ea, H, F%) is a Gelfand triple, i.e.

1.
2

Es— H=H"— FEj}.

1_1
272

We point out that one can also treat H, F4 and Hf% as real Hilbert spaces with scalar
products Re (-, ~)H, Re (~, )E
the sense that each real-valued continuous linear functional f on E4 has the representation
f= Re(-,yf>%7_% for some yy € H_1.

., and Re (‘, -)71, respectively. Then, E4 and H—% are dual in
2

We continue with the main Assumption on the functional analytic setting for the sto-
chastic NLS.

Assumption and Notation 2.1. We assume the following:
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i) There is a strictly positive self-adjoint operator S on H with compact resolvent
commuting with A and D(S*) — E, for some k € N. Moreover, we assume that
there exists po € [1,2), such that S has generalized Gaussian (po, pj)-bounds, i.e.

- L pla g™\ 7
H]‘B(%t%)e tS]‘B(th%)HE(LPO,LPG) < C/,L(B(x,tm>) o *o exp {—C (T s (22)

for allt >0 and (x,y) € M x M with constants ¢,C > 0 and m > 2.
ii) Let o € (1,p) — 1) be such that E4 is compactly embedded in L*T1(M). We set

Pmax = sup{p € (1,00] : Eq < LP(M) is continuous}

and note that pmax € [a 4+ 1,00]. In the case pmax < 00, we assume that E4 —
LPmax (M) is continuous, but not necessarily compact.

Remark 2.2. a) If pp = 1, then it is proved in [BKO03] that (2.2) is equivalent to the
usual upper Gaussian estimate, i.e. for all ¢ > 0 there is a measurable function
p(t, ) : M x M — R with

(715 f)(x) = /M ot 2, 9) fWu(dy), >0, ae zeM

for all f € H and

C ()" =
|p(t,x,y)|<M<B(x7t%)) p{ ( . ) } (2.3)

for all £ > 0 and almost all (z,y) € M x M with constants ¢,C' > 0 and m > 2. In
particular, e7** can be extended to a Cy-semigroup on LP(M) for all p € [1, 00).

b) In fact, in all our examples in the third section, the upper Gaussian estimate (2.3)
holds and therefore, the previous assumption is fulfilled with py = 1.

The following Lemma contains some straightforward consequences of 2.1.

Lemma 2.3. a) There is a positive self-adjoint operator A on E% with D(fl) = Fy,
such that the restriction of A to D(A) is equal to A.  For simplicity of notation,

we will denote the operator A by A.

b) The embedding E4 — H is compact.

c) There is an orthonormal basis (hy), .y and a nondecreasing sequence (\,), ey With
An >0 and N\, = 00 as n — oo and

St =Y Mz, hn), hyn, x€DS)=3x€H: N |(2,hy) | < ocop.
H H
n=1

n=1

Assumption 2.4. Let a € (1,p; — 1) be chosen as in Assumption 2.1. Then, we assume
the following:
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i) Let F: LTY (M) — LQTH(M) be a function satisfying the following estimate
”F(U)HLO&TH(M) < CF,1HU||%Q+1(M), u < La—i-l(M), (24)

Note that this leads to F : Ex — E¥ by Assumption 2.1, because Eq < L*T1(M)
implies (L*T(M))* = L (M) — E%. We further assume F(0) =0 and
Re(iu, F(u)) =0, wue L™ (M). (2.5)

a

ii) The map F : LY (M) — L (M) is continuously real Fréchet differentiable with
1 [l atr < Cpallullfah s  we LTH(M). (2.6)

Lo+l
iii) The map F has a real antiderivative F, i.e. there exists a Fréchet-differentiable
map F . LTY(M) — R with
F'lulh = Re(F(u),h), u,he LT(M). (2.7)
By Assumption 2.4 ii) and the mean value theorem, we get
[F(@) = F@)ll o1y, < sup [ Fltz+ (1= Dl — vl an
t€0,1]
a—1
< Crp (ll2llenion +Yllzenian)” o = yllzenan  (28)
for z,y € L*™ (M) which means that the nonlinearity is Lipschitz on bounded sets of
Lot (M). We will cover the following two standard types of nonlinearities.
Definition 2.5. Let F' satisfy Assumption 2.4. Then, F is called
defocusing, if F(u) > 0 for all u € Lot (M)
and R
focusing, if F(u) <0 for all u € L*T(M).
Assumption 2.6. We assume that either condition 1) or condition i’) holds, where
i) The function F is defocusing and satisfies

1 a ; « a

aHUHLL{l (M) < F(u) < CF,SHUHL;FL(M): uel +1<M)' (2.9)

i) The function F is focusing and satisfies
—F(u) < Crallull$it oy, u e LTHM), (2.10)

and there exists § € (0, 225) such that '
(H,Ex)y, — L*TY(M). (2.11)
The model nonlinearities are the defocusing power nonlinearity F (u) := |u|*'u with
subcritical exponents in the sense that the embedding E4 <« L% is compact and the

focusing nonlinearity £, (u) := —|u|* 'u with an additional restriction to the power a.

In below, the symbol (-,-), ; stands for the real interpolation functor with parameters 1 and oo, see
for instance [Tri92].
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Assumption 2.7. (a) Assume that (Q,]:,IF,IP’) is a filtered probability space, where
F = (.E)t>0 is the filtration, and this probability space satisfies the so called usual
conditions, 1i.e.

(i) P is complete on (Q, F),
(ii) for each t > 0, F; contains all (F,P)-null sets,
(iil) the filtration F is right-continuous.

(b) Assume that (L(t))i=o0 is an RN -valued, (F;)-adapted Lévy process of pure jump
type defined on the above probability space with drift 0 and the corresponding time
homogenous Poisson random measure 1.

(c) Assume that the intensity measure Leb ®@v is such that suppv C B, where B is the
closed unit ball in RY.

d) Let By,...,By € L(H) be self-adjoint operators on H with By,|g, € L(E4) and
BmlL“H(M) S £<LQ+I<M)).

We abbreviate

N N N
ben = Y Bl brest =D |Bmlzgesy,  bui= Y IBulfm (212)
m=1 m=1

m=1

and for [ € RY, we introduce the notation

N
B(l) =Y lnBm.
m=1

Remark 2.8. Note that by the Lévy-Khinchine formula, see [PZ07|, Theorem 4.23, the
previous assumption yields that the intensity measure v is a Lévy-measure on RY, i.e.

/ 1]2v(dl) < oo. (2.13)

Moreover, we have the representation

L(t) —/Ot /Blﬁ(ds,dl).

2.1. The Marcus Mapping. Let us define a generalized Marcus mapping
CE R+ X RN X H — H7 q)(ta l7$) = eiitB(l)l'y

i.e. for each fixed [ € RY, x € H, the function t — ®(t,[,z) is the continuously differen-
tiable solution of

N
d
d—;‘(t) =Y lBau(t),  t>0, (2.14)
m=1

with w(0) =x € H,and | = (I, 1y, ...,ly) € RY. Equation (1.1) with notation ¢ is defined
in the integral form as following

u(t) = up — i/o (Au(s) + F(u(s))) ds —i—/o /B[eig(l)u(s—) — u(s—)] n(ds,dl)
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t e BOy(s) — u(s iN u(s) p v s )
+/O/B{ () —u(s) + mZ:llmBm()} (di)ds, (2.15)

where 1 := n — Leb ®v denotes the compensated Poisson random measure induced by 7.
In the next definition, we define the notion of a solution used in the present article.

Definition 2.9. Let T' > 0 and ug € E4. A martingale solution of the equation (1.1) is a
system (Q, F., P, u) with

a probability space (Q,]:", ]1_3’) ;

a time homogeneous Poisson random measure 7 on RN over Q with intensity mea-
sure v,

a filtration F = (‘/—:;f)te[o -
an F-adapted, E*%-valued cadlag process such that u € L*(Q x [0,T), E%) and almost
all paths are in D, ([0,T], Ea),

such that the equation (2.15) holds P-almost surely in E% for all t € [0,T] with 7 instead
of 0.

: with the usual conditions;

3. EXAMPLES

In this section, we collect concrete settings which are covered by the general framework of
Assumptions 2.1, 2.4 and 2.6. We skip the proofs since they already appeared in [BHW17],
where the NLS with Gaussian noise was considered in the same framework.

Corollary 3.1. Suppose that a) or b) or c) is true.
a) Let M be a d-dimensional compact manifold, A = —A,, Eqx = H*(M).
b) Let M C R?¢ be a bounded domain and A = —Ap be the Dirichlet-Laplacian,
Ea = HY(M).
¢) Let M C R? be a bounded Lipschitz domain and A = —Ay be the Neumann-
Laplacian, E4, = H'(M).
Choose the nonlinearity from i) or ii).

i) F(u) = |ul*tu with a € (1, 1+ L), i.e. F'is defocusing,

(d—2)4
i) F(u) = —|ul* v witha € (1,14 3), i.e. F is focusing,
Set B,,x = enx forx € H and m =1,..., M with real-valued functions
HLd(M) NL*(M), d=3,
em € F =< HM(M), d=2, (3.1)
HY (M), d=1,

for some q > 2 in the case d = 2. Then, the problem

du(t) = (—iAu(t) = iF(u(t)) dt =1 Buu(t) o dLn(t).

m=1

(3.2)
’LL(O) =ug € Fq,
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has a martingale solution which satisfies |[u(t)||g = ||uol|lg almost surely for all t € [0,T]
and

u e LIQ,L=(0,T; Ey))
for all g € [1,00).

Proof. We refer to [BHW17], Section 3, for the verification of the Assumptions in Theorem
1.1. O

Additionally to the stochastic NLS, we can also cover the fractional NLS with the Lapla-
cians replaced by their fractional powers.

