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EXISTENCE OF DISPERSION MANAGEMENT SOLITONS FOR
GENERAL NONLINEARITIES

MI-RAN CHOI, DIRK HUNDERTMARK, YOUNG-RAN LEE

ABSTRACT. We give a proof of existence of solitary solutions of the dispersion management
equation for positive and zero average dispersion for a large class of nonlinearities. These
solutions are found as minimizers of nonlinear and nonlocal variational problems which are
invariant under a large non compact group. Our proof of existence of minimizers is rather
direct and avoids the use of Lions’ concentration compactness argument. The existence of
dispersion managed solitons is shown under very mild conditions on the dispersion profile
and the nonlinear polarization of optical active medium, which cover all physically relevant
cases for the dispersion profile and a large class of nonlinear polarizations.
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1. INTRODUCTION

1.1. The variational problems. We show the existence of minimizers for a family of
nonlocal and nonlinear variational problems

B =inf {H(f) : [If]* = A}, (1.1)

where A > 0, the average dispersion day > 0, || f||* = [ | f]? dz, the Hamiltonian takes the
form

H(f) = " 77 - NP (1.2

and the nonlocal nonlinearity is given by
N(f):= //R2 V(|T, f (x)|)dz(r)dr. (1.3)
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Here V : [0,00) — R is a suitable nonlinear potential and T, = ¢ is the solution
operator of the free Schrodinger equation in one dimension. The function ¢ is the density
of a probability measure and is assumed to be in suitable LP-spaces.

If day > 0 then, strictly speaking, the infimum in (1.1) is taken over all f with additionally
f € HY(R), the usual Sobolev space of square integrable functions whose distributional
derivative f’ is also square integrable. One can recover our formulation (1.1) by setting
If'|| :== oo if f € L2\ H'.

Our interest in these variational problems stems from the fact that the minimizers of
(1.1) are the building blocks for (quasi-)periodic breather type solutions, the so-called
dispersion management solitons, of the dispersion managed nonlinear Schrodinger equation.
The dispersion management solitons have attracted a lot of interest in the development of
ultrafast longhaul optical data transmission fibers. So far, it has mainly been studied for
a Kerr-type nonlinearity, i.e., the special case where V' (a) = a*. The purpose of this work
is to extend our previous existence results from [11] to a large class of nonlinearities V
and also to positive average dispersion. We address the connection of the above variational
problems with nonlinear optics later in Section 1.2.

The standard approach to show the existence of a minimizer of (1.1) is to identify it as
the strong limit of a suitable minimizing sequence, that is, a sequence (f,)nen C L2(R)
with || f,]|> = A and Ef\lav = lim H(f,). The catch is that the above variational problem is
invariant under translations of LQ(R) if day > 0 and under translations and boosts, that
is, shifts in Fourier space, if d,, = 0. This invariance under a large non-compact group
of transformations leads to a loss of compactness since minimizing sequences can easily
converge weakly to zero. The usual strategy to compensate for such a loss of compactness is
Lion’s concentration compactness method. In a previous paper, [11], we used an alternative
approach, which for the special nonlinearity V(a) = a* and vanishing average dispersion
directly showed that modulo the natural symmetries of the problem, minimizing sequences
stay compact. The tools were very much tailored to the special type of Kerr nonlinearity.
This paper extends our approach from [I 1] to a much more general setting. This extension
is by no means straightforward, see Section 2 and Remark 1.3.

Our main assumptions on the nonlinear potential V' : Ry — R, are

A1) V(a) = gq(a)a for a > 0 with ¢ : Ry — R continuous on R, differentiable on (0, c0),
and ¢(0) = 0. Moreover, there exist 71, 72 € R with 2 <; <9 < 6 such that

d(@) S 24 an

for all @ > 0.
A2) There exists 7y > 2 such that for all p > 1 and a > 0
V(pa) > p°V(a). (1.4)
A3) If dyy > 0, there exist € > 0 and 2 < k < 6 such that
V(a)Z a® foral0<a<e. (1.5)

If d,y = 0, there exists € > 0 such thatV(a) > 0 for all 0 < a < e.

Above, we use the convention f < g, if there exists a finite constant C' > 0 such that
f < Cg. Our existence results are

Theorem 1.1 (Existence for positive average dispersion). Assume day >0, 2 <51 < 79 <
4

6, V obeys the assumptions A1) through A8), and ¢ € L2 has compact support. Then
for any A > 0, there exists a minimizer for the variational problem (1.1). This minimizer
is also a weak solution of the dispersion management equation (1.13) for some Lagrange
multiplier w.
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We have a similar existence result in the case of d,, = 0 where we need only slightly
stronger LP assumptions on the density .

Theorem 1.2 (Existence for zero average dispersion). Assume day =0, 2 < 1 < 72 < 6,
V' obeys the assumptions A1) through A3), and the density 1 has compact support and

4
1 € Lo o for arbitrarily small 6 > 0. Then for any A > 0, there exists a minimizer
for the variational problem (1.1). This minimizer is also a weak solution of the dispersion
management equation (1.13) for some Lagrange multiplier w.

Remark 1.3. These two theorems extend our previous existence result in [11] to a large
class of nonlinearities. As we will see below in Section 1.2, in particular, Lemma 1.4, for the
application to dispersion management, it is quite natural to assume that 1 has a compact
support. Hence even in the case of a Kerr nonlinearity, where V(a) ~ a?, i.e., v = vo = 4,
the above two theorems strongly improve our result in [ 1] in terms of scales of LP spaces:
In [11], we needed that ¢ € L*, whereas now with 75 = 4, one sees that 1) € L? is enough
for positive average dispersion and for vanishing average dispersion we only need L2*9 for
arbitrarily small 6 > 0.

For the Kerr nonlinearity, the smoothness and decay of the minimizers has been studied
in [3] and [10] for the simplest case of an alternating dispersion profile given by dy(t) =
1jo,1) — 1p1,2) and extended to more general dispersion profiles in [J]. In the more general
setting discussed in this paper the smoothness and decay of solitary solutions is an open
problem.

The strategy of the proofs of our Existence Theorems 1.1 and 1.2 is as follows: Due to
the bound (2.18) from Lemma 2.13, the main building blocks, for which one has to develop
suitable space-time bounds, turn out to be of the form given in Definition 2.4. We develop
the necessary estimates for this in Section 2.1 and their consequences for the nonlinear and
nonlocal potential in Section 2.2. Strict subadditivity of the energy is done in Section 3
and the necessary tightness bound, modulo the symmetries of the problem, together with
the proofs of Theorems 1.1 and 1.2, are established in Section 4. Our proofs for strictly
positive average dispersion rely on some very useful space-time bounds for coherent states,
see Lemma B.3, which are new and proven in Appendix B

1.2. The connection with nonlinear optics. Our main motivation for studying (1.1)
comes from the fact that the minimizer of the variational problem is related to breather-type
solutions of the dispersion managed nonlinear Schrodinger equation

10 = —d(t)0%u — g(|ul)u, (1.6)

where the dispersion d(t) is parametrically modulated and P(u) = g(|u|)u is the nonlinear
interaction due to the polarizability of the glass fiber cable. In nonlinear optics (1.6)
describes the evolution of a pulse in a frame moving with the group velocity of the signal
through a glass fiber cable, see [20]. As a warning: with our choice of notation the variable
t denotes the position along the glass fiber cable and z the (retarded) time. Hence d(t) is
not varying in time but denotes indeed a dispersion wvarying along the optical cable. For
physical reasons it would not be a strong restriction to assume that d is piecewise constant,
but we will not make this assumption in this paper. By symmetry, one assumes that P
is odd and P(0) = 0 can always be enforced by adding a constant term. Most often one
makes a Taylor series expansion, keeping just the lowest order nontrivial term leads to
P(u) ~ |u|?u, the Kerr nonlinearity, but we will not make this approximation.

The dispersion management idea, i.e., the possibility to periodically manage the disper-
sion by putting alternating sections with positive and negative dispersion together in an
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optical glass-fiber cable to compensate for dispersion of the signal was predicted by Lin,

Kogelnik, and Cohen already in 1980, see [15], and then implemented by Chraplyvy and
Tkach for which they received the Marconi prize in 2009. See the reviews [21, 22] and the
references cited in [11] for a discussion of the dispersion management technique.
The periodic modulation of the dispersion can be modeled by the ansatz
d(t) = e tdo(t/e) + day. (1.7)

Here dyy > 0 is the average component and dp its mean zero part which we assume to have
period L. For small € the equation (1.7) describes a fast strongly varying dispersion which
corresponds to the regime of strong dispersion management.

