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SPACE-TIME DISCONTINUOUS PETROV-GALERKIN METHODS
FOR LINEAR WAVE EQUATIONS IN HETEROGENEOUS MEDIA

JOHANNES ERNESTI AND CHRISTIAN WIENERS!

Abstract. We establish an abstract space-time DPG framework for the approximation of linear waves
in heterogeneous media. The estimates are based on a suitable variational setting in the energy space.
The analysis combines the approaches for acoustic waves in Gopalakrishnan / Sepulveda (A space-
time DPG method for acoustic waves, arXiv 2017) and in Ernesti / Wieners (RICCAM proceedings,
submitted 2017) and is based on the abstract definition of traces on the skeleton of the time-space sub-
structuring. The method is evaluated by large-scale parallel computations motivated from applications
in seismic imaging, where the computational domain can be restricted substantially to a subset of the
full space-time cylinder.
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February 12, 2019.

1. Introduction

Space-time finite elements aim for a unified analysis of discretization and solution methods in space and time.
In particular, they allow for an efficient combined error control and for scaling of the solution scheme to the
next generation of massively parallel computers.

The discontinuous Petrov-Galerkin method (DPG) is a well-suited finite element class for space-time applications
which provides robust a-priori estimates, reliable error control, and the efficient hybridization to a symmetric
positive definite Schur complement system. This is attractive for hyperbolic systems and allows to transfer
features of discretizations for elliptic problems to wave-type equations. The long-term goal is, as it is discussed
in [4] for the transport equation, to establish optimality of the solution process and of adaptive schemes. For a
general discussion on the DPG technology we refer to [9].

First results of space-time DPG methods are established in [10] for the Schrédinger equations and in [14] [15] [17]
for acoustic waves. Here, we show that the analysis transfers to general wave equations in heterogeneous media
and provides robust estimated in the energy norm. Therefore, we recall in Lem. [3| and Lem. 4] the abstract
DPG analysis based on the technique introduced in [10}, 13| [T7] which avoids explicit traces. Then, following the
arguments in [4] we show that a test space exists which guarantees discrete inf-sup stability for general wave
equations, and we extend the analysis for the simplified DPG method with nonconforming traces as in [I5] to
this more general setting. Finally, we apply a Strang-type argument to estimate the consistency error of the
DPG method due to inexact quadrature in heterogeneous media.

Keywords and phrases: space-time methods, discontinuous Petrov-Galerkin finite elements, linear hyperbolic systems, heteroge-
nous media
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The analysis is complemented by numerical results for wave propagation in heterogeneous media. Here we
discuss an application scenario motivated from seismic measurements, were the wave signal is initiated by a
point source and the results are only measured at selected points. In this application class, the finite propagation
speed of wave solutions results into an a priori information about the region of interest within the space-time
cylinder and which allows to truncate the computational domain substantially.

2. Linear hyperbolic systems

A semigroup framework. On a Lipschitz domain €y, we consider the evolution equation
Mo+ Au=f in (0,T)xQ C R xR?

subject to homogeneous initial conditions «(0) = 0 in g, where f € LQ((O, T) x Qo; Rm) is a source function,
and with

a) a symmetric positive definite operator M in Lo (£9; R™) represented by M € Lo (Qq; R X™);

b) a hyperbolic operator A with domain D(A) C La(Q0; R™) such that o
(Av, 2)0,0, = — (v, A2)0,04 v,z € D(A) (1)
and such that M + A is surjective, i.e.,
(M + A)(D(A)) = Lo (Q0; R™) . (2)

In this setting, the Lumer-Phillips theorem [2I, Thm. 12.22], or more general, the Hille-Yoshida theorem [8]
Thm. XVII.3.2.1] applies: the operator M ~! A generates a semigroup in Ly (£0; R™) and for f € C°((0,7); D(A))
the solution is given by

t
u(t) = / exp ((t —s)M'A)M " f(s)ds. (3)
0
The solution belongs to the Banach space
V = {ve C([0,T]; La(Q; R™)) N C°([0, T); D(A)) : v(0) = 0} .
In particular, we obtain for the range of the space-time operator L = MJ; + A
Ctlz((OaT) X QO;RH‘) - CO(<07T)7D(A)) C L(V) C L2<(O,T) X Q();R"L) (4)

so that L(V) is dense in Ly ((0,T) x Qo; R™), cf. [21, Thm. 12.16].