Corollary 3.2. Choose one of the settings a), b) or ¢) in Corollary. Let 3 > 0 and suppose
that we have either i) or ii) below.

i) F(U) = |u|04—1u with a € (1, 1+ ﬁ))
ii) F(u) = —|ul*'u with a € (1,14 %) ’
Let B, form=1,..., M as in Assumption 2.7. Then, the problem

du(t) = (—iA%u(t) —iF(u(t))) dt =1 Buu(t) o dLy(t),

m=1

(3.3)
w(0) = up € D(A?),

has a martingale solution which satisfies |[u(t)||g = ||uol|lg almost surely for all t € [0, T
and

NI

u € LI(Q, L(0,T; D(A2)))

for all g € [1,00).

4. COMPACTNESS AND TIGHTNESS CRITERIA

This section is devoted to the compactness results which will be used to get a martin-
gale solution of (1.1) by the Faedo-Galerkin method. We begin with a definition of the
cadlag functions and a generalization of the modulus of continuity to this class. Through-
out the section, (S,d) denotes a complete, separable metric space.

Definition 4.1. a) The space of all cadlag functions f : [0,T] — S, i.e. f is right-
continuous with left limit in every t € [0,T], is called D([0,T7],S).
b) Foru € D([0,T],S) and 6 > 0, we define the modulus

ws(u,0) :=infmax sup  d(u(t),u(s)),

I t]’EQ t,se[tj,l,tj)
where 15 is the set of all partitions Q@ = {0 =1ty <t; < --- <ty =T} of [0,T] with
ti1—t; =06, j=0,... N—1.
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c) We denote the set of increasing homeomorphisms of [0,T] by A and we equip
D([0,T],S) with the metric defined by
for u,v € D([0,T7,S).

The following Proposition is about the so-called Skohorod-topology on D([0,T],S).

log

A(t) — A(s)

t—

p(u,v) :=inf | sup d(u(t),v(A(t))) + sup |t — A(t)| + sup
ACA [ e0,T] te[0,T] s#t

Proposition 4.2. a) The pair (]D)([O, T],S), p) is a complete, separable metric space.
b) A sequence (uy), oy € D([0,T],S)Y is convergent to u € D([0,T],S) in the metric p
if and only if there exists (\,), o € AN with

sup |[A\,(t) —t| — 0, sup d(un(Au(2)), u(t)) — 0, n — oo.
te[0,T] t€[0,T]
Proof. See |Bil99], page 123 and following for a proof. O

Definition 4.3. Let K € {R,C} and let X be a reflezive, separable K-Banach space and
X* its dual.

a) Then, we define Dy, ([0, 7], X) as the space of all uw: [0,T] — X such that
0,7] 5t — (u(t),z") € K is cadlag for all x* € X™.
We equip Dy, ([0,T), X) with the weakest topology such that the map
D, ([0,7], X) 3 u+— (u(-),z") € D([0, T],K)

15 continuous for all x* € X*.
b) Forr > 0, we consider the ball B := {u € X : ||u||x < r} and define

D([0,T],B%) := {u €D, ([0,7],X): sup |lu(t)]|x < 7’} :
te[0,T
Remark 4.4. By the separability of X, the weak topology on B’ is metrizable and we
choose a corresponding metric ¢. The notation in Definition 4.3 is justified, i.e.

D([0,T],B') coincides with D([0,T7,S) for (S,d) = (B, q). (4.1)

In particular, D([0, T], B’ ) is a complete, separable metric space by Proposition 4.2. To
show (4.1), we note that the right-continuity of (u(-),z*) for all z* € X* is equivalent to
the right-continuity of u in (B%,q) by the definition of ¢. It is also easy to see that the
existence of left limits transfers from (B, ¢) to (-, 2*) for all z* € X*.

For the converse direction, let ¢,, — ¢t — . Then, for each z* € X*, there is v~ € K with
(u(tn), x*) — 7u+. Since X is reflexive, x* + 7.+ is linear and |y,«| < r||a*||x~, there is
v € X such that v, = (v, 2*). Hence, q(u(t,),v) — 0.

Lemma 4.5. Let K € {R,C} and let X be a reflezive, separable K-Banach space and let
U, u € Dy, ([0, T, X) with u, — u in Dy, ([0,T], X) as n — oo. Then, we have

sup sup |lu,(t)]|x < oo.
neN t€[0,T)
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Proof. From u, — u in D, ([0,T], X) as n — oo, we infer that for every z* € X*, we
have (u,,z*) — (u,2*) in D([0,T],K) as n — oo. Proposition 4.2 therefore implies that
for every r* € X* there exists (\,) € AN with

sup |An(t) —t| — 0, sup [(un(An(t)), 2*) — (u(t),z")| — 0, n — 00.
te[0,T] te[0,T]

In particular, we obtain

sup sup |(un(t), )| = sup sup [(un(An(t)), 2%)| < 00
neN t€[0,T] neN t€[0,T]

for every x* € X*. The uniform boundedness principle yields

sup sup ||u,(t)||x =sup sup sup |{u,(t),z")| < oo.
neN ¢t€[0,T neN ¢€[0,T] ||z*| x* <1

g

We recall that the energy space E4 is defined by E4 := D((Id+A)z). We continue with
a criterion for convergence of a sequence in D([0, T, B, ).

Lemma 4.6. Let r > 0 and u,, : [0,T] — E4 functions such that

a) SUpP,en SUPsefo,r) ||un(8)llms <7,
b) u, — u in D([0,T], E%) for n — occ.

Then uy,u € D([0,T],B%,) for alln € N and u, — u in D([0,T],B%,) for n — oo.
Proof. See [Mot12], Lemma 3.3. O
We continue with a Lemma stated in Lions [Lio69], p. 58.

Lemma 4.7 (Lions). Let X, Xy, X1 be Banach spaces with Xo — X < X where the first

embedding is compact. Assume furthermore that Xo, X1 are reflexive and p € [1,00). Then,
for each € > 0 there is C. > 0 with

)% <ellzlly, + Cellzlly,, = € Xo.
Proof. See [Hor18a|, Lemma 2.34. O
We define a space Zr by
Zp :=D([0,T), E%) N L0, T; L*"(M)) N Dy, ([0,T], Ea) =: Zy N ZyN Z3.  (4.2)
We equip Zr with the supremum-topology, i.e. the smallest topology that contains U?Zl Oj,
where O; is the trace of the Z;-topology in Zr.
In the next Proposition, we give a criterion for compactness in Zp. This result generalises
Theorem 2 of Section 3 from [Mot12]. For a continuous version of this result see Proposition

4.2 of [BHW17]. Our proof is along the similar lines to Proposition 5.7 of the first and
third named authours [BM17].

Proposition 4.8. Let K be a subset of Zy and r > 0 such that

a) Sup,ek SUP¢e(0,17] 12Oy <75
b) lims_osup,cx wes (2,0) = 0.
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Then, K 1is relatively compact in Zr.

Proof. Let K be a subset of Zp such that the assumptions a) and b) are fullfilled and
(2n)pen C K.

Step 1: The relative compactness of K in ID([0,T], E%) is an immediate consequence of
Theorem 3.2 in [Mot12]|. Hence, we can take a subsequence again denoted by (2,),oy and
z € D([0,T], EY) with z, — 2z in D([0,T], E%). By Lemma 4.6, we infer that z, — 2 in
D, (0.7], £2) and supyeiozy 20, < -

Step 2: We fix again € > 0. By the Lions Lemma 4.7 with X, = E4, X = L“™Y(M),

Xlej,p:a%—landgozmweget

IWliZass oy < eollvllE, +

Ceollvl| (4.3)

for all v € E4. Integration with respect to time yields

l2n — zll5a5 (07501 (1)) S eollzn — 2|54 (0,T:E 4) + Collzn = 2l (0.T3E5)’

a+1 a+1

9
80”2” - Z||La+1(0,T;EA) < €0T||Zn - zHLOO(O,T;EA) < eoT (27,)04—&-1 <<

[\]

By [Bil99], p.124, equation (12.14), convergence in D([0, 7], E%) implies z,(t) — u(t) in
E? for almost all t € [0,7]. By Assumption a), Lebesgue’s Theorem yields z, — z in
Lo+1(0,T; E%). Hence,

€

lim sup ||z, — z||zﬂ1(0’T;La+1(M)) < 3

n—o0
for all £ > 0 and thus, the sequence (z,), oy is also converges to u in L**(0, T L**1(M)).
U

In the following, we want to obtain a criterion for tightness in Zr. Therefore, we introduce
the Aldous condition.

Definition 4.9. Let (X,).en be a sequence of stochastic processes in a Banach space E.
Assume that for every e > 0 and n > 0 there is § > 0 such that for every sequence (T,,)nen
of [0, T]-valued stopping times one has

sup sup P{|| X, (7, + ) AT) — X,.(1)|le = n} < e.

neN 0<0<d
In this case, we say that (X, )nen satisfies the Aldous condition [A].

The following Lemma (see [Mot12|, Lemma A.7) gives us a useful consequence of the
Aldous condition [A].

Lemma 4.10. Let (X,)en be a sequence of stochastic processes in a Banach space E,
which satisfies the Aldous condition [A]. Then, for every ¢ > 0 there exists a measurable
subset A. C D([0,T], E) such that

P (A) > 1 —¢, lim sup wg(u,d) = 0.
5ﬁou€AE
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The deterministic compactness result in Proposition 4.8 and the last Lemma can be used
to get the following tightness criterion in Z.

Proposition 4.11. Let (X,),en be a sequence of adapted E-valued processes satisfying
the Aldous condition [A] in E% and

sup E
neN

sup \|Xn<t>||%A] < oc.
t€[0,T]

Then, the sequence (IP’X”)neN 1s tight i Zp.