A technical complication is the fact that (1.6) is a non-autonomous equation. We seek
to rewrite (1.6) into a more convenient form in order to find breather type solutions. Let
D(t) = fot do(r) dr and note that as long as dy is locally integrable and has period L with
mean zero, D is also periodic with period L. Furthermore, T, = i3 is a unitary operator
and thus the unitary family ¢ — Tp(.) is periodic with period L. Making the ansatz

u(t,r) = (Tp/e)v(t,-))(x) in (1.6), a short calculation shows
1040 = —day 02V — TB(lt/a) [P(Tpt/e)v)] (1.8)

which is equivalent to (1.6) and still a non-autonomous equation.

For small ¢, that is, in the regime of strong dispersion management, T /. is fast oscil-
lating in the variable ¢, hence the solution v is expected to evolve on two widely separated
time-scales, a slowly evolving part vy and a fast, oscillating part with a small amplitude.
Analogously to Kapitza’s treatment of the unstable pendulum which is stabilized by fast
oscillations of the pivot, see [13], the effective equation for the slow part vgoy was derived
by Gabitov and Turitsyn [5, 6] for the special case of a Kerr nonlinearity. It is given by
integrating the fast oscillating term containing 7p(; /¢y over one period in ¢,

. |
10Vslow = _davagvslow - EL/O TD(lfr-/g) [P(TD(T‘/E)U)] dr

9 1 L ) (19>
= _daVaJ,‘vSlOW - I /0 TB(T) [P(TD(T)U)] dr.
This averaging procedure leading to (1.9) was rigorously justified in [23] for suitable dis-

persion profiles dy in the case of a Kerr nonlinearity. The averaged equation is autonomous
and stationary solutions of (1.9) can be found by making the ansatz

Vslow (t, ) = e~ f(2). (1.10)
Before doing so, it turns out to be advantageous to rewrite the nonlocal nonlinear term
in (1.9): Define a measure pu(B) by setting u(B) = %fOL 15(D(r))dr for any Lebesgue
measurable set B C R. Since pu(B) > 0 and u(R) = %fOL 1g(D(r))dr = %fOL dr =1, one

sees that u is a probability measure. Since p is the image measure of normalized Lebesgue
measure on [0, L] under D, we can rewrite (1.9) as

104Vglow = —day 0> Vslow — / 7! [P(Trv)] p(dr). (1.11)
R

The simplest case of dispersion management, L. = 2, dy = 1 on [0,1) and dy = —1 on [1,2),
Le., do = 1[9,1) — 1}1,2), which is the case most studied in the literature, corresponds to the
measure ¢ having density 1o ], the uniform distribution on [0, 1]. For the general case, we
gather some basic properties of the probability measure p in the following Lemma. For its
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proof, which for some parts uses the co-area formula from geometric measure theory [1, 4],
see [11].

Lemma 1.4 (Lemma 1.4 in [11]). Assume that the dispersion profile dy is locally integrable.
Then (i) the probability measure p has compact support.

(ii) If the set {dy = 0} has zero Lebesque measure, then p is absolutely continuous with
respect to Lebesque measure.

(iii) If furthermore dy changes sign finitely many times on [0, L] and is bounded away from
zero then u has a bounded density 1.

(iv) Moreover, if dy changes sign finitely many times on [0, L] and for some p > 1

L
/ do(s)[*P ds < oo,
0

then p has a density o € LP. More precisely, we have the bound

1

lllre S </0L |do(s)| P ds)5 (1.12)

where the implicit constant depends only on the number of sign changes of dy and the period
L.

As explained in [ 1], the bound (1.12) is quite natural and sharp. Plugging (1.10) into
(1.11), we see that f should solve
Wf = —day ”/Tfl[P(Trf)] p(dr), (1.13)
R

which is a nonlocal nonlinear eigenvalue equation for f. Testing (1.13) with suitable test
functions g one gets the weak formulation

(g, £) = dusld’s ') — g, /R TV [P(T, £)] p(dr))

where (h1, hy) is the scalar product on L?(R) given by [, hi(z)he(z) dz. Exchanging inte-
grals, a formal calculation, using the unicity of 7)., yields

(9, / TV P(T, )] ju(dr)) = /R (Tog, P(T, f)) uldr)

and one arrives at the weak formulation of (1.13) in the form

wlg, ) = duld ') — /R (Tog, P(T,f)) p(dr), (1.14)

supposed to hold for any g in the Sobolev space H'(R).

Using the formula from Lemma 4.6 for the derivative of the nonlocal nonlinearity N(f)
from (1.3), one sees that (1.14) is the weak form of the Euler-Lagrange equation associated
to the energy H(f) given in (1.2), as long as V'(|T, f|)sgn(T, f) = P(T, f). This is the case
if

V'(a) = g(a)a = P(a) for all a > 0,
i.e., V is the antiderivative of the polarizability P,

V() = /O P(s) ds.

In this case, any minimizer of the associated constrained minimization problem (1.1) will
be, up to some minor technicalities, a weak solution of (1.13) for some choice of Lagrange
multiplier w, as long as the variational problem (1.1) admits minimizers. In particular,
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combining Theorems 1.1 and 1.2 with Lemma 1.4 one sees that (1.13) has a non trivial weak
solution under the condition that the assumptions A1)-A3) hold for the antiderivative of
P and that the dispersion profile dy changes signs finitely many times and obeys

1 4 v2—2
dy' e L' = Lo (1.15)
for positive average dispersion d,, > 0 and
y2=2
' e Lo (1.16)

for arbitrarily small § > 0 in the singular limit case of zero average dispersion. This allows
for a large class of dispersion profiles dy, covering all physically relevant cases.

2. NONLINEAR ESTIMATES

2.1. Fractional Bilinear Estimates. In this paper, the nonlocal nonlinearity is not a
pure power, thus the multilinear estimates from [/ 1] cannot be used anymore. First, we
gather the estimates which will be used in the proof of fat—tail propositions, Propositions 4.1
and 4.2, which are crucial for the existence proof in this paper. The core of the argument
will be suitable splitting bounds on the nonlocal nonlinearity N(f) from (1.3) given in
Proposition 2.15. For this, inspired by the splitting Lemma 2.13 for V', one needs certain
fractional linear bounds on the building blocks from Definition 2.4.

Since T, = €% is the solution operator for the free Schrodinger equation in dimension one,
we can express 1, f for any nice f, for example in the Schwartz class, as follows:

T, f(x) (y)dy (2.1)

\w U|2

\/ 47727’
- \/—2? /R e (), (22)

where f is the Fourier transform of f given by

£ 1 —ix
f(n):m/Re f(x)dx

As a first step, we note that, for ¢ in suitable LP spaces, certain space time norms of

T, f are bounded.

Lemma 2.1. Let f € L2(R), 2 < ¢ < 6 and ¢ € L5-1(R). Then
HTer%q(R?,dxwdr) < WHLGA_Q(R)HJC”‘J- (2.3)

Proof. Interpolating between 2 and 6 using the Holder inequality, we get

//R2 T, f|?dxrpdr = //R2 < ) <|T r (e 2)) Do
: <//2 |Trf|2¢ﬁ dwdr) N <//2 |Trf|6da:dr> -
Since T} is unitary on L?(R

// [T, P07 dadr = ufH?/we dr

and the one-dimensional Strichartz inequality [3, 12, 19] gives

J L s dar < st
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and so (2.3) follows. |

To take advantage of the fact that an interaction term containing the product of two
terms of the form T f1 and T fo is typically small if the functions f; and f> have separated
supports, we need

Lemma 2.2 (Fractional bilinear estimate). Let 2 < p < 3 and f1, f2 € L%*(R) whose
Fourier transforms have separated supports, say s = dlst(supp f1, supp f2) > 0. Then

T T fall e, i) S gy I 121 (2.4

Remark 2.3. The bound (2.4) is a well-known bilinear estimate for p = 2, see [2]. For
readers’ convenience, we give a proof of (2.4) for any 2 < p < 3. As the proof shows, (2.4)
holds also for p = 3, without any support condition on f; and fs.

