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Abstract. We analyze two-dimensional Schrodinger operators with the potential
lzy[P — (22 + y?)P/P*+2) where p > 1 and A > 0, which exhibit an abrupt change
of its spectral properties at a critical value of the coupling constant A. We show that
in the supercritical case the spectrum covers the whole real axis. In contrast, for
A below the critical value the spectrum is purely discrete and we establish a Lieb-
Thirring-type bound on its moments. In the critical case the essential spectrum covers
the positive halfline while the negative spectrum can be only discrete, we demonstrate
numerically the existence of a ground state eigenvalue.
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1. Introduction

One of the problems which attracted attention recently concerns Schrodinger operators
with potentials dependent on a parameter which exhibit a sudden spectral transition
when the value of the parameter passes a critical value. The potential is typically
unbounded from below and has narrow channels through which the particle can ‘escape
to infinity’” in the supercritical situation. Possibly the best know example of this type
is the so-called Smilansky model [12, 13, 9, 4, 7] and its regular version [2]. Another
example, which will be the main subject of this paper, is a modification of the well-known
potential |zy|? in R? obtained by adding a rotationally symmetric negative component
which becomes stronger with the growing radius, see (1.1) below. Recall that without
the negative component this potential and its modifications serves to demonstrate the
possibility of a purely discrete spectrum in the situation when the classically a! llowed
volume of the phase space is infinite [11, 6, 3].

The mechanism of the spectral transition comes from the balance between the
negative part of the potential and the positive contribution to the energy coming from
the transverse confinement to a channel narrowing towards infinity. This means that
the behavior of the two potential components at large distances from the origin must
be properly correlated. In our case this is achieved by considering the following class of
operators,

Ly(A) © L\ = =Ap + (lzy[? — Ma® + )PP, p>1, (1.1)

on L*(R?), where (z,y) in R? are the Cartesian coordinates (z,y) in R? and the non-
negative parameter A\ in the second term of the potential will serve to control the
transition. Note that 1% < 2, and consequently, the operator (1.1) is essentially self-
adjoint on C§°(R?) by Faris-Lavine theorem — cf. [10], Thms. X.28 and X.38; in the
following the symbol L,(\) will always mean its closure.

We have found already some properties of these operators in [5], our aim here is to
present a deeper spectral analysis. To describe what is know we need the (an)harmonic
oscillator Hamiltonian on line,

H,: Hyu=—u"+ |t|’u (1.2)

on L?(R) with the standard domain, more exactly, its principal eigenvalue ~,; since
the potential has a mirror symmetry and the ground state is even, we can equivalently
consider the ‘cut’ (an)harmonic oscillator on L?(R,) with Neumann condition at ¢ = 0.
The eigenvalue is known exactly for p = 2 where it equals one as well as for p — co where
the potential becomes an infinitely deep rectangular well of width two and 7, = iﬂj.
It is easy to see that the function p — -, is continuous and positive on the interval
[1,00); a numerical solution shows that it reaches the minimum value v, ~ 0.998995 at
p~ 1.788.

In the paper [5] we have shown that the spectral transition occurs at the value

Aait = 7p © the spectrum of L,()) is purely discrete and below bounded for A < Agit,
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remaining below bounded for A = A, while for A > A it becomes unbounded from
below. We have also derived there crude bounds on eigenvalue sums in the subcritical
case. In the present work we are going to establish first that for A > A, the spectrum
of L,(A\) covers the whole real line. Next we shall analyze in more detail the critical
case, A = \uit, showing that one has

ess(Lp(Acrit)) = [0, 00) .

The question of existence of a negative discrete spectrum is addressed numerically.
We show that there a range of values of p for which the critical operator L,(7,) has
a single negative eigenvalue. Finally, we return to the subcritical case and establish
Lieb-Thirring-type bounds to eigenvalue moments.

2. Supercritical case

As indicated, our first main result is the following.

Theorem 2.1. For any A > v, we have o(L,(\)) = R.

Proof. To demonstrate that any real number p belongs to essential spectrum of operator
L, we are going to use Weyl’s criterion: we have to find a sequence {¢y}3>, C D(L,)
such that [[tx]| = 1 which contains no convergent subsequence and

| Lyte — ptpe]| = 0 as k — oo.