Linear wave equations. Our basic example is the acoustic wave equation for velocity and pressure with
(v,p) € D(A) = H(div, ) x HY(Q), M(v,p) = (pv, 5 1p), and A(v,p) = (Vp,V - v) where p, x € Log ()
model the spatially varying mass density and the bulk modulus of the material.

Note that in this example the definition of the domain D(A) includes homogeneous Dirichlet boundary conditions
for the pressure p; more general boundary conditions can be included into the domain of the operator A, provided
the conditions and are satisfied (see also [I8], Sect. 2.2] for various examples).

This framework also applies to linear elastic waves described by (v, 0) € D(A) = Hj(Q0; RY) x H(div, Qo; REXT),

M(v,0) = (pv,C7 1), and A(v,0) = (dive,e(v)), and to electro-magnetic waves described by Maxwell’s
equations with (E, H) € Ho(curl, Qo) x H(curl, o), M(E,H) = (¢E,puH), and A(E,H) = (-V x H,V x E).



Note that in all cases %(Mu(t)7 u(t))QO is the free energy, i.e., for elastic waves the kinetic and potential energy,
and for the Maxwell case the electro-magnetic energy.

A main property of the linear wave equation is the finite speed of propagation cpax > 0, which allows — in case
of local support of the source function f — to restrict the computation to the cone illustrated in Fig. [I]

Ci(supp f) = {(t,x) € (0,T) x Qo: |z — xo| < cmax(t — to) for all (to,z0) € supp [}, (5)

i.e., for the solution u € V of Lu = f holds suppu € Cy(supp f), cf. [I6, Chap. 7.2.4], [I]. The maximal wave
speed can be determined by the equivalent formulation as a symmetric hyperbolic system, i.e., by using the

representation of the linear operator of the form Av = Z;l:l A;j0jv with symmetric matrices A; € R{X™.
Then, the maximal speed of propagation in heterogeneous media is given by
T d
w' A,w
c = |lc c(r) = max max ————— A, = n;A;. 6
= Il ) = e max SEET L A= i, (6)

E.g., in the acoustic case we have c(z) = \/k(x)/p(x).

IEA ”,—"I
(/‘t()\ =TT :
— X -7 1
\m/l'O\’/’,ci“‘a”’ P :
i Tp—T '
PO ,,—”” [| £ O| :
Zo == )
B tp —to :
B C+({Po}):
/x\l’ 3 - 1
0 =, - 1
aX(Z(\lto) T — :
e,
to T

FI1GURE 1. The grey area depicts the cone of dependence C ({Po}) C (0,T) x Qp in 1D for
a single point source at position Py. Due to the limited wave speed, information originating
from P only affects this space-time region, resulting in C. (supp f) = Up, coupp y O+ ({Po}) for
a right-hand side f.

The adjoint equation. Let A* be the adjoint operator of A with domain D(A*), and let L* be the adjoint
operator for the wave equation backward in time. We assume that M ~'A* generates a semigroup such that for

V* = {z e CY([0,T]; L2(Q; R™)) N CO([0, T}; D(AY)) : 2(T) = 0},

L*(V*) C Lg(€%R™) is dense by (). E.g., this assumption is fulfilled for homogeneous Dirichlet or Neumann
boundary conditions with D(A) = D(A*) and A* = —A. We have L*v = —Lv for v € C}((0,T) x Q9; R™), and

(Lv, 2)0,00,1yx00 = (v, L*2)0,(0,7)x 0 » veV, zeV*. (M)
The corresponding backward cone for a domain of interest @ C [0,T] x Qg is given by
C-)={(t,z) € (0,T) x Q: |z — x0| < cmax(to —t) for all (ty,z0) €W} . (8)

In the following, we consider applications where the source f has local support, and where the solution is
evaluated only in the domain of interest @, so that the solution process can be restricted to Cy (supp f)NC_(@).



Subsets of the space-time cylinder. We consider Q C (0,7) x Q¢ C R x R? combining time slices of the

form Q = UnNzl[tn_l,tn] x Q,, with open subsets Q, C Qp for n = 1,..., N and a decomposition of the time
interval 0 = tg < t1 < --- <ty = T. In every time slice we select D(A Q,) C D(A) such that the conditions
and (2) are satisfied in Ly(€y,; R™). This defines V,, = C*([tn—1, tn); La(Q; R™)) NCO([tn—1, tn]; D(A; Q).