Proof. Using (2.2), we get

T fole) = 5 [ [ 0= ORn i) o)

Doing the change of variables a = 1 +72, b = n}+n3, with Jacobian J = 8?7(;?722) =2(n2—m)

and introducing

Fla,b) = @fmm(a, b)) Fa(12(a. b)) 10.00) ()
one sees
T, f1(2) Ty folx) = % / /R 2 e (a0, b) dadb,

that is, up to sign in one of the variables, T, f1(x)T, fo(z) is the space-time Fourier trans-
form of F. Since p > 2, one can apply the Hausdorff-Young inequality, which reduces to
Plancherel’s identity for p = 2, to get

1T /T3 foll e dzdr) < I o (m2,dads)

with p’ the dual index to p. Undoing the above change of variables, one sees

1 . . , 1/p’
Pl :2—1/p(//, Y dnd ) @5
1Fl 1 (R2,dadb) w2 2 —m|P L | fi(m) f2(n2) [P dmdne (2.5)
If p=9p' =2, we use |n; — n1| > s on the support of the product f1f2 to get

11| L2(R2 dadry S \[HleHle

which concludes the proof for p = 2, since the Fourier transform is an isometry on L2.
Since 3/2 < p’ < 2, one can use the Hardy-Littlewood-Sobolev inequality to see

1

p P’
( 5 < 5 3/ // |f1 771 ‘ |f22(772)‘ d 1d,’72
I r2 e —m|>
S < il el
which yields (2.4) for 2 < p < 3. (]

The following will be the building blocks for our bounds on the nonlocal nonlinear po-
tential, see (2.18).
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Definition 2.4. For any + > 2, define
M](f1, fo) / T AT fo (T o] + T fol) 2 dapdr. (2.6)

Remark 2.5. At first M:Z (f1, f2) is defined only when fi, fo are nice Schwartz functions.
We will shortly see that for 1 in certain LP spaces, Mlz( f1, f2) can be extended to all
fi, f2 € L? by density of Schwartz functions in L?.

4
Proposition 2.6. Let 2 <~ <6 and ¢ € L6=v. Then

M (fr f2) S VAN + 11202 (2.7)

4
where the implicit constant depends only on the L% norm of 1.
Proof. Using Holder’s inequality for 3 functions with exponents v, v, and / (v—2) one has
M) (f1: f2) < T fill oo w2 dewan) 1T P2l v (g2 dopary | T fi | + 1T 2]l 7 R2 dwdr)
Applying the triangle inequality and Lemma 2.1 completes the proof. [ ]

Proposition 2.7. Let s = dist(supp fl, supp fg) > 0.
If2<~<6,7>1andp € LFOT) | then

MV(flafZ) S s ODNANILIAAN + 1200772, (2.8)

where a7y, T) ;= min{ 1= 67 ) 27 1Y and B(r, 1) = m.

Remark 2.8. Note that 3(v,7) is only slightly bigger than ﬁ since a(y,7) > 0 tends to
zero as T — oo and that it is increasing in . So we loose only an epsilon, by choosing 7
large enough, with respect to the bound from Proposition 2.6.

Proof. Let 0 < a < 1 to be chosen later and write

M(h, f2) = / /]R ANLANT LD 2 eI AT L {(T Al + 1T f21) ) dadr

Now use Holder’s inequality for 3 functions with exponents p1, é, and, %, where
1 y—2 8—v—6a
—=1l-a- =
p1 6 6
to see that
8—y—6a
6

(f17f2 <// |T flT f2‘8 Y- 6ar¢8 7 6o d.?Ud?“)

1T AT 2175 @2 doan |1 T 1l + 1T fQ‘HLG R?,dwdr)’

Up to a constant, the third factor is bounded by (|| f1| + ||f2]|)?~2, using the triangle and
Strichartz inequalities. Using Lemma 2.2, the second factor is bounded by

2 2
T AT fll78 2 gwary S 57 1A f2 )12
For the first factor, we note that with the help of the Cauchy-Schwarz inequality one gets

6(1—2a) 6
/ T /1T fo| 5752 4p5=7-6« ddr
R2

2(1—2a) 1/2 (1—2a 1/2
S(// |Tf1|8'*/6a¢8'yﬁadxdfr> <// ’Tf2|876a:1/}8'\/6cxdxdfr> .
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In order to use Lemma 2.1 for this, we need to have 2 < ¢ < 6 with ¢ = 182_(1__26‘2). This
is equivalent to 6 < 8 — v, 6 < v —2 and 2a < 6 — 7.
Moreover, we need

4(8—y—6a)

6 4
Yp¥—6a € [§-q = [6(6——2a)
hence
b€ LF-%

Now we come to the choice of a: In order to guarantee that 0 < a < 1, 6 < 8 — 7,
6a <y —2, and 2o < 6 —y, we take any 7 > 1 and put « := «a(v, 7). Then one checks that
« obeys the above bounds and so this finishes the proof. [}
Lemma 2.9 (Duality). Define

~ 1 1
P(s) = ——=(— - (2.9)
a7 )
for s #0. Then o
M](f1, f2) = M1(f1, f2) (2.10)
where f is the inverse Fourier transform of f.
Remark 2.10. Of course, the definition of 1’/; depends on 7y, but we drop this dependence in
our notation, for simplicity. For 2 < v < 6, Proposition 2.6 yields a natural a priori bound
on M 12( f1, f2) which depends on the L5 norm of ¢. It is an easy exercise to check that

”w”m% = ||¢||L6%, so Proposition 2.6 and the duality expressed in (2.10) are consistent.
Proof. Without loss of generality, assume that f; and fo are Schwartz functions for the

calculations below. Defining u;(r, z) := (T,.f;)(x) and @;(r,z) := (T, f;)(2), j = 1,2, using
the explicit form of the free time evolution (2.1) for w;(r, z), and expanding the square, one

sees
(r,7) = 1 izjv‘(—l —:c)
ujr,x—me U\ 5 o

which is often called pseudo-conformal invariance of the free Schrédinger evolution. Then
M(f1, f2)

o ) e (o)«
a //]R (2r[)/?

Doing first the change of variables x = —2ry, doz = 2|r|dy and then r = —1/(4s) with
dr = (2|s])~% ds, yields

(2_11)://]1%2 Iﬂl(sjy)lIﬂz(s,y)l(;l‘f:)(f;i/)H\ﬂz(s,y)!)”2 dyi(— L as

4s
which completes the proof. [}

: (;1 j>D dxip(r)dr. (2.11)

This duality is a convenient tool in the proof of the analogue of Proposition 2.7 when
the functions f; and fo have separated supports.

Proposition 2.11. Let s = dist(supp fi1,supp f2) > 0.
If2<~y<6,7>1 and ¢ € LPOT)(|r|*O:BOT) dr) | then

M (f1 f2) S s~ O AL+ (L f20)7 2 (2.12)
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Proof. Given the duality expressed in Lemma 2.9 this is now simple: We have
Mﬁ/(flvf?) = Mz(fla fQ)

and note that the assumption on the separation of the supports of f; and f; means, of course,
that f; and fy have separated Fourier support, so Proposition 2.7 applies to M7 ( fi, fo) as

long as 1/1 is in the correct LP space. A short calculation shows

90 = [ @I dr
and (2.12) follows by choosing p = (7, 7). [

W)

To handle the cases with v = 2 or v = 6 for positive average dispersion, we need a
fractional bilinear estimate for M 12 in H' as follows.

Proposition 2.12 (H! bilinear estimate). Let 2 < v < 6 and 1 € Lﬁ(R) with compact
support. Then for any fi, f» € H*(R) with s = dist(supp f1,supp f2) > 0,

M (f1, £2) 57 Ul £l e (LD + (1F20)772, (2.13)

4
where the implicit constant depends only on the support and the L5 norm of 1.

Proof. Using Holder’s inequality, one has

-2
and with the trlangle inequality and Lemma 2.1, we have
T ful + 1T folll o2 dgary S 12l + []f2]] (2.15)

when ¢ € Lﬁ.

To bound the first factor, we use the positive operators PLS and P; from Lemma B.3
for suitably chosen L > 0. Although they are not projection operators, we think of PLS as
‘projecting’ onto frequencies localized to < L and P} as ‘projecting’ onto large frequencies
> L. At the same time, the supports of PLS f1 and Py fo will still be essentially separated.
See Lemma B.2 and B.3 in appendix B for the properties of PLS and P; which we will need.

Since Pf + P; =1 on L*(R) by Lemma B.2, we can use the triangle inequality and the
linearity of 7). to split

<HT‘PLf1Tf2||L2 (R2, dzipdr)
+ T, P; 1T, Pf fall 4

HITPEATPL 2015 2 dupar) (2.16)

L3 (R2, daapdr)”
The Cauchy—Schwarz inequality and Lemma 2.1 yield
HTrpfflTrfzHL%(RgdeT) <NT-Pr fill v m2, dawar) | T foll Ly (2, dzdr)
SUPE il fall S 274 fall e[l f2 ],
where we use (B.14). Switching the roles of f; and fs, using in addition that PLS <1, shows
ITPEATPE ol 3 g gy S £ A1l
To bound the last term of the right hand side in (2.16), we note that (B.16) shows

|T, PE AT, P5 fo s | TPEATLPE R
Ir|<T

L% (R2, dwipdr) < [#lgs 3 (R,dz)
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2 2 2
< l2N Y ARL? 2Bz || || fo

with R > 0 chosen such that supp ¢ C [~R, R] and the constants Ag and B,y r from
Lemma B.3. Therefore

I AT foll 3 o gugary S |F2€7 75025 4 L7l el
for any L > 0. Choosing 2L% = B,Y/QVRSQ, we get
I AT Foll 5 g, gy S 5 Mallrs [ ol
and using this with (2.15) in (2.14) proves Proposition 2.12. ]

2.2. Splitting the Nonlocal Nonlinear Potential. Recall the nonlinear potential V' :
Ry — Ry is given by V(a) = g(a)a for a > 0 with ¢ : R — R4 continuous on R and
differentiable on (0, 00) with ¢(0) = 0. Recall also that for 2 < 3 <y <6,

{(a) S a4 a2
for all @ > 0.
Lemma 2.13. With V as above,
V(a) S a4+ a (2.17)
for alla >0 and
V(lz+wl) = V(I2]) = V(jwl) S [2llw] (2] + [w])™ 7 + (2] + [w])272) (2.18)
for all z,w € C.

