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ON EXISTENCE OF GLOBAL SOLUTIONS OF THE
ONE-DIMENSIONAL CUBIC NLS FOR INITIAL DATA IN THE
MODULATION SPACE M, ,(R).

L. CHAICHENETS, D. HUNDERTMARK, P. KUNSTMANN, AND N. PATTAKOS

ABSTRACT. We prove global existence for the one-dimensional cubic non-linear Schrédinger
equation in modulation spaces M, s for p sufficiently close to 2. In contrast to known
results, [9] and [I4], our result requires no smallness condition on initial data. The
proof adapts a splitting method inspired by work of Vargas-Vega, Hyakuna-Tsutsumi
and Griinrock to the modulation space setting and exploits polynomial growth of the free
Schodinger group on modulation spaces.

1. INTRODUCTION AND MAIN RESULT

In this paper we are going to investigate the global wellposedness theory for the one-
dimensional cubic non-linear Schréodinger equation

(1)

g+ Uy + |ulPu=0 , (t,7) € R?
u(0, ) = up(z) , v€R

where ug lies in a modulation space M, ,. Local wellposedness in modulation space M), 4
has been studied in [I] for ¢ = 1 and in [5] for p = 2. In addition, there are some global
existence results under smallness conditions on the initial value in [9] and [14] (see also [11]
and [I5]). However, in dimension one the cubic nonlinearity is not covered by these results.
On the other hand, it is well known that if uy € L? then the initial value problem is
globally well posed and that the L? norm is conserved. This was proved in [12]. In [13] it
was proved that under some weaker assumptions on ug we can still obtain global existence
results even if the L? norm of ug is infinite. The idea is to split the initial data ug between
two suitable function spaces and solve in each of them a different NLS and then combine
the solutions to get a function that solves problem . This idea was exploited further in
[4] and in [7] for iy € L¥" with p close to 2. The method of splitting itself goes back to [2]
at least.

Before we state our result and the proper definition of M, , let us denote by S(R) the
set of all Schwartz functions and by S’(R) its dual space. Fix s € R and 0 < p,q < oo.
Then
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(2) My, ={feS®): Iflug, <o}
where the quantity [|f|[az;, is defined as

(3) 17155, = 6 = L+ 1ED NPl

and Vj f is the short time Fourier transform of the function f with window g € S(R)\ {0},
that is

(4) Vof (2,6) = /R gy — 1)/ () dy.

It can be shown that different choices of the window function g lead to equivalent norms
on My . These spaces were first introduced in [3] and many of their properties such as
embeddings in other known function spaces and equivalent expressions for their norm can
be found in [14] where it is also proved that for s; > s2, 0 < p1 < pg and 0 < q1 < @2
we have the relation M;! ~C My2 . Since their introduction, modulation spaces have
become canonical for both time-frequency and phase-space analysis. They provide an
excellent substitute in estimates that are known to fail on Lebesgue spaces.

Every time we write || f||, or || f||L» we mean the usual p-norms in the Lebesgue spaces

LP(R). In addition, for a given interval I C R we use the notation || || re for the LP norm

of f over I. We also denote by M), , the modulation space M, 0
To state our main result we need to define the following set of functions.

Definition 1. For a given v > 1, 0 < a < 1 and ¢ > 0 we define the set S;, ., to be
the collection of all u € L? + Mn%l such that for every N € Ry there are functions

o € L? and YN € M, - with the properties u = N + YN and ||oN]|l2 < coN® and

¥ . < %
Remark 2. For any r > 2 and o > 0 define the number p = p(r, a) = 2:13;‘“ (2,7). Then,
we have the relation M, C {J,, R, S4.c, Which implies that the sets Sy, . are non empty.
To see this we use Theorem 6.1 D from [3] which shows that M, ,, can be obtained as
the complex interpolation space between L? = M, 2 and M, ./, that is M, , = [L2, M1

for = ;%5. Next, we use Proposition 2.10 from [10] which states that M, can be
continuously embedded in the real interpolation space (L2, M,.,1)p.00 and then we take a

look at the K functional which induces a norm to (L2, M, ,1)6,00 by the formula

U =sup (t? inf { +t /])
lelloo = sup (¢ int |81+l

It is easy to see that for a given N € R, we must have N~ = t=% and N = t'=% or

equivalently t = N**! and 6 = -%5.
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Our main theorem is as follows:

Theorem 3. Suppose that ug € Sy, ., where we haver € (3,4], co > 0 and a € (0, %).