=

Proof. Let & > 0. With Ry := (2 sup,,cy E [sup;cior | Xn(t)[1%,])? , we obtain

DN ™

1
]P’{ sup || Xn(t)|g, > Rl} < ?E
1

te[0,T

sup an<t>H%A] <
te[0,T

By Lemma 4.10, one can use the Aldous condition [A] to find a Borel subset A of D([0, T, £%)
such that

ey 5 .
n > —_ = * = .
111161121? (A)>1 5 and (151_r>r(1] ilelgwEA(u,é) 0
We define K := AN B where B := {u € Zr : sup;cjo 7 | Xn(t)||z, < Ri}. This set K is
compact in Z7 by Proposition 4.8 and we can estimate

=1-¢

P (K) = P* (AN B) > P* (A) - P (B°) > 1 —

DO | ™
DO ™

for all n € N. O

In metric spaces, one can apply Prokhorov Theorem (see [Par67|, Theorem 11.6.7) and
Skohorod Theorem (see [Bil99], Theorem 6.7.) to obtain a.s.-convergence from tightness.
Since Zp is not a metric space, we use the following generalization due to Jakubowski [Jak]
and Brzezniak et al [BHR17] in the variant of Motyl, [Mot12], Corollary 7.3.

Proposition 4.12. Let X; be a complete separable metric space and Xy a topological space
such that there is a sequence of continuous functions f,, : Xy — R that separates points of
Xy. Define X = Xy X Xy and equip X with the topology induced by the canonical projections
T Xy X Xy — X Let (2, F,P) be a probability space and (Xn),cy be a tight sequence of
random variables in (X,B(X;) ® A), where A is the o-algebra generated by f,, m € N.
Assume that there is a random variable n in Xy such that P™°X» = P71,
Then, there are a subsequence (Xn,)yen and random variables Xi, X in X for k € N on
a common probability space (Q, F,P) with
i) PXk = PXw for k € N,
i) Xx = X in X almost surely for k — oo,
iii) 71 0 X = 1 0 X almost surely.
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5. ENERGY ESTIMATES FOR THE SOLUTIONS OF THE GALERKIN APPROXIMATION

In the following section, we formulate an approximation of (1.1) and prove existence and
uniqueness, conservation of the L?-norm as well as uniform bounds of the energy of the
solutions to the approximated equation.

Recall from Lemma 2.3, that S has the representation

Sz =" A (2, hm) yhm, 2 € D(S) and D(S) = {x €H: Y X (2, hm),|* < oo} :
m=1 m=1

with an orthonormal basis (h,),,cy of the complex Hilbert space (H , (-, ) H), eigenvalues
Am > 0 such that \,, — 0o as m — oco. For n € Ny, we set

H, = span{hm :meN, N\, < 2"“}
and denote the orthogonal projection from H to H, by P,, i.e.
P.x = Z (x, hm)Hhm, r e H.
Am<2nt1

Since S and A commute by Assumption 2.1, we deduce that || P,||z(z,) < 1 and by density
of H in £, we can extend P, to an operator P, : E}y — H, with || P,[|p p; <1 and

(v, Pv) € R, (v, Pyw) = (P,v,w) veEE, weEy,. (5.1)

H7
Unfortunately, the operators P,, n € Ny, are, in general, not uniformly bounded from

Lot (M) to LoT(M). Therefore, we have to use another sequence operators introduced in
[BHW17] to cut off the noise terms.

Proposition 5.1. There exists a sequence (Sy,),cy, of self-adjoint operators S, : H — H,
for n € Ny with S0 — ¢ in E4 forn — oo and ¢ € E4 and the uniform norm estimates

sup (|Sullecry <1, sup |[Snlleesy <1, sup |[Sullgze+) < oo. (5.2)
neNg neNg n&€Np

A proof of this result can be in [BHW17], Proposition 5.2. For convenience of the reader,
we present an alternative proof.

Proof. Step 1. We take a function p € C°(0,00) with suppp C [5,2] and Y, ., p(27™t) =
1 for all ¢ > 0. For the existence of p with these properties, we refer to [BL76], Lemma
6.1.7. Then, we fix n € Ny and define

50 (0,00) > C, su(N) = > p(27).

Let k € Z and X € [2"1,2%). From supp p C [}, 2], we infer

0o k

L= > p27™N) =p2 F N +p27FN) = > p(27"N).

m=—0o0 m=—0o0
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In particular

1, A e (0,27,
sn(N) = { p(27"N), A€ 2,27, (5.3)
0 A > ot

Y

We define S, := s,,(S) for n € Ny. Since s, is real-valued and bounded by 1, the operator S,
is selfadjoint with ||.S,||z(z) < 1. Furthermore, S, and A commute due to the assumption
that S and A commute. In particular, this implies ||S,||z(z,) < 1 and S,y — ¢ for all
1 € E 4 by the convergence property of the Borel functional calculus. Moreover, the range
of S, is contained in H,, since we have the representation

Snl‘ — Z (xy hm)Hhm + Z p(2_nAm)<x7 hm)Hhm7 x € H,

Am <27 Am €27 21 +1)

as a consequence of (5.3).

Step 2. Next, we show the uniform estimate in L**(M) based on a spectral multiplier
theorem by Kunstmann and Uhl, [KU15|, for operators with generalized Gaussian bounds.
In view of Theorem 5.3 in [KU15|, Lemma 2.19 and Fact 2.20 in [Uhl11], it is sufficient to
show that s,, satisfies the Mihlin condition

sup [\ s® ()| < Cy, k=0,...,7, (5.4)
A>0

for some v € N uniformly in n € Ny. This can be verified by the calculation

ar
A>0 Ae2n,2nt1) A€[2n,2n+1) d\
for all k£ € Ny. 0
We set

N
By(l) =Y 1nSuBnS,, neEN, IeRY
m=1

and
llwoll
Ugy 1= Shtlo B Sntto 7 0, (5.5)
7 0, SnU() = 0.
From S,uqg — ug in H, we infer
Ugn — U, n — oo, (5.6)
Moreover, there is Cy > 0 such that we have
) Molln o (5.7)

= ISwuolla



18 Z. BRZEZNIAK, F. HORNUNG, AND U. MANNA

for n > ng(up) :== min{n € N : S,uy # 0} € NU{oo}. For n € N, we consider the Galerkin
equation

U = Ugpn — t Up (s Up (s s 1B"(l)un 5—) — uy(s s
A (0) /(A (5) + PuF(un(5)) +//{M (5—) — un(s—)] ii(ds, d)

//M} B0y, (5) — tn(s) + 1By (un(s)} v(dl)ds, ¢ € [0,T). (5.8)

In order to prove the global wellposedness of (5.8) and estimates for the solution u, uni-
formly in n € N, we need some auxiliary Lemmata. We start with properties of the
operators B, (1).

Lemma 5.2. Let n € N and | € RYN. Then, we have
1 1 1
1Ba(Dll ey < |UbF, — [1BaDlleeay < bk, I1Ball)ll ez < [Ubasq SIEIIN3||5n||%(La+1)-

Moreover, (e*itB”(l)) 15 a group of unitary operators on H with

teR

1
||eflt8n(l)||L(EA) < €|t||l|b%A ||eilt8n(l)||£(La+l) < ‘tlll‘bgﬁ»l SUpP,, N ”S “ﬂ(La+l) t e R

Y

Proof. By the boundedness of (S,), .y € £(L**")", we deduce that

N

N N
HBn(l)HL’(La“) < Z |lm|||SanSn||£(La“) < |l| (Z HBmH%(LaH)) Slelg HSnH%(LaH)
m=1 "

m=1

= [11b2, Sup .9 IZ(zesr)- (5.9)

The estimates of B, (l) in spaces H and E4 can be shown analogously using ||Sy |2z = 1
and ||Sy||z(g,) = 1. Since S, and B,, are self-adjoint on H forn € Nand m € {1,..., M},

the Stone Theorem yields that (e‘wn(”) 1er 1S a unitary group on H. Moreover,

e B O] . < eltNBOlle ||z]| 5, < Itl\”bEAHwH E.  TEE, tER,
||6_it8”(l)$||La+1 < el 1B Dllgzany ||| etr

< MRS e | p e I(M), R

g

In the next Lemma inspired by Lemma 2.2 in [BM17] , we show how to control the
differences in (5.8) in the H-norm.

Lemma 5.3. For everyn € N, l € B and x € H, the following inequalities hold:

e 8O — g < b1l
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) 1
le™5 Oz — & + 1B, (x| n < 55HU|2H95HH-
Proof. The identities
A LN L
e By — g = / —e Byt = —iBn(l)/ e 1B (D) ¢
o dt 0

and

] 1 s d2 ) 1 s )
e By — g +iB,(I)r = / / —e B ydtds = —Bn(l)z/ / e~ B g dtds
o Jo dt? o Jo

and Lemma 5.2 lead to

e 50 — sl < Bl [ e Ol < b

1 s
. _ B 1
eV o 438, el < WBa DIy [ [ e Vs < bt
0 0
]

Next, we prove the well-posedness of the Galerkin equation. Moreover, we show that
the Marcus noise and the approximation do not destroy the mass conservation which is
well-known for the deterministic nonlinear Schrodinger equation.

Proposition 5.4. For eachn € N, there is a unique global strong solution u,, € D([0,T], H,)
of (5.8) and we have the equality

lun @l = llwonlla = lluolla (5.10)
almost surely for all t € [0,T].