Proof. Integrating the bound for ¢’ gives g(a) < a”~! + a”~! which implies (2.17). For
the second claim, note that by the triangle inequality

V(lz+wl) = V(z]) = V(w]) = q(|z + w[)|z + w| — q(|z])|z] = q(|w])|w]
< lzl(q(l2 +w]) = q(|2]) + [w|(q(|z + w]) = q(Jw])).
If |z + w| > |z|, using the assumption on ¢’ and the triangle inequality, one sees

|z+w]
allz+wh —ale) = [ d(s)ds S [+ w4+ w4 ]~ J2)

|z
< [zl + [ 72 4 (|2] + |w])2 7] fuwl.
Similarly, if |z + w| < |z| then
q(Jz +wl) = q(l2]) < [l 72 + 22 72] (2] = |2 + w))
< (2l + )72 + (2] + |w])2 7] |uwl.
Switching z and w, one also has
q(Jz +wl) = q(jwl) < [l + [w)* 72 + (2] + |w])27?] 2]
and therefore (2.18) follows. (]
Recall

N(f) = / /R VT f)) drgir (2.19)

and we get the following estimate of N immediately from (2.17) and Lemma 2.1.
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4
Proposition 2.14 (Boundedness). Let 2 <1 < v < 6 and 1 € L' N L5 2. Then for all
f e L*(R)
N S NAM+ 1A, (2.20)

4
where the implicit constant depends only on the L' and L2 norms of 1.

4
Proposition 2.15 (Splitting). (i) Assume 2 <~y <72 <6 and ) € L' N L5 2. Then

N(fir+ f2) = N(f1) = N(f2) S 1Al 20l (0 + A1+ 11 f0*) - (2.21)
(ii) Assume 2 <v; <~v2 <6 and 7> 1. Then

N(fi+ f2) = N(f1) = N(f2) S max{1, s}~ meOunaGamb g [ fof] (14 [1f2])* + H{zll‘l))
2.22

if e LY N LPO27) gnd s = dist(supp fl, supp fg) >0, or 1 € LFO2T) has compact support
and s = dist(supp f1, supp f2) > 0.
(iii) Assume 2 < vy < v9 < 6. Then

N(fi+ f2) = N(f1) = N(f2) S max{L, s} | ful el ol (U+ AN+ 10T (223)

_4
if ¢ € L5 has compact support and s = dist(supp f1,supp f2) > 0.

Proof. Because of Lemma 2.13, we have

N(fi+ f2) = N(f1) = N(f2)
/ / (T f1(2) + T fo@))) = VAT 1)) = V(T fo(@))| dadr (2.24)

< M71 flvf?) +M72(f1>f2)
So (2.23) follows from Proposition 2.12, noting also that

(a+b)" 24 (a+b)22<1+at +0

4 4
for all a,b > 0, as long as ¢ € L% N L%, Since ¥ has compact support, this is the
4
same as requlrlng Y € LS. Similarly, (2.21) follows from Proposition 2.6 as long as
e Lt = N L6z Wz Since 1 € L' this condition reduces to ¢ € L' N L5 72

For the proof of (2.22), we first assume s = dist(supp fl, supp fg) > 0. Clearly, Proposi-
tion 2.7 shows

M (f1, f2) S s O ANRAAA] + 1 fl)

for any 2 <~ < 6 and 7 > 1, as long as ¢ € L),
Thus (2.22) follows from (2.24) as long as ¢ € LPO17) 0 LA027) | Noting

1< B(m,7) < B(ye,7) and LN 27  BO) A 1B027)

finishes the proof of (2.22) when f1 and fo have separated supports.
If s = dist(supp f1,supp f2) > 0, we make the simple observation that for any compactly
supported 1 one has

Y e LP = e LP(r|%dr)n Lt
for any weight |r|* with a > 0 and p > 1. With this observation, the above proofs carry over

to the case that the functions f; and fo have separated supports, using now Proposition
2.11 instead of Proposition 2.7. [ ]
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3. STRICT SUBADDITIVITY OF THE GROUND STATE ENERGY

Recall that for d,, > 0

dav !
H(p) = 27 = N ()
and
B =inf {H(f): || fII* = A}.

Recall also that if f € L2\ H' we set ||f'|| = 0o, so the infimum in the definition of Efav is
over all f € H' with fixed L? norm if d,, > 0.

In this section, we will give an a-priori bound on the ground-state energy which will be
an essential ingredient in the construction of strongly convergent minimizing sequences.

4
Lemma 3.1. Let 2 < v < <6 and ¢ € L* N L2 . Then, for every A >0
E;\lav > _(/\71/2 + /\72/2)’

where the implicit constant depends only on the L' and Lﬁ norms of Y. In particular,
the variational problem is well-posed.

Moreover, if V(a) > 0 for every a > 0, then Eg < 0 for any XA > 0. If there exists € > 0
and 2 < k < 6 such that V(a) 2 a" for all 0 < a < e and ¢ is away from zero on the
support of 1, then Eg'“w < 0 for any day, A > 0.

Proof. The first part follows immediately from H(f) > —N(f) and Proposition 2.14. If
V(a) > 0 for all a > 0, then

0=N() = [[ VT sa)) devar

implies |T,f(z)| = 0 for almost all  and almost all » € suppt. Thus for almost all
r € suppt one has ||f|| = |T..f]| = 0, so f vanishes. Thus if ||f||* = A > 0 then Ef <
—-N(f) <0.

To show Ef\lav < 0 for dyy > 0, we fix A > 0 and find a suitable Gaussian function f
satisfying || f||*> = A and H(f) < 0. Recall that there exist € > 0 and 2 < k < 6 such that

Via) 2 a® forall0<a<e. (3.1)

If the Gaussian test function f is given by
22
f(x) = Ape 20 with o9 > 0,
22
then (T, f)(x) = A(r)e =@ with o(r) = og + 4ir and A(r) = Ag\/00/+/o(r) as in (B.18).
Note that

_ (70322

Tof(2)] = |A(r)|e 1700F < |A(r)] < [Aol

2)\2 1/4
ToQ

yields || f]|> = A and ||f'||> = A/oo. To apply (3.1), we consider o large enough so that

o\ 1/4
T, f(2)] < | o] = (”) <e

oo

Choosing
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// V(T f(x dwdr>// T, f ()| daibdr
- K O e =

B (222> 4 (Z)I/Q T /R [+ (4:/5;;)0)2]2‘2 ar

Thus, the energy of this Gaussian test function is bounded above by

dwh [, C [222\F e »(r) ;
d. A\kl/2 %0 oy B2 r
av AR m R (1 + (47’/0’0) ) 1

Then

H(f) <

200

for some constant C. So, using a large enough og, we get H(f) < 0 since 2 < k < 6 and

oy
/]R 1+ (4r/00)2) T dr = ¥l

as o9 — oo by Lebesgue’s dominated convergence theorem.
Recall that there exists 79 > 2 such that for all p > 1 and a > 0
V(pa) =z pV (a).

(3.2)

This will be the main input the following strict subadditivity of E%v_ which in turn will be

crucial in the proof of Propositions 4.1 and 4.2.

Proposition 3.2 (Strict Subadditivity). Let A > 0, 0 < 6 < A/2, and A1, A2 > 0 with

A+ X < A. Then

J0

20 6 2
E§> + B> > [1—(22 -2) <A>

dav
E\™,

for vo > 2 as in (3.2).
Proof. First we show that for all A >0and 0 < <1
0
E'Ziv Z /.L 2 Egav.

First, with X = pXand = p~!

, we see that inequality (3.3) is equivalent to
Ed%V < p%‘JEflav for all p>1, A > 0.

Given f € HY(R), orf€L2( if day = 0, with [|f]|? = X and p > 1, we get
N = [[ VAT @) devdr > o % N ()

from (3.2), |p"/2f||> = pA, and

70 70

H(p'%f) < aVHfH2 pEN(f) < p2H(S),
which proves inequality (3.4).