For the sake of clarity let us first show that 0 € 0es(L,). We define

1 i8y(2p+2)/(p+2) Y
U (m y) mh (xyp/(p+2)) eiByP p X (E) ’ (2.1)
where h, is the ground state eigenfunction of H,, x is a smooth function with
supp x C [1,2] satisfying f1 z)dz = 1, and 5 > 0 Wlll be chosen later. We note
that for a given k one can achleve that ||| 2@y > m as the following estimates
show,
1 . 2
L /(p+2)\ .iBy2P+2)/ (p12) Y
[ [ oty s (D) ary
2k 9
#+2)yy (Y
- pro Ix(3)] dedy

2k NE
k;2/p+2)/ /yp/p+2 P )X(EN di dy
2
2
k2/p+2>/|h ) dt/ yp/<p+z ‘X< )| a
B 1 2k 1 y
- k2/ ) [ /D) X(E)

2
_2p/(p+2 / x(2)I"d 2p/(p+2)‘ (2.2)

dy
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Our next aim is to show that for any positive € one can find & = k(e) such that
| Lpthe |22 g2y < € holds. By a straightforward calculation one gets

0y, 1

oz e Y

2p/(p+2) hg@yp/(pﬂ)) QBRI (y)
k

and

62¢k 1 o0 (2p42)/ (p+2) 2]9:17 Yy
_ ify2P P _ —(p+4)/(p+2) ! p/(p+2) 7
y? kY (p+2) ¢ (p 4 2)2 Yy hp(SUy >X (k:>

2.2

DT a)o2) g o 02) <Q>

Tt p (LY Ix (3
WAP+ )BT oy ) g nt 02y (Y
p+2? "’ oy
20T a/wt) gy Y
B (P! ) ,(_)
+ DL (7Y IX (%

iBERP+2)P  _o/pio) y
he (P! @+2) <_>

2iB(2p+2) i) Yy 1 Yy
2P\ep T 2) o (P! P+ 1 <_> o (P! P2 <_>
S P T p(TY IX'(7) + 72 hwlzy X" (7

B22p+2)? ot y
_ PR h. (zyP! @+2) <_> . 2.3
Our aim is to show that choosing k sufficiently large one can make most terms at the

right-hand side of (2.3) as small as we wish. Changing the integration variables, we get
for the first term the following estimate,

2
/ 11/ (p+2) fp+4)/(p+2 h! (myp/(p—f—Z)) eiﬁy(2p+2>/(p+2) X (%) ‘ dz dy
Y
2k

k2/(p+2)

2
p/(p+2) Q)
y(p+4)/ p+2) ( a4 )X (k ‘ dz dy

1 1 Yy 21/ 2
~ k2 p+2)/k y (5P 18)/(p+2) X(E)‘ dy /Rt |7 ()] dt

< [ @R [Emorar,

where the right-hand side tends to zero as £ — oco. In the same way we establish that
for large enough £ all the terms in (2.3) except the last one can be made small. The
last term is not small, what is important that it asymptotically compensates with the
negative part of the potential; using the same technique one can prove that for large &
the integral

—1 2 2\p/(p+2) 2p/(p+2) ? 20 p/p+2)\ 2 (Y
k2/(p+2) /]R2 ((33 +y°) -y h,(ry )X (E) dz dy
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is small again as small as we wish. Consequently, for any fixed € > 0 one can choose k
large enough such that

[ 1Lt (o) oy

R2

-/ R
R2

1 2k
S 2D /k /Ry

0x? 0y?
B2(2p +2)% i) Yy
R e Ly h p/(p+2) k4

= [yl y(ay” ) (]

k
2k
k2/ p+2) / /

B2(2p +2) N\ [
(g)—}——Q) hp(xy r/(p+2) ) + Ah ( p/(p-‘r?)) X <E> dx dy +e€.

Combining this result with the fact that H,h, = v,h, and choosing

PR ) Ny ey (2.4)

2p+2

2

+ |zy [P — Ma? + 2P/ Pl dzdy

2p/(p+2) hg(myp/(er?))X (E)
k

2
) + )\y2p/(p+2) h(xyp/(p+2)) % (%) ‘ drdy + ¢

2p/(p+2) (h” p/ p+2) ) ’ yp/(p+2)|p hp($yp/(p+2))

we get
/ | Lpe) (2, y) dzdy < e. (2.5)

To complete this part of the proof we fix a sequence {g;}32, such that ; \, 0 holds as
J — oo and to any j we construct a function ¢,y such that the supports for different
j’s do not intersect each other; this can be achieved by choosing each next k(e;) large
enough. The norms of Ly, satisfy the inequality (2.5) with e; on the right-hand
side, and by construction the sequence 1y .,y converges weakly to zero; this yields the
sought Weyl sequence for zero energy.