Proof. Step 1. We fix n € N. To obtain a global solution, we regard H, as a finite
dimensional real Hilbert space equipped with the scalar product (u, v) 5 = Re (u,v)

n H
and check the assumptions of [ABW10], Theorem 3.1 for the coefficients defined by

5 = UQ,n, U(“) = 07

b(u) = —iAu —iP, F(u) + / {e’iB"(l)u —u+iB,(l)u} v(dl),
{lu<1}

g(u,l) = [e_iB"(l)u — u]

for w € H, and | € B. Let R > 0. We take u,v € H, such that ||ul|g, ||v||z < R and
estimate

16(w) = ()| <[[Ala e llu = vl +|[F(u) = F()|[a

+/ ||e’i8”(l)(u—v) — (u—v) + 1B, (1) (u — v)|| g v(dl). (5.11)
{ll<1}
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By Lemma 5.3 and (2.13)

) 1
/ e~ O —v) — (u— v) + Bu(D)( — ) 1 () < 2b / (D) u — o]l
{l11<1}

{l11<1}
< vl (5.12)

To estimate the nonlinearity, we use the equivalence of all norms in H,, and (2.8) to get

[PuF (u) = PoE ()|l Sn [PaF (u) = P (0) [y S (1 (u) = F(u)]] | as

Ey S

a—1
S (lullposrany + vl zovian)” Jw = vl potran

S (lallar + ollm)* ™ llu = vlla Sk llu = ol (5.13)
We insert (5.13) and (5.12) in (5.11) to get a constant C'= C(R) such that
16(u) = b(v)|la < Cllu = vl|a (5.14)

Moreover, we have

/ lg(u, 1) — g(v, D[ Fr(dl) < bH/ Pr(d)]lu— ol S llu—vlz  (5.15)
{J1<1} {li<1}

where we used Lemma 5.3 and (2.13). To check the one-sided linear growth condition, we
use (2.5) and (5.12) for v = 0 and obtain a constant K; > 0 with

n

2(u, b)), + /{M} g, DIEv () <2U[A] | cen lullFy + 2Re (u, =iF (w)

—l—2||uHH/ ||e_iB"(l)u—u—|—iBn(l)u||H v(dl)
{l7]<1}

<E|ull3- (5.16)

In view of (5.14), (5.15) and (5.16), we can apply Theorem 3.1 of [ABW10] and get a
unique global strong solution of (5.8) for each n € N.

Step 2. Tt remains to show (5.10). The function M : H,, — R defined by M(v) := ||v[|%
for v € H, is continuously Fréchet-differentiable with

M'[vlhy = 2Re (v, hy)
for v, hi, hy € H,. By the It6 formula and (2.15), we get almost surely, for all ¢ € [0, T,

L2

t
o0 =1y +2 [ e (o), () = 1P, () ol
t
L e Ol — s3] At )
0 J{JU<1}

t
n / / e O ()] — (s3] v(dD)ds
0 J{iI<1}
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_2/ / Re (un(s —12[ S BmSniin(s)) ,v(dl)ds.
{li<1}

By

Re (v, —iAv) , = Re [i||A%vy|§,] ~0, Re(v,~iP,F(v)),,=0, Re(v,iBuv),,=0

L2 L2

for v € H, and the fact that S,B(I)S, is self-adjoint and hence, e~ unitary, this
simplifies to

lun )7 =llwonlli = lluollf
almost surely for all ¢ € [0, T7. O

Recall that by Assumption 2.4, the nonlinearity F' has a real antiderivative denoted by
F'. The second ingredient for uniform estimates in F 4 is to control the energy associated
to the NLS.

Definition 5.5. We define the energy € function by
1 N
E(u) = §||A%u||%{ +F(u), u€E,

Note that E(u) is well defined for every uw € E4 by the continuity of the embedding
E4 < LTY(M). The compactness of this embedding formulated in Assumption 2.1 is not
needed here. Before we estimate the energy of the solutions u, of (5.8), we need some
preparations.

Lemma 5.6. a) There is a constant C' = C(bg,, bay1,, F') > 0 such that for everyn € N,
we have

£ Om) — ()| <O (123, + Iolh)

for allx € H,, and | € RY with |I] <1
b) There is a constant C' = C(bg,,ba+1,q, o, F') > 0 such that for every n € N, we have

[E(e7 W) — () + ] (Ba(Dx)| <CJUIP (|l ]|, + ll=lIFEh)
for all z € H,, and | € RN with |I| <1
Proof. ad a): The map & is twice continuously Fréchet-differentiable with
E'wlh =Re(Av + F(v), h),
E"[W](hy, ha) =Re (A2hy, A2hy) ,, + Re(F'[v]hy, ho)
for v, hi, he € H,,. Let us fix x € H,, and | € B. Then, we get
E(e7P V) — E(x) = /0 1 %5(6—”&%)& = / e e B Oz] (=B, (D)e V) dt

0

1
- / Re<Ae_itB"(l)x+F(e_itB"(l)x),—iBn(l) —itBa (1) >dt (5.17)
0
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We define f:[0,1] x RY — [0,00) by
(03 % U 2
f(t, 1) == max {1 ezﬂl‘bEA 4 et Dilass p”Glenl“La“)} ; tel0,1], leRY,

and by the properties of B,(l) from Lemma 5.2, we estimate the integrand of (5.17):
|(Ae™ 8Dy —iB, (1)e B Oz) | < [|AZe B D || A2 B, (1) B O] 2

i 1
< M| 2]| g, |1[0F, [Je 7B V| g,

< Rk ]2, (5.18)
and
(P 00), —iB, (e 502y | < [F(e 5 V)] o [Bu(l)e "5 O o
< CralBall )||L(La+1)||€ B ||t
< Cralllbdys sup 1S uen 52
D e S0 e, (5 1)
We obtain

[€(e D) — E(a))|

1 1
< e {13, Cratd s sup I8, o | (ol + et [ ste.ae
0

neN

and the assertion follows from

1 1
/ ft,0)dt = / max {1 RN D R ”S"E<La+”} dt
0 0

1 1
2 1)b2 Snll?
g max {17€2bEA ‘l‘ e(a"r ) a+1 SuanNH ”L(LO"H)} < OO, ‘l| < 1 (520)

) ds
s=0

ad b): Let us fix x € H,, and [ € B. We start with the identity

1
g(efizsn(l)x) — E(z) + E'2)(iB,(1))x = / <ig(eisl§n(l)x) — ig(efian(l)@
o \ds ds

—1tBn
/ / dt2 J2)dtds
- / / E/e B0 ] (B, (1) 5 V) drds

//5// B0 ] (—iB, (1)e B Oz, —iB, (1)e B0 z) dids
=1 + D
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As above

1
1 <l o { b, Craboss sup [l | (Il + el [,
ne 0

We further decompose Iy = I + Iz 2 with

1 s
12’1:/ / 1A2 B, (1)e "Dz, dtds,
0 0

1 S
Ly = / / Re<F'[e—itBn<l>x]Bn(1) “itB.0 B (1)e —lt8n<l>x>dtds.
0 0

By Lemma 5.2,

il < [ [ P Oy anas < ol o, [ 000t
0 0 0
Moreover, the estimate
‘<F/[6—it6n( 2B (e —itBu(l) Bn(l)e—itzsn(%ﬂ
< | F'le 0B, (e B O || ot ||By(1)e D] pass
< Cral| Ba(D)l[Z possylle™ V|| 3L
<

Cralll*bats SUPHS 2 zoeny f (& Dll2l|5

yields
1 s
112,2\§/ / ’<F’[eiit6"(l):lr]8n(l) “itBe) g B, (1)~ tBn x>‘dtds
o Jo

1
<CorallPbosasup Sl lollzth [ £t
ne 0

and finally, we find a constant C' = C'(ba+1, bp,, SUP,ey ||Snl|zza+1), ) such that

1
£ 40a) - £(a) + Ew)iB(Da)| < O (I, + ollh) [ st
0
and the second assertion also follows from (5.20). U

The next observation will be useful to simplify the following arguments based on the
Gronwall Lemma to estimate of the energy. It has already appeared in [BHW17|, Lemma
5.6, but we need it in a slightly more general form.

Lemma 5.7. Letr € [1,00), ¢ € (1,00), € >0, T >0 and X € L"(92, L>(0,T)). Then,

1X N @z < X iz + =92 (1——) / IX o seoands, ¢ €[0,7].
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Proof. As a consequence of Young’s inequality, we obtain

1 1\
qbq caq+¢e'Ti- <1 — —) b, a,b>0, >0. (5.21)
q q
Then, interpolation of L%(0,t) between L>°(0,t) and L*(0,¢) and (5.21) yield
1-1 1-g1 1!
[ X1 ooy < HXHLooq()t)HXHLl 00 S X Nle=on + 700 (1 - 5) X210,

Now, we take the L"(€2)-norm and apply Minkowski’s inequality to get

1 1\t
||X||LT‘(Q7Lq(O7t)) < €||X||L’I‘(Q7Loo(07t)) + 51 q5 (1 — —) / ||X(S)||LT(Q)dS

< el X || zr@Leon) + €7 (1 - —) / | X || L (@2,20(0,5))d
O

Now, we are ready prove that the solutions of (5.8) have uniform energy estimates and
satisfy the Aldous condition.

Proposition 5.8. Let us assume Assumption 2.6 i). Then, the following assertions hold:
a) For all ¢ € [1,00) there ezists C = C(E(up), T,bg,, bat1,q, @, F') > 0 such that

supE| sup [[lun(®)l +E(ua(0)]*] < C.

neN t€[0,T

b) The sequence (uy)nen Satisfies the Aldous condition [A] in EY.

c) The sequence (P""), _ is tight in Zp.

Proof. Ad c): Follows from the two other parts by applying Proposition 4.11.