(3.3)

(3.4)

Let A1 = pi A and Ao = poX with gy + po < 1 and pg, pe > d/A. From (3.3), we get

J0

dav d&V d&V d&V ddV
B + B = B+ BY > (py? gt ) EY

(3.5)
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Without loss of generality, we may assume that p; < uo. Note that

- 0 20

0 20 20 0 20
1> (pn+p2)2 =p +pg + (4 p2)2 —py —py

20
20 20

5 2
() ()
241 251

2 2 770 2
> py® +pgt g (27 = 2)

20 20 Y0
2

= g g

where we have used that the function ¢ — (1 4+¢)2 —1—1¢
Therefore, we get

is increasing on [1,00).

1 1 0 1) Bl
wf ruf <1-@%-9)(3)
Therefore, multiplying this to Ef‘“ < 0 completes the proof due to (3.5). [

4. THE EXISTENCE PROOF

The following propositions are the key propositions for the proof of the existence of a
minimizer here. First, we introduce notations. For s > 0 and 0 < < 1, define

_2a —1/2
Gals) = [(s 1) — 1] . (4.1)
Note that G, is a decreasing function on (0, 00) which vanishes at infinity, which is impor-
tant for us, and
lim G,(s) = o0 (4.2)

s—0t
which is of less importance. Moreover, for x € R, let x4 := max{z,0}.

Proposition 4.1 (Fat-tail for positive average dispersion). Assume day >0, 2 < 1 < 72 <

4
6 and 1) € L7 has compact support. Let X >0, f € H' with |f||> =\, and 0 < § < \/2,
and a,b € R with

/a f(2)[2dz > 6 and /boo \f(2)[2dz > 6 (4.3)

— 0
then

20

H(f) > [1 -e?oy(g)

4
where the constant C depends only on the support and the L5-72 norm of 1.

B = O+ M)If i@ Gi((b—a=1)4),  (44)

We have a similar bound in the case of vanishing average dispersion.

Proposition 4.2 (Fat-tail for zero average dispersion). Assume day =0, 2 <71 < 72 <6

and 1 € LPO2>7) has compact support. Let X\ > 0, f € L with ||f||> =\, and 0 < § < \/2,
and a,b € R with either

/a f(2)[2de > 5 and /OO f(2)2dz > (4.5)
—o0 b
or

~

/ F)Pdn> 6 and /b FPdn >, (4.6)

—00
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then

20

H(f) > [1 ¥ -y ()

where the constant C depends only on the support and the L2 norm of 4.

E()J\ —COM1+ )‘Q)Gmin{a(’yl,‘r),a(’yzﬁ)} (b—a—1)4) (47)

Proof of Proposition 4.1. If b — a < 1, (4.4) holds immediately since its right hand side
is —oo by (4.2). So now we assume that b —a > 1. Let o’ and b’ be arbitrary numbers
satisfying a < a’ <V <band V! —da’ > 1, which we will suitably choose later. The estimate
of ||f']|? is based on a one-dimensional version of the well-known IMS localization formula
1717 =3 A& (&) = Y _ARIGPD (48)
J J
for any collection of functions {&;} which are smooth, 0 < &; < 1, and Zj 532 =1. To
construct such a partition which suits our needs, consider smooth functions {x;} that
satisfy

i) 0<y; <1forj=—1,0,1.

1

i) Y xj=1

j=—1
iii) supp xo C [~5,3), xo=1 on [

supp x—1 C (—00, =), x-1 =1 on (—o0, —%],

supp x1 C [i,oo), x1 =1 on [%,oo).
Let

1.7 /
() =X (W) for j = —1,0, 1.

Since X} is bounded, we see that for some constant C7 > 0

Plugging this into (4.8) yields

2
7122 Y I + s YIP + 1P - it
(4.9)
, o Cillfl?
> e 1P + )1 - il

Now we set fj :=¢&;f for j =—1,1and fo:=f—fi—f-1 = (1—&-1—&)f, where we note
that fp is defined differently from f_; and f;!
Obviously, || f;]| < || f]| for j = —1,1, and since the supports of {_; and & are disjoint

also | fol < [f[, hence | foll < || f]|.
Set h:= f_1+ f1. Then f = fo+ h and the bound (2.21) from Proposition 2.15 shows

N(f) = N(fo) = N(r) S 1 follllall (1 + 1 foll* + 1IAl1*)
and using Proposition 2.14, we have

N(fo) S Ilfoll* + [l foll®,

and combining the above two bounds we arrive at

N(f) = N(h) S Il + A7) (4.10)
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where we used || fol|, [|2]| < || f]]-

Since f_1 and f1 have supports separated by at least (0’ —a’)/2, (2.23) gives
N(h) = N(f-1) = N(f1)) S ¥ *'a)_JHf!lﬂﬂlﬂflﬂHl(1‘+'Hf71H44*H11H4)
SO =ad) I f I LI (4.11)

where we also used that, because of our assumption that b’ —a’ > 1, the bound || fj|| g1 <
|| £l g1 holds, where the implicit constant does not depend on @’ and ¥'.
Combining (4.10) and (4.11), we get

V() =N =N £ (1601 + i ) (412)
so when combined with (4.9), this yields
2

1(p -1 -1 2 - [+ M) i) g

To choose a’ and b', we use a continuous version of the pigeon hole principle, as in our
previous work [11]: Let 1 <1 < b — a and note that

b—1 y+l
/ / |d,a:dy<// ) 2dydz < 1] f2. (4.14)

Moreover, by the mean value theorem, there exists ' € (a,b — 1) such that

y’+l b—1 y+l
(bal)/ |d:c—/ / z)[2dxdn.
,y/

Thus, since fy has support in [a’,V'] and |fo| < |f], choosing @’ = ¢/ and ¥/ = 3 + [ in the
previous identity together with (4.14) gives [ = b — a’ and

l
2 < conll2 < ——— || £112.
[ foll® < 1 f L pll” < b_a_lllfll

Plugging this into (4.13) yields

2 1/2 2
H(f)—H(f_n—H(fnz—[”{2” +((b_l_l) 71+ 12 UH1>(1+HfH4)]

a
1 l /2
+<b—a—l> +7

Since || f]|2 = A, || fjll =6, j =—1,1 and || f-1]|* + || f1]|* < A, by Proposition 3.2,

1, I 1”+1
12 b—a—1 1

(4.15)

> =7 L+ 111)

J0

H(f)- [1 -e?-y(5)

forany 0 < d < A/2andall 1 <I<b—a. Now we choose [ = +/b—a. Then 1 <I<b—a
since b —a > 1, and

ws{ b (i) b= (i) = (mapmy) - Ge-a-n0

which completes the proof. [}

B > | fI20 (1+22)
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Proof of Proposition /.2. Since its proof is very analogous to that of Proposition 4.1, let us
mention only the things which need to be changed: In the case of zero average dispersion,
the energy contains no ||f’||? term, hence we do not need to use smooth cut-offs, that is,
we can use f = f_1+ fo+ f1 where we set f_1 = f1(_ o), fo = [l and f1 = [l o),
and similarly for f .

We can then simply repeat the argument in the proof of (4.13), again using (2.21) but

now combined with (2.22) instead of (2.23), to see that

H(f)~ H(f1) — H() > (IIfoIIHfH T 717 ) L+ 171

(b’ - a/)min{a('yl,T),a(Wz,T)}

l 1/2 1
<b—a—l> + Jmin{a(y,7),a(r2,7)} (4.16)

with the only restriction that [ =% —a’ > 1.
If 0 < b—a <1, we note that (4.7) trivially holds since the right hand side equals —oc.
1

Solet b —a > 1. We choose | := (b — a)F2min{feGr.7)at27F, Then 1 < I < b — a and
H2minfa(y,m).e(20 =) — g > b —a—1> 0 hence

> A (1+2%)

l 1/2 1
— >
(b —a — l) - lmin{a(’ylvT)va('YQ:T)} ’
This together with (4.16) and our choice of Gyinfa(y,7),a(ye,7)} (b —a—1)1), which satisfies
0 < min{a(vy1,7),a(y2,7)} < 1, finishes the proof. ]

Since the function G, is decreasing on R, and vanishes at infinity, similar results to
Proposition 2.4 in [11] follow from Propositions 4.1 and 4.2.