Then, the Cauchy problem has a unique global solution u that can be written as a sum
of two functions v,w that lie in the spaces

4r

ve LI 2(R: L"(R)) N LE(R : L*(R))

loc

and

we L2 (R: M, - (R)),

loc P

for any sufficiently large Q.

Remark 4. In the literature the only global existence results for NLS with initial data
in a modulation space require the modulation norm to be small. See [9] and [14] (also [I1]
and [I5]) for more details. As we shall see our approach works with no restrictions on the
modulation norm of the initial condition.

Remark 5. An easy computation shows that the maximum of the function p(r, «), defined

in Remark [2, over the domain {(r,a) e R?:3<r <4,0< a < W} is attained
) —

at the corner (3, 33—2) and gives the maximum value of p = p(3, 35) = 7=. Of course, in

Theorem |3} r lies in the interval (3,4] which means that the space M s 35 is not covered
17718
by our main Theorem.

Remark 6. Let us make some comments about the key ingredients of the proof of Theorem
We follow closely the calculations presented in [7] by Hyakuna-Tsutsumi where the initial
data uy was split as a sum of a good function ¢ € L? and a bad function ¢ depending on a
(large) parameter N. One has a global solution for the NLS with initial value ¢ and a global
solution for the linear evolution with initial value 1. The nonlinear interaction is shown
to exist for a small time dy and takes values in L2. This step can be repeated sufficiently
many times (depending on N). In [7], many of the quantities were conserved from one step
to the next, in particular, the norm for the linear evolution of . This is not the case here
since we deal with the M, ,» norm and have polynomial growth. Consequently, we have to

) (k)

consider in each step k£ + 1 a smaller time existence interval 5](\’;“ < 0y, and these have

to be chosen in such a way that the (finite) series >, 5](\];) diverges to infinity as N — oo.
This turns out to be possible and is crucial for our global existence result. The restriction
on « (depending on r € (3,4]) in Theorem |3| comes precisely from the divergence condition

ony 5](\];) for N — oo.

Remark 7. Theorem 3|remains true in higher dimensions and with nonlinearities of the form
lulP~lu, 1< p <1+ % with proper adjustments in the range of r and . We concentrate
on the one-dimensional cubic NLS for presentation reasons.
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2. PRELIMINARIES

From [I4] it is known that for any 1 < p < oo the space M), ; embeds into L>* N LP. This
means that M1 — L°° and since Ms o = L? we obtain by interpolation the embedding
My, — LP, for 2 < p < oo. Therefore, in the following we will use the embedding
MT»% — L” which implies that there is a constant cg > 0 so that the inequality

() 1f1lr < cellflla,,

r—1

holds for all f € L". Another fact about modulation spaces that we are going to use is
inequality

6 it02 < (14 Jt])2
(6) €% fllat,,, < e+ [¢)2 2 (| fl a4

which holds for all f € M, , and ¢t € R, where ¢ > 0 is independent of f and the time t.
Since our p = r we have that there is a universal constant ¢; > 0 such that the following
is true

402 1_1
(7) €% fllas, .« < er(U+1t)2 77| fllm, o -

T—1 T—1
Before we proceed with the proof of our main Theorem, which is in Section (3] we need to
state and prove some preliminary results. Throughout the paper we will use the notation
G(v,w) = [v+w|*(v+w)—|v|?v and G(v, w1, ws) = G(v, w)—G(v, ws) for v, w,wy, wy € C.
A pair of numbers (r,q) is called admissible if 2 < r < 6, ¢ > 2 and they satisfy the
equation

1 1 1

¢ 2 4
For such pairs the following proposition is true.

Proposition 8. Suppose that v solves the initial value problem with initial data ¢ € L?
and that (r,q) is an admissible pair. Then there are constants ki, ke > 0 independent of ¢
with the property that

lvlizg e < kill@ll2,
for all 6 € [0, (k2||¢||2) ], where I = [0, §].