Ad a): Since ug, = 0 already implies u, = 0, we may assume ug, 7 0 without loss of
generality. Furthermore, we only prove the assertion for ¢ > 2. The case ¢ € [1,2] is a
simple consequence of the Holder inequality. Recall that the energy £ is twice Frechet
differentiable. In particular, the function £’ is Holder continuous. Hence, we can use
Proposition 5.4 and the It6 formula B.2 to deduce

1 1, _
sllun()Na+E (wn(s)) = 5 lwonlli + & (@)

+ /08 Re(Auy, (r) + F(un(r)), —iAu, (r) — iP,F(u,(r)))dr
S E(e B Wu,(r—)) — E(u, dl. dr
+ / /{MH (r=)) — E(un(r=))] i(dl, dr)
e O, (1)) — € (up(r "M, (7] (3 un(r))| v r
+/0 /M} & w(1)) = Eun(r)) + ' Tun(r)] (1B (L)un(r))] v(dl)d

1, __
=i Slluoallzr + € (won) + Ii(s) + Io(s) + Is(s) (5.22)
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almost surely for all s € [0,T]. The first integral I;(s) cancels due to the following three
identities which hold for all for all v € H,,:

Re(F'(v), —1P,F(v)) = Re [i(F'(v), P, F(v))] = 0;
Re [(Av, —iP,F(v)) + (F(v), —1Av)] = Re [—(Av, iF(v)) + (Av,iF(v))| = 0;
Re (Av, —iAv) ,, = Re [i[|Av||3] =0

By the maximal inequality for the Poisson stochastic integral, see Theorem 4.5 in
[DMN13], and Lemma 5.6, we obtain

(E sup (1) ]) ( ( / /M 5104 (5)) — & (un(5))| (1)

N————
ok
N——
Q|

0 i<
( (/ /|l<1}|l| (ln()1%, + l[un(s) 255 v(dl)d >3>q
)

e (2 ]l + (9l vand

(5.23)
We introduce the abbreviation
1
Xn = 5“%1”%2 + & (uy)
and observe
[un| %y + lunllfats S Xo (5.24)
Moreover, we have
/ 17 0(dl) < / IPu(dl) <00, g>2 (5.25)
{l<1} {l<1}

Thus, we can conclude

(2 s 0] ) (5[ wra)') (5 [ o)

= | XullLa@.z2(0.0) + 1 Xnlla,za0y), t € [0, T7. (5.26)
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By Lemma 5.6 b), (5.24) and the Minkowski inequality

(ELS;&E] Ig(S)"D; ’S/{mgl} [[Pv(dl) <E </Ot (ltn ()%, + ln(r)258) )q>§

t t
S [ ) [0l & S [ XKalliman et € DT
{]I|<1} 0 0

Therefore, from (5.22) and the previous estimates we get

1

1 1
1 - o q
[ Xnll Lo,z (0,0)) < §||U0,n||?{ + E(uon) + <E[ sup |12(5)|q}> + (E[ sup |13(5)|q]>

s€[0,t] s€[0,t]

1 __
S Sz + E(uon) + Xl uq.z20.0) + 1 Xall o o0

t
+/ HXnHLq(Q,Loo((LS))dS, te [O,T]. (5.27)
0

Using Lemma 5.7 with € > 0 to estimate ||X,||ra,22(0,0)) and || Xu|La(e,z0(0,1)), We get for
t €10,7],

1 - t
[ Xnllza(@.Lo00)) S §||uo|ﬁq + E(uo,n) + l| Xl La(o, L 0,0)) +/ [ X0 | La(@, Lo (0,6))ds-
0

Taking e sufficiently small we end up with

1 - t
| Xl Lo,z 0,0)) S §HU0||%1 + E(uon) +/ | XnllLa(o,Lo(0,5))ds, t € [0,T].
0

Finally, the Gronwall Lemma yields

1 .
[ Xnll Lo,z 0,0)) < C (5”“0"%1 + 5(Uo,n)) e, tel0,T),

where the constant C' = C(bg,, ba+1, ¢, @, F') > 0 is uniform in n € N. As a consequence of

(5.7) and Proposition 5.1, we obtain
a+1

||U0| a+1

— o uollE 2
5(U07n> S z HA2S7LUOH%I ||S ||a+1HSnu0||L0t+1

[1Snuoll3,
S Azl + fluollfh S €(uo) (5.28)

for n > ng and E(ug,,) = 0 for n < ny. This completes the proof of Proposition 5.8 a).

Ad b): Now, we continue with the proof of the Aldous condition. Let us fix n € N. We
have for all ¢t € [0, 7], almost surely

Un(t) — Uy = — i/ot At (s)ds — i/ot PP (uy(s))ds



STOCHASTIC NLS DRIVEN BY PURE JUMP NOISE 27

t e’iB”(l)un s—) — up(s—)| n(ds,dl
o[ ) — (o] A, a

//{l|<1} {7 Ous) —us) +iB.Du(s)} v(dD)ds
t) + Ja(t) + J3(t) + Ja(t)

in H,. Let us next fix a sequence (7,),, .y of stopping times and 6 > 0. By the above we
infer that

|tn (70 +0) AT) — un(

4
< k(7 + ) AT) = Ji(7)l| 5,
k=1

Hence, for a fixed n > 0, we get

P {||un((T0 + 0) AT) — un(73)

4
2 20} < Y B {1+ ) A T) = u(m)lley > 5 }
k=1

(5.29)

We aim to apply the Chebyshev inequality and estimate the expected value of each term
in the sum on the RHS of (5.29). We use part a) for

(Tn+O0)AT
Z<E/ | A (s)

SOE[ sup [lun(s)[|e,] <OE[ sup [un(s)|3,]
s€[0,T 5€[0,7]

E||Ji((7n +0) ANT) — Ji (1)

(Tn+6)A .
By ds < ]E/ |A2u,(s)|| gds

N[

< 0Ch;

the embedding L+ (M) < E% and the nonlinear estimates (2.4) and (2.9) for

E|lJ2((1h + 0) NT) — Jo(10)

EY ds

(Tn+O)AT
<E [ IR n)

(Tn+0)AT (Tn+0)AT
SE[ T IFunleds SE [ [Pz, ds

(Tn+06)
S E/ [tn ()] Fas1(aryds S GE[ sup Hun(s)H%A] < 0C,

s€[0,T]

By the Levy-Ito-isometry, Lemma 5.3, (2.13) and Proposition 5.4 we get

(Tn+0)NT
1Bn(l) NV —u S
/ /WH W(52) — un(s—)] di(ds, d)

(Tn+O)NT )
_E / / e B0y (5) — un(s)||% v(dl)ds
Tn {JTI<1}

(Tn+9)/\T
<b¢/ |mem/“ lun(s) s < Olluoll%
{lI|<1} Tn

2

El|Js((mn +0) NT) —

N

H
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and

EHJ4((Tn + (9) VAN T) J4(

(Tn+O)NT

Wy (5) — tn(s) + iBn(Dun(s )} v(dl)ds

{\l|<1}

(Tn+0)NT .
S E/ / He—llﬁn(l)un(s) — Uy (s) + 1B, (Lun(s)|| , v(dl)ds
{lu<1}

E4

1 ) (Tn+9)
<ot [ PADE [ fua)lluds S bl
{l<1} n

By the Chebyshev inequality, we obtain for a given n > 0

4 AC,0
P{I1Je((7+6) AT) = Je(r)lly > 7 < CEI((ma + ) AT) = ()l < nk
(5.30)
for k € {1,2,4} and
16 16C,0
P{Ing((Tn+9> AT) = Js(o)llgy > Z} 7 SET5((7 + ) AT) = Ja(m) 3y, < —5—
(5.31)

Let us fix € > 0. Due to estimates (5.30) and (5.31) we can choose dy, ...,d4 > 0 such that
£
P{JlA((ra +6) AT) = ()l > 7} < S
for 0 <6 <6y and k=1,...,4. With § := min {51, ..., 04}, using (5.29) we get

P{[[Je((7a +O) AT) — >n} <
for all n € N and 0 < 6 < 6 and therefore, the Aldous condition [A] holds in E7. O

We continue with the a priori estimate for solutions of (5.8) with a focusing nonlinearity.
Note that this case is harder since the expression

1 1 ~
sllllz +E@) = Slvlz, + Fv),  veHy,

does not dominate |[v]|%;,, because F is negative. Nevertheless, we will see that the E4-
norm is still the dominating part under the additional Assumption 2.6 i’), which leads to
a restriction to the maximal degree of the nonlinearity F. In particular, uniform estimates
in F,4 are still possible.

Proposition 5.9. Under Assumption 2.6 i’), the following assertions hold:

a) For all r € [1,00), there is a constant

1
C= C(HUOHH7 HAinHﬁU HUOHL"""1777047T7 F7 bEAaba+17r) >0



STOCHASTIC NLS DRIVEN BY PURE JUMP NOISE 29
with

supE[ sup llun(®)llz,] < C:
neN te[0,T]

b) The sequence (uy)nen Satisfies the Aldous condition [A] in EY.
In particular, the sequence (P'), _ is tight in Zp by Proposition 4.11.

Proof. ad a): Let ¢ > 0. Assumption 2.6 i’) and Young’s inequality imply that there are
v > 0 and C. > 0 such that

lull gt Sellulls, + Cellulllys  w € Ea, (5.32)
and therefore by Proposition 5.4, we infer that
—F(un(5)) S llun(s) 1 Fatran) S €llun($)lIE, + Cellun(s) |
55”"42“71(8)”H+5”u0||§{+C€||u0”}/{v s €[0,7]. (5.33)

By analogous calculations as in the proof of Proposition 5.8 we get

I
|
=S
=
3

s)) + &€ (uon) + Li(s) + Iz(s) (5.34)
almost surely for all ¢ € [0, T]. We abbreviate
Ya(s) = lJuollfz + [A2un(8)[72 + lun()lF, s €10,7),

Let ¢ > 2 and recall (5.25) as well as the mass conservation from Proposition 5.4. As in
the proof of Proposition 5.8, we estimate

<E

1

E@n) < Aol + Juoll3h. (5.35)
g 1 t 2
sop (1" ) 5 ([ itPuian) (B ([ Qo + o) as)
s€[0,t] {JI|<1} 0

() (& [ (o, + ) )

S WYalla@,z20.0) + |YallLa@,zo0,0); (5.36)

[ SIS
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q t
(E[ sup |f2<s>|q]) S [ @) [, + o5 o &
s€[0,t] {l<1} 0 ’ ’

t
S / Y2l 2o, o0 0,y dr (5.37)
0
Using (5.33), (5.35), (5.36) and (5.37) in (5.34), we obtain

1 1
1A% g (e A e+ elluo |2z + Celuoll 3

La(Q,L>°(0,t La(Q2,L>(0,t))

1 (0%
+ | A2uoll7> + luollZis + [Vallo@.r20.0)
t
Wl + [ Wallisaeodr
0
If we employ Lemma 5.7 to estimate ||Yy||zo(o,r2(0,4)) and [|Ya || Le(o,z0(0,6)), We get

1
([ER > e + ellug |2 + Celuoll}

Sy [EA

LQ(Q,LOO(O’t Lq(QvLOO(Ovt))

1
+ 1Az ug| 72 + [luoll 3t + ellVall o,z 0.

t
+ / 1Yol La@,no0 0,m)dr (5.38)
0

In order to estimate the terms with Y,, by the LHS of (5.38), we exploit (5.33) to get

1 (0%
Yall s, < lluoll + HIIAQUnII?{‘ ) M1zl o, 0.y

+ C(e, [luolln)-
La(9,L%(0,t))

L4(Q,L°(0,t

<1+ &)1 abun

Now, we choose £ > 0 sufficiently small and end up with

t
<C (1 +/ dr)
La(Q,L>=(0,t)) 0 La(Q,L>=(0,r))

for some C' = C(||uol| 12, | A2 uol|ar, o] os1, 7, @, T, Fy bg, . bas1, q) independent of n. From
the Gronwall Lemma, we infer

142w 2|

|[EEEN A%, 3

< e, t € [0,7). (5.39)
La(Q,L>(0,t))

In view of Proposition 5.4, we have proved the assertion for r = 2¢g > 4. The case
r € [1,4] is an easy consequence of the Holder inequality.

ad b). The proof of the Aldous condition is similar to the defocusing case, see Proposition
5.8 b). O

Corollary 5.10. Under Assumption 2.6, the sequence (uy), .y of Galerkin solutions is
tight on Zr.