Passing now to an arbitrary nonzero real number i we can use the same procedure
replacing the above functions v by

1

i€ Y
Uiz, y) = mhp(ﬂ?yp/(p+2))e W x (E) , (2.6)

where

eu(y) = 120/ (042) 4 1y dt

y \/ (2p +2)28°

|| (P12)/2p (py2)(P+2)/P (p + 2)
(2p+2)(P+2)/pg(P+2)/P

and furthermore, the functions h,, x and the number 3 are the same way as above. The
second derivatives of those functions are

0y, 1

or2 ~ kU/m+2) Yy

2p/(p+2) hg(xyp/ (p+2)) een) 5 <Q>
k
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and
3; ;@’“ _ kl/(lp+2) i€u(v) (Q;QL_Z;Q YO0 g (I 042)) (%)
n % Y~ @) gyl 420 (%) I kélf 5 Y~ @) (gl D) 5 <%)
i (232 L (8
e (et
e (2)- (B )i (1)

It is not difficult to check that for any positive € one choose a number k large enough
to ensure that the inequality

Hé’ Ui

_zeM (y) + /vak e—ieﬂ(y)

<é€

_Zﬁy(2p+2)/(p+2) 3 (¢ e—“u +Z[3y(2p+2>/(p+2))
L2(R2)

holds. Using further the identity

2 2
P o—ieu(y) — o—iByP R/ (+2) 9 (t o teu(y)+ify2r )/ <P+2>)

0x? 0x?

we arrive at the estimate

| Lyt — pabe || 2(mey = H(prk)e_““ — iy e ¥)

L2(R2)
< ||eiByEP TR/ (¢ o—icny +zﬁy<2p+2>/(p+2>> be
L2(R?)
now we can use the result of the first part of proof to establish the claim. O

3. Critical case

Let us now pass to the case when the parameter value is critical, in other words, consider
the operator L,(7,) = —A + (JzylP — (22 + ¢*)P/®+2) p > 1, on L*(R?). We shall
consider the positive and negative spectrum separately.

3.1. The essential spectrum

First we are going to show that the discreteness is lost in the positive halfline once the
coupling constant reaches the critical value.
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Theorem 3.1. The essential spectrum of Ly(,) contains the interval [0,00).

Proof. The argument is similar to that used in the proof of Theorem2.1, hence we present
it briefly with emphasis on the differences. As before we check first that 0 € oes(L,) by
constructing a Weyl sequence, which is now of the form

1 Yy
i (37 y) m hp (xyp/(erQ)) % (E)

with h, and x the same as before. As this nothing but (2.1) with 8 = 0, not surprisingly
in view of (2.4) we can repeat the reasoning with the involved expressions appropriately
simplified.

Passing now to an arbitrary nonnegative number yp we replace (2.6) by

1 , Y
- p/(P+2)\ oinu(y) 7

where the functions h,, x are again the same way as above and (7;,(y))* = p. This can
be achieved for any p > 0 t by choosing 7,(y) = /iy, note that the classically allowed
region is now the whole halfline instead of the interval entering the definition of €,(y)
above. The second derivatives of the functions v, obtained in this way are

1y, 1 2 ‘ y
= [(P+2) 11 (o 2/ (0+2)Y i/EY , (2
o2 ko) Y hip(2y ) eV x </<:)
and
1y, 1 . —2px y
— Wiy —(p+4)/(p+2) 1,/ p/(p+2) y
oy kVwt2) ¢ ((p +2)2 y hy(xy ) X <k>
2.2
v - Yy 2px _ y
+ R W2 I (P! PH2)) x <%> i L 2W42) (g 0F2)) \f <E>
22\/_p:v y 2 (P2 h’( »/ p+2)) X <g)
(p+ 2) L
21\/_ y
p/(p+2) (_)
hy(wy? T X

th( p/p+2)>X <Z> 1ihy, (xyp/er?))X(%)).