Using v,, € CO([ n—1,tn); Lg(Qn,Rm)) for v, € V,, we define

V() = {ve Lo(R™): vy € Vi, 0(0) = 0,0 (8) = Vpp1(tn) on Q, N Qg and vy 41(t,) = 0 on Qpyp1\ Qp }
V*(Q) = {ze La(R™): 2 € V0, 2(T) =0, 20 (tn) = 2nt1(tn) on Qy N Qi and 2z, (¢,) = 0 on Q,, \ Qn+1}

with v, = U‘(tn_l,tn)- By construction, we have
(Lv,2)o.0 = (v, L*2)0.0 , veV), zeV(Q), (9)

and the ranges L(V(Q)), Lx (V* (Q)) are dense in the energy space W = Lqo(Q2;R™). The corresponding energy
norm in space and time is given by ||w||w = /(Mw,w)o o for w e W.
Lemma 1. We have for u € V(Q) and f = Lu

lullw < \[IIM Hllw

This is a Poincaré type estimate since it relies on the initial condition u(0) = 0.

Proof. The estimate relies on the representation of the solution in every slice [t,,—1, tn] X Q,. In every slice,
define W,, = Ly(2,;R™) and we use the energy inner product (vn,wn)w = (Mvp,wp)o,0, for vy, w, € W,.

Since the operator M !4 is skew-adjoint in W, i.e., (M~ Av,, v,)w, = (Avn,vn)o.q, = 0 for v, € D(A4;Q,),
the spectrum is contained in iR which yields || exp(sM = A)v,|lw, < ||vallw, for all s € R. Now, inserting

u(t) =exp ((t — tp—1)M " A)u(t,_1) + / exp ((t—s)M'A)M ™ f(s)ds, t € (tn_1,tn],

tn—1

yields recursively for t € (t,_1, t,]

t
la@)llw, < ultas)lw, + / M1 (8) o, ds
tn—l
t 1/2
< Nultaes)llw, + VF— s ( / 1M 5 (s) 3, ds)
tn—l
1l " 1/2 . 1/2
< Z\/k—tm(/ 1M A (s >||%des> TN/ (/ ||M—1f<s>|%vnds)
tn—1

. 1/2
< (Z/tk 1||M L) d5+/t_1 M=), dS) ~

Together, this yields

N tn 2
iy = 32 [ ol a0 < [ (Z [ s >Wkds> at= 3T
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A variational setting. We extend the operator L in V(Q2) C W to a suitable Hilbert space defined by

H(L,Q) = {veW:LveW}
= {veW:weW exists such that (w,2)o,0 = (v,L*2)0,q for all z € C(Q;R™)}.

We use the weighted graph norm [|v|lur.0) = v/|[v[[E + [M~1Lv[[}, = /(Mv,v)o,q + (M~TLv, Lv)g,q. The
closure of C}(Q,R™) with respect to || - |1z, is denoted by Ho(L, ), cf. [11} Sect. 5.5.2].

In the hyperbolic case we have H(L, Q) = H(L*, ). Nevertheless, since L is associated to the forward problem
and L* to the backward problem, we will need different subspaces in the following arguments.

Since CL(Q,R™) is dense in Ly(2,R™), this defines L € L(H(L,Q),W) and L* € L(H(L*,Q), W) which are
consistent extensions of the operators L in V() and L* in V*(Q).

Let V be the closure of V() in H(L, ), and let V* be the closure of V*(Q) in H(L*, ). Then, Lem. |1] yields
HUHW < (g ||M_1L7)||W7 veV (10)

with C, = T/v/2, and, correspondingly, || z|lw < O ||[M~'L*z||w for z € V* for the adjoint problem backwards
in time. Moreover, implies that L(V) C W is closed, and since L(V) C W is dense, we obtain L(V) = W,
so that L € L(V, W) is a bijection. Furthermore, @ extends to

(Lv, 2)0,0 = (v, L*2)o,0, veV,zeV". (11)

The solution in the restricted space-time domain ©Q C (0,7) x g is now compared with the solution in the
full space-time cylinder (0,7) x . Therefore, let Vj and V; be the closures of ¥V = V((0,T) x Qo) and
V* =V*((0,T) x Q). Furthermore, set Wy = Lo ((0,T) x Q; R™).