Proof. Immediate consequence of Propositions 4.11, 5.8 and 5.9. U
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6. CONSTRUCTION OF A MARTINGALE SOLUTION

In this section, we will use the compactness results and the uniform estimates from the
previous sections to complete the proof of Theorem 1.1. Let us recall

Zp = D([0,T), E%) N L0, T; LT (M) N Dy, ([0, T, Ea) .
The first step is to prove that Proposition 4.12 can be applied with
Xy = ME([0,T] x RM), Xy = Zp.

Here, M ([0, T] x RM) denotes the set of all N-valued Borel measures £ on [0, 7] x RY
with £(S,) < oo for all n € N, for some sequence S, C [0,7] x RY of Borel sets with
S, 110, 7] x RY and Leb ®v(S,,) < oo for all n € N. It is well known, see e.g. Lemma 2.53
in the second authors dissertation [Hor18a] or Section 1 in [BDM*11], that ME([0, T] x RM)
is a complete separable metric space.

Moreover, we determine the g-algebra A. Of course, it would be natural to equip Zr
with the Borel o-algebra B(Zr), but it turns out that A is strictly contained in B(Zr).
Given real-valued functions f,, on a topological space Z, we will frequently use the notation
f = (f1, f2,-..) and the fact that o(f, : m € N) = f~1(B(R>)), where R* is equipped
with the locally convex topology induced by the seminorms py(x) := |xy]|.

Lemma 6.1. Let X be a set and f,, : X — R, m € N. Let Ox be the coarsest topology
such f,, is continuous for all m € N. Then, we have

B(X):=0(Ox)=0(fn:meN).

Proof. The direction ” D 7 is obvious by the continuity of f,, for m € N. In view of the
good set principle, it is sufficient for the other inclusion to show that each O € Ox is
contained in the f~!'(B(R>)). Since each O € Oy is of the form

K
0= U ﬂ 1 (Oin), O, open in R>™,

i€l k=1
see [Fol99|, Proposition 4.4, we can write represent O as the inverse image of the open set
Uier Nr_, O; under the continuous function f, which verifies the assertion. O

Lemma 6.2. There is a countable family F' of real-valued continuous functions on Zr that
separates points of Zp and generates the o-algebra

A:U(B<ZlmZQ)IZTUO'(F3>>, (61)
where F3 consists of real-valued continuous functions on Zs separating points of Zs.

Proof. Step 1. For each Z;, we give a sequence (fm.i),,cy Of continuous functions fp,; :
Z; — R separating points and determine the generated o-algebras.

Let {¢, : k € N} be a sequence with [[¢r||g, <1 and [|z| gy = supyey | Re(x, )| for all
x € B4 and {t; : | € N} be dense in [0,T]. We set

Jraa(u) = Re(u(ty), o), u€ 2z, kleN
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and for n € N, we denote

.....

.....

.....

for all ky, ..., k, € N, we obtain B(Z;) = o(fx, : k € N,I € N). By right-continuity and the
choice of i, k € N, the f;; separate points in Z; and they are continuous since convergence
in Z, implies pointwise convergence.

The existence of (fn2),,cn 18 @ consequence of the Hahn-Banach-Theorem in Z,. For
the details, we refer to [Hor18a|, Lemma 2.28. Let {h, : k € N} and {¢; : | € N} be dense
subsets of £ and [0, 7], respectively. We set

fras(u) == Re(u(ty), hy), u€e Zs, k,leN.

and denote the enumeration of (fx,13); jen BY (fm,3) e - By the definition of the topology in
Z3 and the fact that convergence in ID([0, T']) implies pointwise convergence, we obtain that
fm.3 is continuous. Suppose that f,,5(u1) = fims(ug) for all uy,us € Z3. From the right-
continuity of [0,7] 3 ¢ — Re(u;(t), hy) and the density of (¢;); (hy),, we infer u(t) = us(t)
for all t € N, i.e. (fin3),,cy SeParates points in Zs.

Step 2. We define F} := {f, j|z, : m € N} and set A := o(F), where F := Fy} UF, U F5.
We would like to prove (6.1). Above, we obtained o(f,,,; : m € N) = B(Z;) for j = 1,2.
Since we have

0 (fmjlzinz, :m € N) =0(fm;:m e N)|znz,

and
B(ZiNZy) =0 ( U B(Zj)‘Z10Z2> ’
j=1,2

we conclude

B(ZiNZy) =0 < U 0 (fmjlzinz, 1 m € N))

=12
and thus,
B(Z1 N Zs)|zp = 0 (fmilzgs fm2lzy - m €N) = o(F1 U F).

Similarly, we obtain A = o (B(Z1 N Z3)|z, Uo(F3)).
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Remark 6.3. By Lemma 6.1, we have o (f,3 : m € N) = U(@Zg), where @Z3 is the coarsest
topology such that f,, 3 is continuous for all m € N. In particular, we have

0 (fms:meN) C B(Zs),

since convergence in ([0, T']) implies pointwise convergence, but not vice versa. In partic-
ular, we would get A = B(Z7) where Zr is the topological space arising when we replace
the topology on Z5 by Og,.

By the previous Lemma and the uniform estimates from Propositions 5.8 and 5.9, we
can apply Proposition 4.12 to the sequence (u,), oy of Galerkin solutions. As a result, we
obtain a candidate v for the martingale solution.

Corollary 6.4. Let (uy), oy be the sequence of solutions to the Galerkin equation (5.8) on
(Q,F,P) and A be the o-algebra on Zy defined in (6.1).
a) There are a probability space (Q, F,P), a subsequence (Uny, ) ey and random variables
v, vp 1 Q= Zp and 7y, 7 : Q@ — ME([0,T] x RM) with
i) PORve) = POrun) for k € N,
ii) (7, ve) = (7,0) in ME([0,T] x RM) x Zp almost surely for k — oo,
iii) 7 = 77 almost surely.
Moreover, @, 7 are time-homogeneous Poisson random measures on [0,T] x RN
with intensity measure Leb ®v. w.r.t to the filtration F defined by the augmentation
of
Fi =0 (k(s),vm(s),v(s) : k€ Nym € N, s € [0,]),
where by the notation 7y(s) we mean all random variables of the form i, ((0, s] X By),
where By is a measurable set in B.

b) We have vy, € D ([0,T], Hy) P-a.s. and for allr € [1,00), there is C = C(T, ||lug||g,, ) >

0 with

sup E [HU/CHZOO(O,T;EA)} <C
keN

c) For allr € [1,00), we have
E [HUHEOO(O,T;EA)} <C
with the same constant C' > 0 as in b).

Remark 6.5. The fact that for each n € N, u,, is an (Zr, A)-valued random variable is true
since D([0, 7], H,) C Z; for each n € N and each j = 1,2, 3, see (4.2) for the definition of
the spaces Z;, with continuity of the canonical embedding. In particular

(BAD(0,T), Hy) : B € B(Zr)} = o ({BAD([0,T], Hy) : B closed in Zz})
c a({B . B closed in D([0,T], Hn)}) = B(D([0,T], Hy)).

Since u, is random variable in D([0, T, H,,), we infer that
{u, € B} ={u, € BND([0,T],H,)} € F
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for all B € A.
Proof. ad a). We apply Proposition 4.12 with
Xy == ME([0,T] x RM), Xy = I

and x, = (n,u,), n € N. The tightness of y,, is guaranteed by Corollary 5.10 and the fact
that random variables on metric spaces are tight, see [Par67|, Theorem 3.2. In Lemma 6.2,
we have checked that Zp fulfills the assumptions of Proposition 4.12 with the o-algebra A
from above. For the proof of the last assertion, we refer to [BHR17], Section 8, Step III.

ad b). Since D ([0, 7], Hy,) is contained in Z; for j = 1,...,4, the definition of A yields
that D ([0,7], Hy) € A. Hence, we obtain v, € D([0,T], H) P-a.s. as an immediate
consequence of the identity of the laws of vy, and wu,, .

The uniform estimate follows from the respective estimates for (un, ),y , see Propositions
5.8 and 5.9, via the identity of laws, since D ([0, 7], Hy) > w = sup,oq |w(t)||e, is a
measurable function.

ad ¢). We can follow the lines of the proof of Proposition 6.1 ¢) in [BHW17]. O

Corollary 6.6. In the framework of Corollary 6.4, we have P-almost surely, for each
keN,
[or (@)l = lluolla for allt € [0, T].

Proof. Let us fix k € N. Then, the set
S={ueD(0,T],Hy,,) : |lut)|lz = |luo|lu for all t € [0,T]}

is closed in ([0, T'], H,, ) by Corollary C.2. Therefore, S is a Borel set in Z. By Corollary
6.4, the laws of vy, and u,,, are equal. Since by Proposition 5.4 the law of u,, is concentrated
on S, so is the law of v,. The proof is thus complete. O

It remains to show that (Q, F,P.q,T, u) is indeed martingale solution. The compensated
Poisson random measure induced by 7 is denoted by 7 := 71— Leb ®v. We need the following
convergence results.