One finds easily that for any positive € and k large enough we have

ILpton = by 22y = H (Lptr — paby,) eV

<é€

82%6 ol —i 0 —i
92 VI g e ‘/ﬁy—a—yQ<¢ke ‘/ﬁy)

L2(R2)

e~ WY = ;2 (Y e™Vi) we arrive at

Lp (@/Jk e_i\/ﬁy) +e€

L2(R2)

L2(R?) ‘

and the result of the first part of proof allows us to establish the claim. O
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Gs
Go
G
Q1 [0
xr = (05} Qg Qg ...

Figure 1. The Neumann bracketing scheme

3.2. Discreteness of the negative spectrum

Next we are going to show that the inclusion oess(Ly(7,)) D [0,00) established in
Theorem 3.1 is in fact an equality.

Theorem 3.2. The negative spectrum of Ly(v,), p > 1, is discrete.

Proof. By the minimax principle it is sufficient to estimate L, from below by a self-
adjoint operator with a purely discrete negative spectrum. To construct such a lower
bound we employ a bracketing argument, imposing additional Neumann conditions at
the rectangles G,, = {—an11 < < ap1} X {a, <y < anqr}, én ={-ap1 <<
qvnﬂ} X {—apy1 <y < —ant, Qn = {an, < 2 < apy1} X {—a, <y < a,}, and
Qn = {—n1 <z < —ap} X {—a, <y < a,}, n =12 ... together with central
square Gy = (—aq,a;)? — cf. Fig. 1. Here {,}°°, is a monotone sequence such that
a, — 00 as n — oo which will be specified later. In this way we obtain a direct sum
of operators with Neumann boundary conditions at the rectangle boundaries which we
denote as

Ly =Lyle, Ly =1Llg, LY=Ll L =Llg,

and Lg = Lylg,- It is obvious that the spectra of Lﬁ)p, E%, 7 = 1,2, and
oo 1 O(L%,) > 0 and
lim inf (a(f/gf,)p) > 0 holds for ¢ = 1, 2, since then the spectra of all the direct sums

—n—0o0

D, L,Sf?p and )7, iS,)p, i = 1,2, below any fixed negative number contain a finite

Lg are purely discrete, hence one needs to check that lim

number of eigenvalues, the multiplicity taken into account, which implies the sought
claim.
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Furthermore, the goal will be achieved if we estimate Lﬁf)p, ES},, 1 = 1,2, from
below by operators with separated variables and prove the analogous limiting relations
for them. We use the lower bounds

HDp = —Ap + (Bl — y,(a® + al )P/ Py (3.1)

on L*(—api1, Qi) @ L2, apy1) with the boundary conditions

o _ _0
ox o=y ox rmam s ’
el -
0y y=an 0y Y=0nt1
It is clear that the spectra of H,%, n = 1,2,..., are purely discrete; we are going to
check that
lim, . inf o(H{)) > 0. (3.2)
Since the lowest Neumann eigenvalue of —% on the interval is zero corresponding

to a constant eigenfunction, the problem reduces to analysis of the operator hg;, =
— L bl — (2 + 2P/ on L*(—app1, np). Using a simple scaling

transformation, one can check that hﬁ},}, is unitarily equivalent to

+2
h(?) — o2/ (P +2) _d_2 + |z|P — Tp x? 1 a? e (3.3)
" " dx? aiP/(P-FQ) aip/(p+2) n+1 .

on the interval ( — a1 ot/ P+ i1 ot/ P H)} with Neumann boundary conditions at

its endpoints. To proceed we need to specify the sequence {e,}. Let us assume that

oziljr/l(pﬁ) — aip/(p”) —0 as n—o0. (3.4)

Combining this assumption with the inequality

2 p/(p+2)
Vp z +a? _ o/ et2)
aip/ (p+2) aip/ (p+2) n+l n+l

2 p/(p+2)
’yp T P)/P P
= aip/(p+2) (aip/(pﬁ)) < o pe+1)/(p+2)? (lz[” +1),

n
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we infer that

2 2p/(p+2)
B2 2/ (p+2) < d + o — Tp Yt

n.p  da2 2P/ @+2)