This can be proved by interpolating between the estimate for the L?;LQ norm, which

is obvious since the solution of NLS has conserved L? norm, and the estimate for the
L?é L% norm which can be proved by showing that the set

{3€10,Gkallll2) ™) : ollzg 1o < Rallollz}

is a nonempty, open and closed subset of [0, (k2||¢[[2)~*]. To see this write
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t
v=eipL z'/o ez(t_7)6£[|v|2v] dr,

and estimate each of the two summands in the L?é L5 norm. For the evolution part eito: ¢ the
result is known, see [6] (Theorem 1.4), and for the convolution integral part an application
of Holder’s inequality implies the desired result. We refer to [6] for more details, where a
similar result was proved for Lorentz type norms.

Next we define the triangles

and

~ 1 2 3
ng{(:ﬂ,y) € (5,1) :y>—fc+§}.

Then we have the following proposition which can be found in [7] and [§]:

Proposition 9. Suppose that (%, %) € T, and (% l) € T, and

q
Then there is a constant C' > 0 that depends on ¢, r such that the estimate

H/ i(t=7)d zF )d’i"

is valid for any 7> 0 and F € L] LP.
T

< C||F
L SCIFlLg 1

IT

Special cases of the following two propositions can be found again in [7] but since we
need them in a more general setting we present their proofs, too.

Proposition 10. Let ¢ > 3 and max{3, 29 51 <1< mln{q, —4}. Then there is a constant
C = U4 > 0 such that for all " > 0 the quantity

H/ i(t=) G (v, w1, ws) dr‘
L L
T

is bounded above by
1 2 rq—2q9—
C T2 |vl]” 4 [lwr — w2l AT (leHLq rrt Hw2\|Lq p)llwr —wallpe g
IrT—QLT T T

Proof. Since the pair ( ) belongs to the triangle T1 we use Proposition |§| to estimate the
norm
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H/ it—r 82G (v, w1, w3) dT‘

by the expression Cy . - ||G/| Ly r» where the pair (%, %) € T) satisfies
T

q T
LY L

2 1 2 1
-+ —-=2+ -4+
7D q T
and Cy, is a positive constant. Then we bound the function |G| pointwise by the expression
(Jv]? 4 |wy]? + |wa|?)|wy — wa| and proceed with Holder in the space norm first and then
in the time norm and try to identify all the exponents that appear in the procedure as
functions of the variables g, only.

In the space norm we use the exponent A with conjugate A" and then in the time variable
we use the exponents Bi, By, B3 to arrive at the upper bound

I

1
o lwr = wallly r» < T o lwy — wal|

B .
2731 L2pA L2 e
Ip T

Since we need L’}fz A = L} L" we require ¢ = yBy, 7 = pA’. Then the pair (2pA, 2yB)
has to be admissible which means

1 1 1

2vBy + ApA ~ ¥
and since Bi, By, B3 are Holder exponents we need

1 n 1 n I 1
Bl By Bz
Similarly, we have the inequality

1
lwrPlor = walll gy 1o < T [l ] [wi = wo

243 vB2 ’
Ly 7t L2ve Ly 2 Lre

where a, o’ are conjugate exponents and since we need all norms to be on the space L?T L,
we require the identities 2v81 = ¢, 2pa = r, vB82 = q, p&’ = r. Again, the numbers
051, B2, B3 are Holder exponents and this implies

1 n 1 n 1

B B2 B3
From po/ = r = pA’ we get a = A and from 2pa = r = pA’ we get 2o = A’. Thus, A = %
and A’ = 3. From there on it is easy to solve and find the following expressions for all the
exponents in terms of ¢, r

=1.

ng

2qr

7:2q7“—|—2r—2q
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2qr + 2r — 2
Blzu:25l
q(r —2)
2rq + 2r — 2
By= 4T 74 _ g
2r
B, = 2rq + 2r — 2q

rq
2qr + 2r — 2q
B3 =7
2qr — 2q — 4r

Substituting we arrive at the desired upper bound. The restrictions on ¢ and r arise from
the fact that the pairs (1, %) € Ty and (%, %) € Ty and that the numbers B;, 5; € (1,00)
for all t =1,2,3.