Lemma 6.7. Let ) € E4. Then, we have the following convergences in L*(Q x [0,T]) as
n— 00 :

Re (vn — m,w)H — Re (v — ug,w)H (6.2)

/ Re (Avy(s) + PuF(ua(5)), ), ds — /0 Re(Av(s) + F(u(s)), ¢)ds;  (6.3)

0
[ ] (e ™0 5m) —(s-),0) (s,
0 J{Ji<1}

| Re (e BOy(s—) — v(s—), n(ds, dl); 6.4
= [ R ) vl ) s ) (6.4)
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// Re (7", (s) = v,(s) + iBa(va(s), ¥) ,v(dl)ds
{ISH

_IB(Z) s) +1B(l)v(s v s.
—)//{l|<1} v(s) = v(s) +iB(o( )’¢)H ((Zj(;)

Proof. ad (6.2). We get (6.2) pointwise in Q x [0, T] from (5.6) and v,, — v in L*(0,T; H).
In view of

T T
E / IRe (0a(t) — 5 0) [t < [[0]E / Uon(®) 1+ luollar)” dt < [l T2 ol < oo
0 0

for r > 2, Vitali’s convergence Theorem yields the assertion.

ad (6.3). Let us fix w € Q and t € [0,7]. Then,

/Re (PoF (vn(s) ds—>/ Re(F ,)ds

0
follows from v,, — v in L*T(0, T; L1 (M)), see [BHW17], Lemma 6.2, step 3. Moreover,

Re(A(v,(s) —v(s)),1) = Re{v,(s) — v(s), AY) — 0
for all s € [0,7] by v, — v in D, ([0,7], E4). Via

B[ [ IRetane orasar < olle, R sup (0] <

s€[0,T

dt < T, E[ sup [[F(va(s))ll7

s€[0,T] Ez:|

ST IE,E] SEPT}H%( s)E,] < oo
s€|0,

/ Re (P, F(vn(s)), %) ,ds

0

),

for r > 2, Vitali yields (6.3) in L*(Q2 x [0, T]).

. In view of the It6 isometry, it is equivalent to prove

/ / iB”(l)vn(s) — () — [e’iB(l)v(s) — v(s)] ,z/J)HIQV(dl)ds — 0, n — oo,
{l1<1}
(6.6)
in LY(Q x [0,T]). For z € H, Lebesgue yields

1
—iB(1) / d [6—1an(1)6—1(1—3)3(1)$] ds
o ds

He—iBn(l)

r—e x|y =

1
< / Il (B.(1) — B(1)) e_iSB"(l)e_i(l_s)B(l)x||Hds — 0, n — 0o.
0
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From v,, — v almost surely in L?(0,7; H) and again Lebesgue, we infer

t
/ | Re (6_18”(”1}” — Uy — [e‘iB(l)v — ], ¢),IPds (6.7)
0
¢
< 2/0 (™0 (v = va) I + llvn = vllF + [ [e 75O — e BOT ]l ) [l Fds — 0
(6.8)
as n — oo almost surely for all ¢ € [0,7] and [ € B(0, 1). Since we have
t
/ | Re (e‘iBn(l)vn — Uy — [e‘iB(l)v — ], 9) ,[Pds
0
< 20 15n 1 (Ioalleo s + 10132 0m) ) S 1P € LABO1)w),  (69)

by Lemma 5.3 and Remark 2.8, we get

¢
/ / | Re (e_iB"(l)vn — U, — [e‘iB(l)v —v],¢) ,[Pdsv(dl) — 0
{l<1} Jo

as n — oo almost surely for all ¢t € [0,T]. For » > 1, we employ similar estimates as in
(6.9) for

T

T ¢
E/ (/ / | Re (e_iB”(l)vn — Uy — [e‘iB(l)v — v] ,2/1)H|2dsy(dl)) dr
0 {]l|<1} JO

T T
SR [ (Wl + Iolrgem) dr

S WIETE

ap (ol + ||v||z>7"] e
s€[0,T

and thus, we get (6.4) by Vitali’s Theorem.

ad (6.5). From (6.7),

t
/ | Re (B, (l)vy — iB(l)v, ) ,,|ds
0
<@l (1Ba(1) (wn = )| + 1 Bu(l) = BO] vll 1 0.4:0))
< [llat (1B llon — vllz2sm + | 1Ba(l) = BO]vllr20m) — 0
and the bound
t
i ) 1
/0 | Re (€75 D, (s) = v(s) + 1B(l)va(s), ¥) ,Ids < §bHH¢HH|l|2anHiz(o,t;H)
Sou 1P € LY(B(0,1);v)
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by Lemma 5.3, we infer (6.5) pointwise in Q x [0, T]. The L?(Q x [0, T])-convergence follows
similarly as in the previous step by the Vitali type argument based on the uniform bounds
on v,, n € N. [l

Finally, we are ready to summarize our results and obtain the existence of a martingale
solution.

Proof of Theorem 1.1. Step 1. Let us define the maps

My (w, t) =ton - / Re(Aw(s) + PuF(w(s)), ¥)ds
[ el Ougen) - o)) s
{ll<1}
/ / " B Oy (s) — w(s) + By (Iw(s), ¥) , v(dl)ds;

My(w,t) =ug — 1/ Re(Aw(s) + F(w(s)),)ds
| Re (e w(s—) — w(s=),v) ,i(ds, di

| e (e7PDw(s) —w(s) +i w(s v s.
+/0/|l|<1}R ( (5) (s) +1B(0) ()’¢)H (dl)d

The results of Lemma 6.7 can be summarized as

Re (vn,¢) M,,.(vn, ) — Re (v,¢)H — My(v,-), n — oo,
in L2(Q x [0,77)) for all ¢» € E4 and from the definition of u,, via the Galerkin equation,
we infer Re (un(t), 1) ,, = My (un, t) almost surely for all ¢ € [0,7]. Due to the identity

Lebjo ) @P"" = Lebjo 1y ®P”", we obtain

E/O IRe (u(t), ), — My(v, D)t = lim IE/ IRe (0a(t), ) ;) — M (0, £) Pt

n—00

T
~ lim E/ IRe (un(£), ) ) — Mot £) Pt = 0
0

n—0o0

and thus,
P {Re (v (t),w)H:M¢(U,t) faa. te(0,T]} =
Since both Re (v, 1) ,, and My(v,-) are almost surely in ([0, 77), we obtain
P{Re (v(t), 1), = My(v,t) Vt€[0,T]} =1,

which means that (€, F,P,7,F,u) is a martingale solution to (2.15).
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Step 2. In order to conclude the proof, we need to show that the process v satisfies the
mass preservation condition (1.6). Let us first fix w € Q such that

vg(,w) = v(-,w) in Zr, (6.10)
as k — oo. By part (a)(ii) of Corollary 6.4, the set of such elements is a full set in
2. Together with Lemma 4.5, (6.10) implies that there exists » = r(w) > 0 such that
supyejo 7 lvx(t,w)|| < r for every k € N. From (6.10) and Proposition 4.2, we infer that

there is a sequence (Ag),cy = (Ae(W)),cn € AV, such that

sup [v(Ak(t), w) — v(t, w)|
te[0,7

E2—>0, k — oo.

Hence, we get

sup |[ve(Ax(t), w) — v(t,w)||m
te[0,7)

1
5 sup ||Uk(/\k(t)7w) - v(t,w)| ?:7:\
te[0,T

< (20)2 sup [|up(Ak(t),w) — v(t,w))|
t€[0,T]

oAu(t),0) = o(t W1,

1
2
EZ_>O’ k — oo.

In view of Proposition 4.2, this implies vy (-,w) — v(-,w) in D([0,T], H) as k — oo. Since
the norm function || - || : H — R is Lipschitz continuous we deduce that

o)l = o)l in B(O, T],R).
On the other hand, by Corollary 6.6, we infer that

|ok(t, w) ||z = ||uol| g for all ¢ € [0, T].
Applying finally Lemma C.1 we infer that

|lv(t,w) ||z = ||uol| g for all t € [0, T].
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APPENDIX A. TIME HOMOGENEOUS P0OISSON RANDOM MEASURE

Let N denote the set of extended natural numbers, i.e., N := NU{co} and R := [0, 00).
Let (S,.7) be a measurable space and My(S) be the set of all N-valued measures on the
measurable space (9,.7). On the set Mg(S) we consider the o-field .#x(S) defined as the
smallest o-field such that for all C' € .¥ : the map

ic : Mx(S) > p— p(C)eN
is measurable.

Definition A.1. Let (Y, A(Y)) be a measurable space. A time homogeneous Poisson
random measure 1 on (Y, B(Y)) over (2, F,F,P) is a measurable function

n:(QF) = (Mg(RY xY), A5(R* xY))
such that

(a) for each C € BRY) R B(Y),n(C) :=icon:Q — N is a Poisson random variable
with parameter Eln(C)];

(b) n is independently scattered, i.e., if the sets C1,Cy,...,C, € BRT) @ B(Y) are
disjoint, then the random variables n(Cy),n(Ca),...,n(Cy,) are mutually indepen-
dent;

(¢) for allU € B(Y) the N—valued process (N(t,U))s=o defined by

N, U) :=n((0,t] xU), t=0

18 Fy-adapted and its increments are independent of the past, i.e., ift > s > 0, then
N(t,U)— N(s,U) =n((s,t] x U) is independent of Fs.

If n is a time homogeneous Poisson random measure then the formula
v(4) :=E[n((0,1] x A)], AeB(Y)

defines a measure on (Y, #(Y)) called the intensity measure of . We assume that v is
o-finite. Moreover, for all T < oo and all A € Z(Y') such that E[n((0,T] x A)] < oo, the
R—valued process {N(t, A)}ico,r) defined by

N(t, A) = n((0,1] x A) — tw(A), te(0,T],
is an integrable martingale on (2, F,F,P). The random measure m ® v on Z(R") ®
AB(Y'), where m stands for the Lebesgue measure (often denoted also as Leb), is called a
compensator of n and the difference between a time homogeneous Poisson random measure
n and its compensator, i.e.,

ﬁ =n—-m ® v,
is called a compensated time homogeneous Poisson random measure.