2 p/(p+2)
M L 1 a2 _ o2p/(t2)
o222 \ \ (2p/(t2) T ntl

> 2P/ (p+2) d? 1 p p
= Taz T e =1

2 2
_ Yp _ 7panljr/1(p+ )
aip(pﬂ)/ (p+2)2 aip/ (p+2)

d? o
2p/(p+2) [ _ _ N p_
= O ( da? * (1 a4p(p+1)/(p+2)2> " =%
2p/(p+2) 2p/(p+2)
an+1 — Qn
~ ( 2/ (p12) ) > +oll)
079
d? o7
2p/(p+2) [ _ 2 .’ _
> ;P ( da? + (1 a4p(p+1)/(p+2)2> =" ’Yp> o)

2
2p/(p+2) (1 _ Tp o d _
2 o (1 a4p(p+1)/(p+2)2> < 12 j? 71’) +o(1), (3.5)

where the corresponding Neumann (an)harmonic oscillator is restricted to the interval

(=1 /P2 ag g b/ PH2))

Next we need to establish the following lemma.

Lemma 3.1. Let I}, = —% + |x|P be the Neumann operator defined on the interval
[—k, k|, k> 0. Then

. 1
inf o (lg,) > v+ 0 <W) as k — o00. (3.6)

Proof. The relation (3.6) is certainly valid if inf o (I5,) > 7, holds for all k£ from some
number on. Assume thus that we have inf o (l;,) < 7, for infinitely many numbers k.
Let v, be the normalized ground-state eigenfunction of I ,. We fix a positive ¢ and
check that

—k+1
/ (612 + |2l |epf?) do <,
—k

k (3.7)
|l + laPlin, ) do <.
k—1
Indeed, suppose that at least one of inequalities (3.7) does not hold, then
k—1
[ WP+l lngl?) do <, - 0. (3.8)
—k+1
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Since 9y, is by assumption the ground-state eigenfunction of [ ,, we have

k 1
inf o (lkp) = /k ([ pl* + 2P ]*) da < /1 (167 + |=Plgl*) dz

for all £ > 1 and any normalized function ¢ from the domain of the operator, in
particular, for any ¢ from the class C5°(—1,1) such that [~ ! |p|* dx = 1 Consequently,

for large enough k there must exist points x,g € (—k+1,—k+2) and xk € (k—2,k—1)
such that

() =0(gte) i () =0(k) e koo

Next we construct a function ¢y, on semi-infinite intervals (—oo xé: ;) and (x,(f;, o0) in

such a way that
gk,p(x) wk,p(x)X(xl(:’;,xg;)(x> + @k,p(m)X(_oox )U(xk ppo) (.Z‘) €H ( )

and

(1)

T 0 1
/ (|90;c,p|2 + |I|p|90k‘,p|2) dz + /(2) (|§0;<,p|2 + |x|p|80k,p 2) do = O(_
—0oQ xkyp

kp/2> ?

(3.9)

this can be always achieved, one can take, e.g., the function decreasing linearly with
respect to |z — xk)| from the values v, <$l(j;> , 7 = 1,2, to zero. By virtue of (3.8)
and (3.9) we then have

1
/R (lgkpl® + 12[Plgnpl?) dz <7, =6+ O <k /2) <M

for large enough £, however, this is in contradiction with the fact that +, is the ground-
state eigenvalue of [} ,. This proves the validity of (3.7).
Having established the validity of inequalities (3.7) we infer from them that there

are points y,gp € (—k,—k+1) and y € (k —1,k) such that

Yip(y) = O(%) j=1,2.

Now we repeat the argument and construct a function ¢y, on the semi-infinite intervals

(=00 yff;) and (y,f;, 00) in such a way that

(@) = Vrep(@)X (0 @) (@) + G(@)X oy @ o) (@) € HI(R)

p’ykp 7?};”, kp’

and

(1)

Yk,p - - o ~
/ (18, + |21 ]?) da+ /m (=
Yi,p

—00

- )
+ [l @rpl*) dz = O(m) :
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Using the last relation one finds that

~ -~ 1 5
/ng;’pﬁ dz + /R |2|?| Gk p|* dz < inf o (I,) + O(W) :

However, v, is the ground-state eigenvalue,

[ ot [ 1ol do 2 .
R R

which in combination with above inequality gives

. 4]
inf o (lg,) > 7 — O<W> ,
proving the claim of the lemma. O]

It follows from Lemma 3.1 that the right-hand side of the estimate (3.5) behaves
asymptotically as

1 20/ (p+2)
0 (ag(w)/(pw)) o o)

which can be made arbitrarily small by choosing n is large enough; this is what we
needed to conclude the proof of Theorem 3.2. O

Remark 3.1. We know from [5, Thm. 2.1] that the critical operator L,(,) is bounded
from below. Estimating separately the contributions to the respective quadratic form
coming from the regions {(z,y) : |y| > 1}, {(z,y) : |z| > 1,|y| < 1}, and the central
square (—1,1)%, we can derive a lower bound to the threshold of the negative spectrum
in terms of spectral properties of the one-dimensional operators with the symbol

42 2 p/(P+2)
- p_ e
dt2 + ‘t’ 717 <Z(4p+4)/(p+2) + 1)

with z > 1. As such a bound is not simple and does not provide any significant insight,
however, we are not going to present it here.