Proposition 4.3 (Tightness for Positive Average Dispersion). Let (f,), C H'(R) be a
minimizing sequence for the variational problem (1.1) for du, > 0 with A = ||fa||*> > 0.
Then there exists K < oo such that, for any L > 0,

A K
Sup/ | fa(m)]? dn < Iz (4.17)
neNJ|n|>L
i.e., the sequence is tight in Fourier space. Moreover, there exist shifts y, such that
lim sup/ | (@ = yn)Pdz = 0. (4.18)
R—=0oneNJ|z|>R

Proposition 4.4 (Tightness for Zero Average Dispersion). Let (fn)n C L*(R) be a min-
imizing sequence for the variational problem (1.1) for day = 0 with X = || fu||> > 0. Then
there exist shifts y, and boosts &, such that

lim sup/ |J?n(77)|2 dn = 0. (4.19)
L—=00 neN Jin—£,|>L
and
lim sup/ | fo(2) | dz = 0, (4.20)
R—=0oneN J|z—y,|>R

Proof of Proposition /.3. Let (fn)n be a minimizing sequence. Inequality (2.20) shows
fRlI < H (fa) + X722 4 X722
and since H(f,) — E) < 0, we see that
K = sup | f]* < 0.
neN
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Thus, for every n € N and L > 0, we obtain

[ igeras [ erans [ e < 5
In>L m>r L R L L
and so (4.17).

To prove the second bound, we follow the argument of [I 1] closely. We give some details
for the readers’ convenience. Define ay, s and b, s by

a5 ::inf{aeR:/ ]fn(x)\deZ(S}
and
bn’(;::sup{beR:/ ]fn(x)]2d$25}.
b

Note that the measure | f,,(z)|? dx is absolutely continuous with respect to Lebesgue measure
and hence

/M |fa(z)?dz =0 and /OO | fu(@)|? dz = 4.

—00 bn.s

Furthermore § — a, s and 0 — by s are monotone, more precisely, for 0 < d2 < 01 < A/2
one has aps, < ans, and b, s, > bys,. Let R, 5 := b, 5 — a,s and note that the above
monotonicity yields R, 5, > Ry, 5, for 0 < d2 < §1 < A/2. Lastly, for some fixed 0 < §g < A/2
put
bn.s, + an.s
Yn = % € [an,(S()a bn,(so]'
In particular, a, s < apsy < Yn < by, < bps for all 0 < § < dg. This implies

bn,(5 —Yn < bn,5 — an,s = Rn,5 and Yn — Qns < bn,d —Aangs = Rn,d (421)
Now assume that
Rs:=sup R, 5 < o0 (4.22)
neN

for 0 < 0 < dp and put Rs := Ry, for 69 < § < A/2. Then (4.21) yields

@Pde< [ 1@ Pde+ [ | fule) P do = 2.
[ ek [ @R [ -2

n

for all 0 < 0 < dp but the same bound also holds when dy < § < A/2 since in this case

[ h@Pde= [ @R <260 <2
|z—yn|>Rs

|:chyn|>R50

It remains to show (4.22): Using b = by, s and a = a,, 5, rearranging (4.4) from Proposition
4.1 yields

20

0 5 2
B - % =) (§) B - HU) < CO+ R B G (s — D).

Thus, since H(f,) = EY <0,

20
20

0\ 2 .
0< (¥ =2) (1) B < OO+ X sy i G (s = 1)4).
Since (G7 is monotone decreasing, we get

Gi((limsup Ry, 5 —1)4) = lirginf Gi(Rps—1)4) >0

n—oo
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and so
limsup R, 5 < 00. (4.23)

n—oo

Hence (4.22) holds. |

Proof of Proposition /./. Using the fact that the function G, is monotone decreasing, the
proof is virtually identical to the proof of (4.18) in Proposition 4.3 and Proposition 2.4 in

[11] N

To prove Theorems 1.1 and 1.2, we need one more result for the continuity of the nonlinear
functional N(f).

4
Lemma 4.5. If 0 < € L' N L5 then the functional N : L?>(R) — R given by

®)3 fr N = [[ VAT f)davar
is locally Lipshitz continuous.
Proof. Note that
Vi(lzD) V() = lel(a(lzD) — allwh) + (12| ~ fwl)au)

and so, using the assumption on ¢/, we get

V(I2) = V(IwDl < Izllg(l2]) = q(lwD] + 2] = [wl[lg(lw])]

/|1L| ¢ (s)ds

S Lzlllel = fwl[(121 72 + 27272 4 w72 + [w]272) + [[2] = [wl] (lw]™ = + w7

Sle—wl|(leMh + 270+ w4 w27,

= || + [zl = lwillg(Jwl)]

Vi
vi—1

Thus, for any f,g € L?(R), using Hélder inequality with +; and , we get

2
IN(f) = N(9)| < T f = Trg|(| T f 177 + | Trg ™) daypdr
/L.

2
<D N = 9l @2 depan T+ 1 TegPs | -
= L7377 (R2, dzipdr)

(4.24)

Applying Lemma 2.1 for the first factor and the triangle inequality with Lemma 2.1 for the

4
second factor, which requires 1) € L%, yields
(4.24) SN =gl AP+ gl = + 1A=+ llgl™= ).
Note that
4 4 4
L'NL&» C L& NLFx2
which completes the proof. [}

4
Lemma 4.6. If0 < € L' N L5 % then for any f € L*(R) the functional N as above is
differentiable with derivative

L*(R) > h— DN(f)[h] = /RRe (T, [V'(IT, f)sgn(T, f)] ) bdr.
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Proof. Let f € L?(R) and € # 0. Fix any h € L?(R) and the quotient of N is
MU= L[ v + ) = VT, f)devar

_ / /R 2 / V(T,(f + seh)|)dsdaidr. (4.25)

By straightforward calculations, we obtain

d - (T fTyh + T, hT, f + 2s¢€|T,h|?)

and thus

! T, T h + T, hT, f + 2se€|T,.h|?
- V'(|T,(f + seh)|)—21== o " dsdxipdr.
MRZ/O (| (f Se )|) 2|Tr(f+3€h)| S "Lwl/} T

By Lebesgue’s dominated convergence theorem, letting ¢ — 0, we get

_ o Re(T fT.h) Re(T;, fT,h)
—//R2/0 V(T f]) 7] d dfmpdr—// "(IT-f]) T/ ————Zdxpdr

which completes the proof. (]
Now we are ready to prove the existence of a minimizer of (1.1).

Proof of Theorems 1.1 and 1.2. First, we give the proof for the existence of a minimizer of
(1.1) for day > 0. Let (fn)n € H*(R) be a minimizing sequence of the variational problem
(1.1) for d,y > 0. First, applying Proposition 4.3, there exist shifts y, such that for the
shifted sequence hy,, h,(x) := f(x — y,) for x € R, we have

lim sup/ |h () 2dz = 0. (4.26)
|z|>R

On the Fourier side, shifts correspond to modulations with e?¥", so for the shifted sequence
Proposition 4.3 also yields that there exists K < oo such that for any L > 0

sup/ |hn(n)|?dn < % (4.27)
neNJ|n|>L
Thus, by translation invariance of the minimization problem, the shifted sequence is a
minimizing sequence with ||h,[|> = || fu||* = A which implies the strong convergence of the
sequence (hy), in L%(R), see, for example, [11]. Let

f:= lim h, (4.28)

n—o0
in L2(R). By the strong convergence in L?(R), clearly we get ||f||> = A > 0. Let Ky :=
A+ Ki. Then anHHl < Ky for all n € N. We infer ||hy, HHl anHHl < Ky < o0

for allm € N, i.e., the sequence (hy)n is bounded in H'(R). Slnce H1 isa Hllbert space, this
shows that there is a subsequence, which, by a slight abuse of notation, we will continue
to denote by (hy,)n, which converges weakly in H'(R). Since h,, converges strongly to f in
L%(R), an easy argument shows that f € H'(R) and h,, converges weakly to f in H'(R).
But then by standard properties of Hilbert spaces, we also have

HfHHl < hmmf | o, HHl(R) (4.29)

and since HfHHl(R = IFIP+ 1717 = A+l ||2 and the same for ||h, HHl(]R)? we have

/ | (z)? da < liminf/ |h! (z)|? d. (4.30)
R n—oo R
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Thus, by Lemma 4.5 the map f +— N(f) is continuous in L?, we see that H is lower
semicontinuous when (hy,), converges strongly to f and (h]), converges weakly to f’ in
L*(R). Hence

Ef> < H(f) <liminf H(h,) = Ef>, (4.31)

that is, f is a minimizer of (1.1).

Now, it remains to show that the existence of a minimizer of (1.1) for day = 0. Once we
get the tightness the remaining proof is analogous to the existence proof in [11]. However,
for readers’ convenience, we give the proof here. The idea is to use Proposition 4.4 and
Lemma A.1 in order to massage an arbitrary minimizing sequence into a strongly convergent
sequence.

Let (fn)n C L*(R) be an arbitrary minimizing sequence of the variational problem (1.1).
Proposition 4.4 guarantees the existence of shifts y,, € R and boosts &, € R such that (4.19)
and (4.20) hold. Define the shifted and boosted sequence (h,)n = (fe, yn.n)n bY

ho(x) = fe, yum(x) = eiénxfn(x —yn) forx eR.