O

Proposition 11. Let ¢ > % and 3 < r < 6. Then there is a constant ¢ = ¢z, > 0 such that
for all T' > 0 the quantity

t
H/o ei(th)agé(v,wl,wz) dT‘

L§o L?
is bounded above by
3gr—4r—2q 5qr—6q—12r
c|T HUHZ%LTHM—U&HU;TLWT o (leH%gTLr-JFHWHi«;TU)le—’wz\ngTU]-

Ir

Proof. We have (%, 0) € T; and so by PropositiomEl7 for all pairs (%, %) € T, that satisfy

I
2

SN N
Sl =

we bound the expression

t
H/o ei(th)agé(v,wl,wg) dT‘

L?; L2

by cor- |G 17 50 Where ¢y, is a positive constant. Again by estimating |G| pointwise and
I

using Holder we arrive at exactly the same upper bound as in the previous proof but with
exponents A, By, Bo, ... In this case they are more easily identified as A = %, A=3,p=7%

4r ~
N = :2
tialer it
5r—6
2(r—2)

1=

Ba
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B, — 467 = 6)
4r
By — q(br —6)
3qr —4r — 2q
~ q(5r — 6)
e o S
qr — 6g — 12r

3. PROOF OF THEOREM [3]

Proof. Let us fix an r € (3,4] and we choose @ large enough such that

(8) (6r — r2)Q* > 2a[(11r% — 197 + 6)Q? — 1412Q — 2477].

. . 2
This can be done since a € (0, 2270261%) and

lim (6r — r2)Q? _ 6r — 12
Qo0 2[(1172 — 197 + 6)Q% — 14r2Q — 2412] 2272 — 38 + 12°
For this @, by Proposition [I0[there is a constant Cq,, > 0 and by Proposition[T1]a constant
cqr > 0. Define ¢g = max{Cq ,,cq,}. Westart by choosing a positive number M, > k5-ch

such that the following four inequalities are true

(9) 12 cq - k-3 < /My
rQ—Q—2r
o o o (INao _ My ™?
(10) 27CQCOCECI<1> S@T
4
1 % MSQ?"Z%7;72Q
(11) 12'CQ-k%'cg'cE-61-<7) <0
4 ()i
, 5Qr—6Q-12r
NG M, "
(12) 27'CQ'68'C%'C§'<7)Q§ 0 3_3
4 (D
Furthermore, for each non negative integer k we let
6(r—2)Q My
(13) My = (54 k)5@ =612« ———
55Qr—6Q—12r

and
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w M
N N4

(14) o > 0.

Since My, N are going to be large numbers we can always assume that 51(\];) < %. Note
that for each k, My, > My > My. Our goal is to start with the initial splitting of the
given function ug = gbév —Hbév and show that there is a solution u of NLS (1] in the interval

[0, 55\?)] of the form u = v(® + w(® where v(® and w©® lie in the required spaces and such
that for all t € [0, 5§\?)] we have the estimate

iy 1
wt—endg‘ N 2<2 — .
hott) = 54 e 12 < 2 g

Then we extend our solution to the interval [0, 51(3) + (5](;)] by repeating the same procedure

but for the new initial data defined as the sum of the following two functions

5©
o (2) = v (00, z) & / YOV M2 G0 ) dr € 12
0
and

. (0)
Y (x) = N %l () € My, -

Here it is important to point out that in order to be able to prove such a claim we must
have that the L? norm of the new function ¢ is bounded from above by the quantity
2¢oN®. Inductively, at the (k 4 1)th step we define the functions ng{cV 1 and zp,i\g_l by the
formulas

(k)

é
(15) (@) = v (6, 2) 1 / N %W, w®) dr € 12
0
and
s (k) .k (4)
(16) Uia(e) = N E @) = 6 DR @) € M,

Due to the way these functions were chosen, we have the following estimate on the L? norm
of qb{cv 1

1_q.Qr=4r—2Q 1. Qr—4r—2Q
(A7) lloihallz < 16112 + 20k + DN ™70 < qgN* 4+ 2(k+ )N o
To make this precise, we will use induction on k. Let us assume that we have made k steps

already and that ||¢,]€V+1||2 < 2¢opN®. We want to do the (k + 1) step. That is, we want to

solve the 1-dimensional cubic (NLS) with initial data ¢ 1 + 1 in the interval [0, 5](\If+1)].