3.3. Ezistence of the negative spectrum: a numerical indication

Theorem 3.2 tells us that the spectrum in the negative halfline can be discrete only,
and as we have remarked above one can find a lower estimate to its threshold, however,
neither of these results implies anything about the negative spectrum existence. Now
we are going address this question numerically and provide an evidence of the discrete
spectrum nontriviality.

We considering first the operator Ly(v;) — recall that 75 = 1 — and impose
a cutoff at a circle of radius R circled at the origin with Dirichlet and Neumann
boundary condition, and find the corresponding first and second eigenvalue using the
Finite Element Method. The result is shown on Fig. 2. We see, in particular, that
the lowest Dirichlet eigenvalue is for R 2 7 practically independent of the cutoff radius
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0.5

N
1,2

1,2’ E

D

Figure 2. The eigenvalues E;, j = 1,2, of the critical operator with p=2 as functions

of the cutoff radius R. The blue and red curves correspond to the Neumann and
Dirichlet boundary, respectively.

and negative which by an elementary bracketing argument indicates that Lo(1) has a
negative eigenvalue. Furthermore, the difference between the Dirichlet and Neumann
eigenvalue becomes negligible for large enough R which shows that true ground-state
eigenvalue in this case is £/ ~ —0.18365. For the second eigenvalue the DN gap also
squeezes, although much slower and the Neumann eigenvalue is positive which hints
that the discrete spectrum consists of a single point. The Finite Element Method allows
us also to compute the ground-state eigenfunction as shown on Fig. 3. The result is
practically independent of the boundary condition used which is understandable since
the function has an exponential falloff and the influence of the boundary is negligible
for large enough R.

By continuity, the ground-state eigenvalue of L,()) exists in the vicinity of the
point p = 2; one is naturally interested what one can say about a broader range of the
parameter. To this aim we plot in the left part of Fig. 4 the lowest eigenvalue of the
cut-off operator as the function of p and the coupling constant. The right part shows
the zero-energy cut of the surface in which the shaded region indicates the part of the
(A, p) plane where the lowest eigenvalue of the cut-off operator is positive, as compared
to Aerit = ¥p. The two curves meet at p ~ 20.392 corresponding to A =~ 1.563. Up to
this value, it is thus reasonable to expect that a negative eigenvalue exists. For higher

14
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Figure 3. The ground-state eigenfunction for p = 2, view from the top.

Figure 4. Positivity of L,()) as a function of A and p.

values of p the numerical accuracy is a demanding problem, we nevertheless conjecture
that at least the Dirichlet region operator, p = oo, is positive. Fig. 4 also provides an
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idea of how the spectral threshold of L,(\) depends on the coupling constant.

4. Subcritical case, eigenvalue estimates

Let us finally pass to the subcritical case, A < 7,. According to [5, Thm. 2.1] the
operator L,()A) has in this case a purely discrete spectrum. In the mentioned paper a
crude bound on eigenvalue sums was established for small values of the coupling constant
A. We are going derive now a substantially stronger result, an estimate on eigenvalue
moments valid for any A < ,. More specifically, let p; < pg < puz < --- be the set of
ordered eigenvalues of (1.1); we are looking for bounds of the quantities > 7= (A — ;)
for fixed numbers A and o. This is the contents of the following theorem.

Theorem 4.1. Let A < v,, then for any A > 0 and o > 3/2 the following trace
inequality holds,
tr (A — Ly(\)% (4.1)

A 4 1)oHetD/p ALl o1
(A1) (m (—7 tA) + 1) + o O3 (A4 OO
p

(% — ,\)0+(p+1)/p
where the constant C,, depends on p and o only and

< Cpo

1 1
C)\ = max { (/yp — )\)(p+2)/(p(p+1))’ (’yp _ A)(P+2)2/(4P(p+1)) } .