Note that ||h,]|3 = || fall3 = X since shifts and boost are unitary operations on L*(R) and
N(fn) = N(hy), see Appendix B. Hence (hy), is also a minimizing sequence. Certainly
|hn(x)| = | fu(z — yn)| for all n € N. The Fourier transform of h,, is given by

~

nln) = \/127? / e 1 (1 — ) d = e~ (1) — £). (4.32)

Thus also |ﬁn(n)| = |fn(n —&,)|- In particular, (4.19) and (4.20) show that the minimizing
sequence (hy), is tight in the sense of Lemma A.1.

Since (hy,), is bounded in L?(R), the weak compactness of the unit ball, guarantees the
existence of a weakly converging subsequence of (hy, ), denoted again by (hy,),. Obviously,
this subsequence is also tight in the sense of Lemma A.1 and hence converges even strongly
in L%(R). We set

f= lim hy.
n—oo
By strong convergence || f||? = lim,, o [|hn]|> = A. To Conclude that f is the sought after
minimizer we note that by Lemma 4.5 the map f — N(f) = [[po V(|T-f[*)dzp(dt) is
continuous on L?(R). Hence
: dav
N(f) = lim N(hn) = Ex

where the last equality follows since (h;,), is a minimizing sequence. Thus f is a minimizer
for the variational problem (1.1).

To prove that the above minimizer is a weak solution of the associated Euler-Lagrange
equation (1.14) is standard in the calculus of variations. For vanishing average dispersion
and a cubic nonlinearity it is done in [I 1] and the proof given there carries over to our more
general setting with the obvious changes in notation. [}

APPENDIX A. STRONG CONVERGENCE IN L? AND TIGHTNESS

A key step in our existence proof of minimizers of the variational problems (1.1) is the
following characterization of strong convergence in L?(R) which is given in [11].
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Lemma A.1. A sequence (fn)n C L*(R) is strongly converging to f in L?(R) if and only
if it is weakly convergent to f and

lim limsup/ \fn(n)|2 dn =0, (A.1)
Lmreo nmoo Jigi>1
lim lim sup/ | fu(z)? dz = 0, (A.2)
=00 nooo Jjz[>R

where f is the Fourier transform of f.

APPENDIX B. GALILEI TRANSFORMATIONS AND SPACE-TIME LOCALIZATION PROPERTIES
OF (GAUSSIAN COHERENT STATES

We will only discuss the one-dimensional case which is somewhat easier since we do not
have to deal with rotations in one dimension. The unitary operator implementing the shift

Sy L*(R) — L?(R), (Syf)(z) = f(xz —y) is given by
Sy = e—in (Bl)

where P = —id, is the momentum operator. Indeed, since e~ ¥ corresponds to multipli-

cation by e~®* in Fourier space, we have

(7P f)(x) e F (k) dk = f(z—y).

e

Boosts, i.e., shifts in momentum space are given by e : L?(R) — L?(R), i.e., multiplication
by e™*, since

v f(k \/%/ e~ k=) £(p) do = f(k —v). (B.2)
Finally, if G is a bounded (measurable) function then G(P) is defined by

G(P)f(k) = G(k) (k).

Of course, for any y € R, the operators G(P) and e %" commute, G(P)e %" =
e~WPG(P). Moreover, for any v € R the commutation relation
G(P)e™ = e G(P +v) (B.3)
holds. Indeed, Computing the Fourier transform F yields
F(GP)e™ f) (k) = G(k)e™™ f(k) = G(k) F(k — v)
— (G(-+ )= v) = F(G(P +0)f) (k- v)
F(e"G(P +v)f) (k).
In particular, choosing G(P) = e~¥P 2, we arrive at the commutation relation
e—er eV o~ iP _ eiv~€—in6—ir(P+v)2 _ 6iv~e—ine—ir(P2+21}P+v2)
(B.4)

i 2 S, i i 2
— v iv z(y—i—?rv)Pe irpP?

Now let f € L2(R). Then u(r) = T,f = e~ "P*f is the solution of the (one-dimensional)
Schrédinger equation —id,u = P?u = —d2u with initial condition u(0) = f. Using (B.4),
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the solution of the free Schrodinger equation for the translated and boosted initial condition
Sy = e e~ WP f is given by
uyo(r,@) = T fyol@) = (e f) ()
_ (eflr'u it 672(y+2rv)P ferQf) (LU)

—’LT’U Z’UI‘

(e y+2rv)P —irP? f)( ) (B.5)
— fzrv wz (efer f) $ —y— 2TU)
= TN (T f) (- y — 2rv),

that is, on the level of the solutions of the free time-dependent Schrédinger equation, trans-
lations and boosts of the initial condition are implemented by the Galilei transformations
Gy given by (Gyvu)(r, z) = uy(r,z) = e~ ety (p 1 — y — 2rv). Except for the time-
dependent phase factor e‘"”z, formula (B.5) is exactly what one would have guessed from
classical mechanics

A simple calculation now shows that any functional of the form

£ N = [[ VAT f@) dovar

is invariant under translations and boosts of f in L?(R).
Now, we come to one of the major tools for our analysis, the so-called coherent states.

Definition B.1 (Coherent states). Let h € L?, |h]| =1, y, v € R and hy, = Ve WP,

i.e.,
hy(2) = €z — y) (5.6)
for z € R and define the coherent rank-one projection P, ,, := |hy4)(hyo| in Dirac’s notation,
i.e., given by
f=Pyof = hy,v<hy,va f). (B.7)

A well-known property of coherent states is their completeness expressed in

Lemma B.2 (Completeness of coherent states). Let h € L*(R) with ||h| =1 and hy, the
shifted and boosted h as above. Then, in a weak sense,

1 1
— P,,=— v o=1 B.
o //R2 dydv Py, o //]R2 dydv|hy, ><hy, ‘ (B.8)

on L?. Moreover,

1
5 [ 400 Puus) = [ @ = )Pl da, (B9)
and
1 “ R
or [ vt Prae) = [ 1y = )Pl (B.10)
T JR
Proof. The completeness expressed in (B.8) is well-known, see [7, 16, 17], the other two are

less known. We give a short proof for the convenience of the reader: In order to see that
the operator A given by its matrix elements

(1, Apa) : 27r//dydv ©1, Ny ) (hy vy 02)
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is the identity on L? it is enough, by polarization, to take ¢; = o = ¢ and to check
(o, Ap) = (p, ) for all p € L%. Note

() = | R = (@) do = (2 (00 0).
and thus by Plancherel,
-~ / a0, Pa) = 5 [ @l 9 = [ dobyo@ip@)l = [ delhic = el
so (B.9) follows and we also see

() Ap) = /dy/dv| st /dy/dw!hx— /|so )2 da

thus, in addltlon, (B.8) follows. For (B.10) we note that a short calculation reveals

By () = €V h(n = v) = ¥R,y (7).
By Plancherel

(e ) = () = | Pl = 0)3n) dn = (2m)' 277 [h03] )

where 71 denotes the inverse Fourier transform. Again by Plancherel, we thus have

1 /\7/\ 2 /\7/\
Py / dy (¢, Pyop) = 5 / dy (v, §) 2 :/]R v,o(n)so(n)) = /Rdn ’h(n —v)e(n)
and (B.10) follows. |

‘ 2

We use coherent states in order to localize a wave function simultaneously in real and
Fourier spaces and since Gaussians have nice localization properties simultaneously in real
and Fourier spaces, it is natural to use Gaussian coherent states for this.

Lemma B.3 (Space-time localization properties of Gaussian coherent states). Let g(x) =
7 Y4e=*/2 pe the standard L? normalized Gaussian and

Gyw(@) == eimg(x ) (B.11)
its shifted and boosted version. Let
P g [ dy /| 4019y {9y (B.12)
and
Prim g [y [ dvlai)lal (B.13)
v[>L

Then PLS +P; =1,0< PLS <1, and 0 < Py <1 as operators. Moreover P} localizes a
wave function in the region of large frequencies |n| 2 L in the sense that for any f € H®
we have
I1PLFI S LN F Nl e (B.14)
where the implicit constant does not depend on f nor L.
Moreover, the time-evolution of the shifted and boosted Gaussian g, . is given by

1 —irv? 7(1—y—2'.rv)2
(Trgy,v)(m) = me irv? JIvT = 51120 (B.15)

and for any f1, fo € L? which have separated supports we have the bilinear estimate

2 /0 2
|S\1%HTTPL§f1TrPL§f2IILg S ARL2E P Pen | fi]| fo, 1< p < e, (B.16)
RS
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where Ar := V1 +4R2, B, g :=2"4(\/p(1 + 4R2) + 1)72, and s := dist(supp f1,supp f2).