First we solve the initial value problem
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(18)

)

iV + Vg & |v)?0 =0 , (t,x) € R?
v(0,2) = ¢p, (@) € L? |, z€R

from which we obtain a globally defined function v(*+1) such that [v+D (2, -)[|5 = [|¢2,4 ]2
for all times ¢ and such that [o*+1)]| ar < kil|opqll2 < 2coki N since the pair
T— LT

I
(k+1)
oN

(r, TA‘_’”Q) is admissible. Then we need to solve

(19) {iw + Wee £ GWHFH) w) =0 | (t,z) € R? ‘

w(0,z) =¢p,(z) € M, -, zeR
For this we define the function space

1
3cocper(3)2 (1 + %)%_

(k+1) _ Q .
20) v _{weL Liwle < ~ }

I
6g\llc+1) 55\];“)

and the operator

t
(21) T+ = 62‘1:83%1;;1 + z/ ei(t_T)aﬂzﬂG(v(kH),w) dr.
0

Our claim is that T®+D (VFD) ¢ I Indeed, let w € V™), then for t € [0, 6%
we have

L = ep| TRy

r—1 r—1

o2, N 110 oV
e “Yrpallr < cplle” 271/’/&:-5—1”MT,

which is bounded above by

AN COCEC] A P COCECT kE+2\3—+

2 r 2 r 2 r

eper (1Y 00 1) Tl s, < (1430 00) T T < XA (14 5) T T
i=0 =0

From which it follows that

: k+2\a—r (1\a
ezta§¢N o < CoCECT (1+ ) (7) '
H k+1 ||LI6(k+1) L N 4 4
N

For the convolution integral part of the operator T**1) we use Proposition with the
functions v = v**t1)_ w; = w and wy = 0, to estimate the norm

H /O HIE G ) dr]

L2
S(E+D)
N
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Thus, we have the upper bound

E+D\ L (kt1))2 k1)) Fe=g=2r 3
Uy NI e ey )T lwlfe
15(k+1) 5\1;+1) 5(k+1)
N
and this quantity in its turn is bounded from above by
1 E q
12ch%cchcl(%)§(1 + %)%*% 1 27chgc%c?( ) (1+ %)%*% 1
Ve N T NG

k+1
From the choice of the My, 1, see inequality , we get that this is less than

9. COCECT <1 n k+ 2)é_i <1)612

N 4 4

which shows that T**1 maps the space V]S,kﬂ) into itself.

(kD)
N

Our next step is to show that for any wy,ws € we have the contraction property

2

k k

[T (wn) =T Do)l o < Sllwr—walle  p
(k+1) 5(k+1)

The calculations are similar to the ones we JUSt presented. They follow from Proposition
and from the fact that N can be chosen to be larger than 2. By the Banach contraction
mapping principle we immediately obtain a solution of that lies in the space VJS,HI)

and is defined for ¢ € [0, 5(k+1)]
What remains is to estimate the quantity

||w(k+1) (t) _ 'Ltaz
For this we use Proposition [11f and get the upper bound

k+1), 3Qr—4r—2Q k41), 5Qr—6Q—12r
) I 1 P A D ) (O

Q| \9n
To(k+1)
N

I
(k+1)
6N

Substituting, we are able to bound this quantity from above by the sum of the following
two expressions

12cqkicieper(: ) (1+ )%_% 1
3Qr—4r—2Q ’ Qr—ar—2Q
M N
2TcqichAd(1)@ (1 + E2)i 7 1

5Qr—6Q—12r

4Qr
Mk+1

. 5Qr—6Q—12r °
N3+a =0
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By the choice of My, 1, see inequalities and , we get the desired inequality

(22) Jw®HD (1) — RN, [l g2 <2 NS
Iég\,}chl)

Finally, to prove that a global solution exists, it suffices to show that the following sum
2Qr—4r—2Q

14a- -
Z]kvzo “ 5](\17) diverges as N — oo. In other words
b 22420 1
(23) hm Ndo . —20 Q.
N=oo N79 e S G O

By the use of the Euler-Maclaurin summation formula it is easy to see that the sum

n

1
Z(5+k)ﬁ

k=0
is asymptotic to n'=?, for 0 < 8 < 1. Therefore, if

'2Qr—4r—2Q}[1_ 6(r—2)Q
Qr 5Qr — 6Q — 12r

we are done. But this is equivalent to (67 —r2)Q? > 2a[(1172 — 197 +6)Q? — 14r2Q — 2472
which is exactly how ) was chosen from the beginning of the proof.
About the uniqueness assertion of the global solution it suffices to observe that for

4r

large @ the space L?TLT is a subspace of L? L" and a supremum type argument with
Proposition |10 immediately yield the desired result. ([l

(24) 1+a —4a >0
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