Proof. By the minimax principle it is sufficient to estimate L, from below by a self-
adjoint operator with a purely discrete spectrum for which the moments in question
can be calculated. To construct such a lower bound we again employ a bracketing,
imposing additional Neumann conditions at the rectagles G, én, and Q,,, @n introduced
in the proof of Theorem 3.2. The sequence {a,}°, is monotonically increasing by
construction; we assume again that a,, — oo and that the rectangles get asymptotically
thinner according to (3.4), i.e.

2p/(p+2)
n+1

/Pt 0 as n— 00,
Then, as before, we obtain a direct sum of operators Lg},, Zﬁ};,, Lg},, Z,(f;, and Lg. We
are going to find the eigenvalue momentum estimates for those.

Let us start from LSJ)D, n = 1,2,.... We again find a lower bound using the
operator Y given by (3.1), the spectrum of which is the sum of two one-dimensional

. . . d2
operators. Since the spectrum of one-dimensional Neumann operator —g2 on the

(o)
interval (o, @,41) is discrete and simple with the eigenvalues {%}k:o’ the

problem reduces to analysis of the operator h\p = —(f—; + aB|z|P — N(2? 4 a2, )P/ F2)
on L*(—ayy1,npq) which is unitarily equivalent to (3.3).

To proceed we put x := #}Aﬁ) and assume that the edge coordinates satisfy
A\ P2/ (dp(p+1))
aq Z (—) s (42)
K

2/(042) _ o 2/(042)

3 (4.3)
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Using then the fact that (a+b)? < a?+ b7 holds for any positive numbers a, b and ¢ < 1,
in combination with (4.2), we arrive at the inequalities

\ 22 p/(p+2)
L2 2ol
aip/ (p+2) &ip/ (p+2) ntl n+1

A 22 p/(p+2)
P
< ) (aip/(p”)> < #(lz[” +1).

Next, by virtue of (4.3) and above estimate, we have

42 A a2p/ (p+2)
(2) — A20/+2) [ _ & _27ntl
h"’po\) = ( dz? + |x|p aip/(pﬂ)

A 72 p/(p+2)
- Lol 2/
a%p/ (p+2) aip/ (p+2) n+l n+1

d2 \ a2p/ (p+2)
2p/(p+2) | _ 2 _ p_ . ntl
= O ( dz? + (1= w)ll” =« 2P (P 12)

A\ ( o2/t _ 2/ (p+2)>

d2 n+1
— o2p/t2) [ _ = _ P e —
— daz? + A= r)fal = x o2/ @+2) A
d2

> (1 — k)ar/@+2) (—@ + |zfP =N — m’) — K, (4.4)
where &’ := = X := -2 and the corresponding Neumann (an)harmonic oscillator is
defined on the interval

(—ainpr PPV o ) P/ (PF2)) (4.5)

It follows from Lemma 3.1 that if the interval (4.5) is large enough, which can be achieved

by choosing

p/(p+2)

asa? > a?(p+1)/(p+2)

> K()’p (46)

with a large enough Ky ,, we have the estimate

1
(2) _ 2p/(p+2) _ N _ ) =
hn:p Z (1 /i)Oén (71? ap/z ap2/(2(p+2)) )\ K ) K. (47)

n4+1-n

Our aim is now to show that by choosing a suitable sequence {a,,}7°; we can achieve
that for any n > 1 the following estimate holds,

— A
inf o (hf;)) > (1- m)aip/(””)% - K. (4.8)

This is ensured, for instance, if

o (p+2)/(p(p+1))
Yo —A— k(Y +A+2)
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Combining (4.2), (4.6) and (4.9) we thus choose
ar =1 (4.10)

2(1 — (p+2)/(p(p+D)) 7y (p+2)%/(4p(p+1))
max {K(()f)p+2)/(2(p+1))v ( ( KJ) ) ) (_> )

+
Yo — A=K+ A+2) K

where [-] means the entire part. Let us now return to the eigenvalue momentum
estimates. One has

tr (A =h{)" =inf o (b2, —A) + 0 (b7, —A)7 (4.11)

n,p n,p n,p

where tr’ the summation which yields the corresponding eigenvalue moment in which
the ground state is not taken into account. Using next inequalities (4.4), (4.8), in
combination with version of Lieb-Thiring inequality suitable for our purpose [8]), we
infer from (4.11) that for any positive A, o > 3/2 and n > 1 one has

tr (A — hg;))i < (A+ k)

2p/(p+2) o+1/2

An410n A
+ (1 - k)’ ozip“/(pw) Lgl’l / ((1 e 5~ lz|P + N + Ii/> dz

2p/(p+2) _ /@) aip/ (p+2 .