Proof. The first assertions are clear, since by Lemma B.2 we have Pf +P;7 =1 and certainly
Pf and P; > 0 in the sense of operators. So also PLS =1—P; <1 and similarly P; <1.
To prove (B.14), we first note that because of 0 < P; <1, one has

1P; f1? = (Pp Y2 f, Pr PV f) < (f, PR ).
Let Py, :=|gy){(gyw|, then

>\ 1 _ N 2| £ 2
wren =g [ | Ben= [ [P
= Lot a = [ mmiieta @
due to (B.10) and § = g where we set
1 2
Hp(n) = — ~=0)% gy,
W=7 S "

Note that Hy, is even, 0 < Hy, < 1, increasing on [0, 00), and lim, o Hr(n) = 1. A short
calculation reveals

1 1 oo
HL(L):2+ﬁ/2L efv2d1)

so Hr(L) is extremely close to 1/2 for large L. For |n| < L/2 and |v| > L, one has
lv—n| = |v] = [n| = |v] = L/2 > L/2, hence

2 o0 L L 4 L2 L
< 2 [Tebebg - 2 -8 <L
Hp(n) < ﬁ/L e 2772 dv ﬁLe 4+ for all || < 5
So
/ Hy ()| ()2 dn = / Ho ()| f ()2 dn + / Hy ()| () dn
R |n|<L/2 |n|>L/2
< L Hr e / F)P dn
— VL In|>L/2 '
Using

/ F)Pdy < (L/2)"% / 2| F ) 2 i < (L2) 72130
[n|>L/2

In|>L/2

completes the proof of (B.14).
To prove formula (B.15) first note that for a centered Gaussian g(x) = Age™®*/70 Reog >
0, the time evolution T,.g can be found by making the ansatz

(Tr9)(x) = A(T)ef‘”z/g(r) =: u(r,x).

A short calculation, using that u(r, x) solves id,u = —02u, reveals that a and o solve
2A
iA' =" and o = 4i,
o

thus A(r) and o(r) are given by

A(r) = Ay Vo0 and o(r) = oo + 4ir. (B.18)
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1/4

Taking og = 2 and Ag = 7~ /% we get

1 __ a?
(TTQO,O)(SU) = 7T_1/4\/ﬁ6 2(1+2ir) | (B.lg)

Now we use the Galilei transformation formula (B.5) to arrive at
—irv? eivaz (z—y—2rv)2

(Tf‘gyﬂ))(x) = 77_1/46767 2(1+2ir)

V1+ 2ir
which is (B.15).
To prove (B.16), fix |r| < R and note that

(TP f /dy/ rgyv )<gy,v7f>'
T o \v|<L
Thus using (B.15) and the triangle 1nequahty

(z—y— 27"11)
T, P; d dve 20447 v,
(T PENE < gy [ ] dve 5 gy 1)
together with
_ (z—y— 2rv)2 9 1/2
A(r, L) /dy/ 20542 = 227 (1 + 4r?))V/2,
[v|<L

which is independent of x, by translation invariance of Lebesgue measure we can thus bound

(0PN < gt [ [ vty dolliy. 1)

_(:1:—34—21”1))2
e 20+ar?) 1yj<z dydv. Hence Jensen’s

with the probability measure v, (dy, dv) := ﬁ

inequality [14] for the convex function r — |r|P, 1 < p < oo, shows

|(TTPEf)(x)’p S (27T) ( +4’I"2 p/4//ljx dy,dv gy,vafﬂ

(z—y—2rv)~ 2rv)
< (1 4 4r?) / dy [ o TS (g, 1P
|v

|<L
Therefore,
(T P5 f1)(T2 Py f2) 17 < L2011  4r?) / dy1 / duvy / dyo / dvo
lv1|<L |ve|<L
_(z—y— 2rv1)? +(z2 ya—2rvg)?
(G 0PV PP [ dwe S

2(p—1) _[(91—y2)+2r(12)1—v2)]2
S L7 1 + 47“ / dyl/ dvy / dy?/ dv? gylﬂ)lﬂ fl>‘p’<gy27v27 f2>’p € 40+4r?)
[v1|<L |v2|<L

(B.20)
where we used
_ o=y =2rv) 4 a—yp—2reg)? _ ((y1—y2)+2r(v1 —v2))?
/ dzre 2(1+4r2) = (7r(1 + 4T2))1/2€ 4(14-472)
R
by a simple convolution of Gaussians. Since (a + b) > % — b2 for any a,b € R, the lower
bound .

(1 = 2) + 2r(v1 — 02)]” = S (1 — y2)” — 16r7L7
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holds for all y1,y2, and |v1], |v2| < L. Moreover,

- L (g2
{9y, )] S/ng%,v(ﬂf)|f(96)|d$=7r 1/4/R€ 2 f(a)| dx = (90,0 * | £ (),
and thus (B.20) gives the upper bound

|, P; AT P; folly < L% €2 (14 4r?) / dyy / dyze” e (90,0 % | 11 (y1)]P[g0.0 * | fol (y2) P
(B.21)

Let K; := supp fj, j = 1,2 be the support of f;. Recall that we assume s :=
dist(K1, K2) > 0. Given 0 < 5§ < s/2, we will enlarge K a little bit,

[?j = {y € R|dist(y, K;) < 5}.

Note that dist([?l, [?2) = s — 25 > 0 and we will split the integral in (B.21) according to
the splitting R x R = (K{ x R) U (K7 x R) = (K{ x R)U (K1 x K§) U (K1 x K3). As a
further preparation, note that the Cauchy-Schwartz inequality implies

//2 ™ e W82y (41 ) ho (o) dyy dys
R

1/2 1/2 B.22
< [// 6i(ylyz)Q‘hl(yl)deldyQ} [// 6i(yly2)2]h2(y2)‘2dy1dy2} ( )
R2 R2
=ver|[h||[|hz]]-

for any hy, ha € L?(R) and ¢ > 0. Using this, we can bound

(y1— y2)
L= /K dy1 / dys €507 [(go0 * | 1)) ()] (g0 * |fo) (v2)]?

o 1/2 2 1/2
a2 [ o 1506n0] " din| | [ [0 <1720)] " e
1 (B.23)
Moreover, by Young’s inequality,
2p
[ [t 12Dwe)]” e 5 12157 (B.24)
and, on the other hand,
2p 1 1 2 p
go,0 * | f1])(y dy = /N dy [/ e 2027 £1(2)| dz
[ [motsnw] v =g [ [ 1(2)
S 7
S e B URLROT gy 2, (B.25)

where again Young’s inequality, similar as for (B.24), has been used in the last inequality.
Plugging (B.24) and (B.25) into (B.23), we obtain

I S (1 4?26 HAsELROR ) £ ) gy 2. (B.26)

Furthermore, the bound

I = /I<1 dy1 /K2 dys e 8(”43%? [(90,0* |f1|)(y1)r[(90,0* |f2|)(l/2)r

S (14 4r2) 12 RIS RO oy gy

(B.27)
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follows as the one for I;, by symmetry.
It remains to get a bound on

_(n ,y2%2 p p
I3 := /N dy dyz e 80+4r%) [(90,0 * |f1|)(yl)] [(90,0 * |f2\)(y2)} (B.28)
e K
Since (y1 — y2)% > (y1 — y2)2/2 + [dist (K, K5)]?/2 in the integral in (B.28), we get
(w1-v2 )2 P
_dy /N dyp € 16(7452) {(90,0 * |f1|)(’y1)} [(90,0 * | f2]) (y2)
e Ko

[dist(K71,K2)]?

[dist(K1,K5))? p

1
I3 < e 16(1+4r%)

o
< (14 4r?)V/2 ¢ To0+ar) 90,0 * | f1] 1} 25 lgo,0 * | 2] 117 2,

st ELRDE) 1 o) ol (B.29)

,f, (1 4 4742)1/2 e 16(1-1k4r2)
using again (B.24). Combining

1T, PEATPE folly S 17 €2 (14425 (L + L+ 1)

with(B.26), (B.27), (B.29), dist(K;, K$) = § for j = 1,2, and dist(Ky, K») = s — 23, we
obtain
(s 25)2

IT,PE AT PE Rl < 127 € (14 4r)E [ 4 e T00m | 7] foP

choosing 5 = 5/(21/p(1 + 4r2) + 2), which makes p3?/4 = (s —25)2/(16(1 + 47?)), gives the
upper bound

2
|T, PE AT PE foll gy S (14 40%)1 2 L2l Pe o /mea®ie? | | fo

52
< (1+ 4R PL2eE Pe WOATERTR | o o
for all |r| < R, which proves (B.16). ]
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