We follow the notion of Ikeda and Watanabe [IW81], Peszat and Zabczyk [PZ07], to
list some of the basic properties of the stochastic integral with respect to 7. Let E be
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a separable Hilbert space and let P be a predictable o-field on [0,7] x €. Let 2377’(73 ®
BY),mRPRv; E) be a space of all E-valued, P ® Z(Y )-measurable processes such that

e [ [ el vt ds] < <.

If ¢ e £,(P®ABY),m@P®v; E) then the integral process fOT J5€(s, - y)n(ds, dy),
t € [0,7T], is a cadlag square-integrable E-valued martingale. Moreover, we have the
following isometry formula
2
|-
E

{//6 s, y)i(ds, dy)

APPENDIX B. MARCUS CANONICAL SDES

Let (Q, F,F,P) be a probability space equipped with a filtration F := {F;,¢ > 0} that
satisfies the usual hypothesis (i.e., Fy contains all P-null sets and F is right continuous).
Let vo,vi,...,vy : R? — R? be complete C'-vector fields. Define v : R? — L(RY, R?)
such that v(y)(h) := Z;V L Vily )h], heRN yeRL

Let L(t) := (Ly(t),- -+, Ly(t)) be a RY — valued Lévy process with pure jump,

//lndsdl //lndsdl

where B := B(0,1) C RN, [ = (Iy,...,ly) € RY ; n, 7 represent homogeneous Poisson
random measure and the compensated one with the compensator m ® v respectively. We
always assume that 7 is independent of Fj.

Consider the following “Marcus" stochastic differential equation:

dY (t) = vo(Y()) dt +V(Y( —)) o dL(t)

/OT/Y 1€(s, - )% dv(y) ds], tel0,7]. (A1)

dt—l—Zvj ) o dLj(t), (B.1)

which is defined in the integral form as follows

V(1) = Yo + / w+//’ (1LY (s-)) = ¥(s-)]i(ds, )
// (1,1,Y (s (5— )]ndsdl

// (1,1, Y (s i } (dl)ds, (B.2)

where y(t) := ®(t,1,yo) solves

N
A Z l;v;(y),  with initial condition y(0) = yo. (B.3)
=1
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Theorem B.1 (It6’s formula 1). Let ¢ : R — R* is a C'-class function. If Y is an
Re-valued process a solution to (B.1), then

p(Y'(t) = o(¥o)

:/th(y( ))(vo ds—i—/ / Ll,Y ))) —@(Y(s—))]n(d&dl)
S W ACINAT >>)—so<Y<s—>>}ﬁ<ds,dZ>
// o(®(1,1,Y(s))) — ZW (vi(Y ()| (d)ds.  (B.4)

Moreover, when k = d and ¢ : R — R? is a C'-diffeomorphism, we define for each
j=0,1,..., N, the “Push-forward" of the vector fields v; by ¢ as v; : R* — R? such that
2 (d_y 0)(vileTH(2) = (07 (2) (vl (2)))-

Let v : R4 — L(RN,RY) be as before.
Then'Y is a solution to (B.1) iff

s a solution to
dZ =~vo(Z(t))dt + v(Z(t)) o dL(t), Zy= p(Ys). (B.5)

We will now present an infinite dimensional version of the above result, which has been
used in this work.
As before let (2, F,F,P) be a complete probability space. Let E be a separable Hilbert
space. Let v, vy,...,vy : E — E be complete C'-vector fields. Define v : E — L(RY, E)
such that v(y)(h) := 3., v;(y)h;,h € RN y € E. Define the Lévy process L(t) as before.

7=1
Define the Marcus mapping

d:R, xRVXE—>F
such that for each fixed [ € RV, yo € E, the function
t— (I)(t, l, UO)

is the continuously differentiable solution of the ordinary differential equation
dy al
pri levj(y), t>0,
with y(0) =yo € E, and | = (I3, l5,...,In) € B, i.e.,
(D(tal>y0) Oalayo / Zl U] S>lay0 dS, t> 0.

With the above setting, let us consider the E—Valued process Y given by (B.2). Then we
have the following result.
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Theorem B.2 (It6’s formula 2). Let G be a separable Hilbert space and ¢ : E — G
be a C'-class function such that the first deriative ' : E — L(E,G) is (p — 1)-Holder
continuous. If Y is an E-valued process given by (B.2), then for every t > 0, we have

9-a.s.
p(Y'(t) = o(¥o)

= [ ds+ [ [ [o@1y-) - oy ()]s,
// O(1,1,Y (s )))—@(Y(s—))}ﬁ(ds,dl)
// 3(1,1,Y(s)) - ZW v (Y (s)|vid)ds.  (B6)

Moreover, when ¢ : E— E is a Cl-dzﬁeomorphzsm, we define for each 7 =0,1,... N,
the “Push-forward" of the vector fields v; by ¢' as v; : E — E such that

2 (d Ly 9)(vileTH(2) =@ (0T () (vl (2)))-

Let v : E — L(RYN, E) be as before.
Then'Y s a solution to (B.1) iff

1s a solution to
dZ =~vo(Z(t))dt +v(Z(t)) o dL(t), Zy= p(Yo). (B.7)

Proof. Let us assume, for the sake of simplicity, n = 0 on B¢. For y € E, define
fy,l) = <I>(1,l,y) —y forallle B (B.8)

a(y) == vo(y) + /B [@(17 Ly)—y— i lej(y)] v(dl)
= vo(y) +/B [f(y,l) - ﬁ:ljvj(y)]V(dl) (B.9)

Then the E-valued process Y given in (B.2) takes the form

Y(t) =Yy + / ds+//f i(ds, dl). (B.10)

Then by the Ito’s formula (see Theorem B.1 in Brzezniak et al. [BHZ13|), for every ¢ > 0,
we have P-a.s.

SV (1) /Ogo ds+// (V(s—), 1))i(ds, dI)

/ | [etv (Y (5-),1)) = oY —>>—so<Y<s—>><f<Y<s—>,z>>]n<ds,dz>
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3

=o(Yo)+ ) _ L. (B.11)

=1

Note that by the definition of a in (B.9)

_/Ot/B [Zzj¢'(y(s))(vj(y(s)))]y(dz) ds. (B.12)

Using the definitions of f in (B.8) and that of compensated Poisson random measure
7:=n—m® v, we have

zy://”myww+ﬂw&mm—wwwﬁwwﬂw&wuwwﬂwﬂwmw>
= [ [ [ty =) = oty 5-) - #1750 <—HM<@&>

// B(L,1,Y (s-))) — (Y (s—))] ii(ds, di) // (V(s=), 1))ii(ds, di)
// O(1,LY(s)) - a%»mmw—ﬁ[ywwmﬂW$mww@.

(B.13)

Note that, while adding up Iy, I and I3, the second term of (B.12) and the last term of
(B.13) cancel each other. Also note the 2nd term on the right hand of (B.13) is —I5, and
thus it gets cancelled with /5. Hence using (B.12) and (B.13) in (B.11), and grouping the
similar integrals we have the desired result (B.6).

To prove the second part of the Theorem, let us define a map

R, xRVxE—E

such that for all [ € RN,z € E, the function ¢ — (¢, 1, z) solves
dz N R
= D 1vi(z), t20, 2(0) =z
=1

Let us assume that ¢ : E — E is a Cl-diffeomorphism. Then one can show that for all
l€eRY andt >0

O(t,1,2) = ¢(®(t,1,y)) where z = ¢(y), y € E. (B.14)
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Then from the Tto’s formula (B.6), we deduce
Z(t) = Zo + /vo ds+//c (1,1, Z(s—)) — Z(s—)}n(ds,dl)
// (1,1, Z(s=)) — Z(s )}f;(ds dl)
/ / (1,1, Z(s i } (dl)ds.

This proves Z(t) = p(Y(t)) is an E-valued process satisfying
dZ =o(Z(t)) dt +v(Z(t)) o dL(t), Zy = p(Yo).

Converse part can similarly be proven. O

APPENDIX C. A SIMPLE CONVERGENCE RESULT

Lemma C.1. Suppose that for each n € N, a function f, € D([0,T],R) is constant and
that for some f € D([0,T],R), f, — f inD([0,T],R) as n — oo. Then f is also a constant
function and f, — f in C([0,T],R) as n — oo.

Proof. Let us denote, for each n € N, the value of the function f, by ¢,, for some ¢, € R.
By part (b) of Proposition 4.2 there exists a sequence (),) € AN such that

sup |\, (t) —t| — 0 (C.1)
te[0,7]
and
sup |fn(An(t)) — f(t)| = 0, n — 0o. (C.2)

t€[0,T]

This yields

sup |fu(t) = f()] = sup [e, = f(t)] = sup |[fu(Au(t)) = f()] =0,  n— oo
te[0,7 te[0,7 te[0,7)

Moreover, (C.2) implies
[f (@) = F(s)| <[f(E) = cnl + e = f($)] = [F(t) = faQn(®)] + | fn(An(s)) = f(s)] = 0
as n — oo for s,t € [0,T]. Hence, f is a constant function as claimed. O
We conclude this section with the following result.
Corollary C.2. Let n € Ny and ¢ > 0. Then, the set
S={ueD([0,T],H,) : ||u(t)|u = c for all t € [0,T]}
is closed in D([0, T, Hy,).
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Proof. Take an S-valued sequence (uy) such that ux — u in D(]0, 7], H,) for some u €
D([0,T),Hy). Fort € [0,T] and k € N, we define fi(t) = ||ur(t)|| g and f(t) = ||u(t)|| x-
Since the H-norm function is Lipschitz on H,, we infer that f, — f in D([0,7],R). In
view of Lemma C.1 we obtain f(¢) = ¢ for all ¢ € [0, 7] which implies v € S.
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