—Qp41Qn

o+1/2

A+ &
( oo T |z|P + X + /4’) dx
(1 — /i) Qp +

< (A4 k)7 + (1= k)7 a2/ P2 12 /
R

A o+(p+2)/(2p)
< (A + k) + 2227/ @+2) [ ((1 - /i)oz?;/(p“) + N+ /s’) (4.12)
We further restrict the choice of the sequence {a,}22; demanding
Qg1 — i < 7 (A — inf cr(hn%;)()\))j/g ; (4.13)

this allows us to write the following estimate

tr (A - Ln{;> <tr <A - H,gl>> (4.14)
n=1

+ +
< iitr A— TR G T itr (A= h2)°
a n=1 k=0 (an+1 - Oén)2 mp n - — n,p) 4
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(4.12), and (4.14) one gets

tr (A -p L;{;> < > (A+ k) (4.15)
n=1 + (

,Yp_)\)a%p/(p+2) < 2(1/\_-%:)

cl 2po /(p+2) A+k / / 7HPED/ )
+ 2L, Z a, P7P /i T AN+ kK
(vp_A)aip/(p+2)<2(1Aj':) (1 - /ﬁ:)Oén

< > (A+r)°

(’Yp*)\)aip/ (p+2) < 2(11\::‘)

2LC11 ) A4k o+(p+2)/(2p)
o, po [ (p+2)
T ARt > O (aip/(”“) +A+ ””)

(o= A)aZP/ #+2)  20t)

. 2(A + k) (p+2)/(2p)
=@ #{“"< (e )

o+(p+2)/(2p) -
0w () 2

an<(A+ﬁ;)(p+2)/(2p)
Lcl (/\ +14+ H)U+(p+2)/(2p)

(1 — k)o+E+2)/(2p) Z

(A+r)P+2)/2P) <oy <

2po [ (p+2
27/ +2)

1 (2(A+n) )(p+2)/(2p)
(rp—A)P+2)/(2p) \ 1—r

where #{-} means the cardinality of the corresponding set.

Using the same technique one obtains estimates for operators 27(11,)3, Lgﬁ;, E%

analogous to (4.15). Finally, the operator L) can be estimated from below by

0?0 2/ (p+2
_ op/(p+2) )\alp/(p )

Ho,pz—@—a—y2 on Gy

with Neumann conditions at the boundary 0Gy. The spectrum of Hy ), is

Tk i mtm? op/(p+2) ) o 2/ (P+2)
402 402 ! '
1 1 k,m=0
and therefore
- K mm?\’
A — H, < A o 9p/(p4+2) )\, 20/ (42) _ T
u o) < k;o ( ! . 40‘1 daf )

2p/(p+2)\
< <A+2p/(p+2))\alp/(l’ ))

201 \/A-f—Qp/(zuw)>\o€p/<p+2)/7r

272\ 1/2
S R Y

7T dag
k=0

9 1/2 2 o
< ( = (A 2/ ) 1> (A+ 2N} ) (4.16)
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Consider now « is defined in (4.10) and to any v = a3, a1 + 1,01 +2, ... define a finite
sequence of numbers by fx(v) = v + m, kE=0,1,..., [Vp/(PJr?) In ,/] — 1. This

allows us to construct a sequence {a,}>2; of the rectangle edge coordinates using the
following prescription: the first term is given by (4.10) and the further ones are ay =

Bilan), ... O /2 0] = ﬁ[af/@w)(m) man] -1 e/ lnay]+1 T Bolar+1), ..., ete,

where [-] as usual denotes the entire part. With this choice of {a,}°,, one can check
that the right-hand side of (4.15) is not larger than

I )

+ (A + £)TTEP pax {o, (A+r)*In(A+ @}) (4.17)

with a constant depending on p and o only. On the other hand, the right-hand side of
(4.16) is not larger than

- o+1
Cp,ga% (A + ozfp/(pw))

with another constant CN’W,. In this way the theorem is established.
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