Lemma 2. Let fo € Wo be a source function and let ug € Vo be the unique solution of Lug = fo in (0,T) x Q.
Assume that © D Cy(supp fo) NC_(@W) for a domain of interest w C [0, T] X Qo. Then, we have for the unique
solution uw € V' of Lu = f with restricted source function f = folo € W consistency with ug in w, i.e.,

Uy = uolw -
Proof. Let zy € Vi be the dual solution with respect to the goal functional induced by (v — ug)|y,, i-€.,
(L*ZOaWO)O,(O,T)XQ = (u— Umwo)o,w, wo € Wy .

Then, we observe supp zy C C_(@).

Let x € CL((0,T) x Q) be a function with suppx C Q and x = 1 in C = C(supp fo) N C—(w). This extends
u €V to xu € Vo with u(t,z) =0 for (t,z) € (0,7) x Qo \ Q. Using suppu € C(supp fo) and we obtain

(L*20, xu)o.0 = (L"20, X®)0,(0,1)x 00 = (20, LX)0,(0,7)x0 = (20, L)o.c = (20, Lu)o .0
and (L*zo, Xu0)o,(0,7)x0 = (20, L10)o,(0,1)x0,- This yields the assertion by

lu—uollg, = (u—uo,x(u—1uo)),,

= (L*207XU)09 — (L™ 20, X10)0,(0,7)x 2%
(20, Lu)o,0 — (20, Lio)o,(0,7)x 20
(

20, [)o,2 — (20, f0)o,(0,1)x00 = (205 f)o,2 — (20, fo)o.c = 0.



Integration by parts defines the operators Dg € L£(H(L,2),H(L*,Q)') and Df, € L(H(L*,Q),H(L,)’) with
(Dou,z) = (Lv,2)o0— (v,L*2)0.0 = (Dgz,v), ve H(L,Q), ze€ H(L", Q).

The kernel of Dg is denoted by N (Dg) = {y € H(L,Q): (Doy,z) = 0 for all z € H(L*,Q)} D Ho(L,Q). In
fact, the boundary conditions in Ho(L,2) and in V are characterized by duality. Following [I3| Lem. 2.4] and
[6], this is shown using properties of polar sets, cf. [22] Sect. 4.5], applied to
CHR™) = {neH(L,Q): (n,v) =0 forall v € CLHR™)},
tDG(VH(Q) = {veH(L,Q): (Dgv,z) =0 for all z € V*(Q)}.

Lemma 3. We have Ho(L,Q) = N'(Dgq) and V = +Dg,(V*(Q)).
Proof. For a given functional £ € CL(€;R™)* we define u, € H(L, Q) solving
(M_lL’LL(, Lv)0 o™ (Mug,v)o o= (v, veH(L,Q). (12)

Then, (Mug,v), o, = —(M~"'Lug, Lv),, , for all v € CL(Q;R™), which yields z; = M~'Lu, € H(L*,Q) and
L*zy = —Muy. This is inserted in , and we obtain for the adjoint operator Dy,

(D4 z0,v) = (Do, z0) = (Lv, 20)0.0 — (v, L*20)0.0 = (L’U,M_lLUg)QQ + (U’MW>0,Q = (l,v), veH(LQ),
i.e., Dfzy = £. This proves CL(Q;R™)L C Dy, (H(L*, Q)), and by duality we conclude the first assertion
N(Dg) = +Dg(H(L*,Q)) € ~(CLUR™)H) = Ho(L, Q).

Since +Dg, (V*(9)) is closed in H(L,Q) and V(Q) C D, (V*(Q)) by (@), we have V' C +Dg,(V*(2)). On the
other hand, for v € +Dg,(V*(Q)) € H(L,Q) set f = Lv and let u € V be the unique solution of Lu = f.
Together, we have by construction u — v € =D, (V*(Q)) and L(u — v) = 0, so that

0= (Dgz,u—v) = (L(u— v),z)o)Q —(u— v,L*z)O)Q =(v— u,L*z)QQ, z € V(Q).

Since L*(V*(Q)) C W is dense, we obtain u =v € V. O

3. Space-time substructuring

Let Q5 = UK C Q be a decomposition into open convex subsets K with skeleton 9€2;, satisfying Q = Q5 U0Qy,.
We consider the broken space Z = H(L*, Q) = [[ H(L*, K) and its dual space Z' = H(L*,},)’, again using
the weighted norm | z||z = /||z|lw + |M—1L*z[|w with ||z||w = /(Mz,2)0.q, evaluated in Q.
Integration by parts defines the operators Dy € L(H(L,K),H(L*, K)) and Dq, € L(H(L,),Z’) by
(Dq,v,z) = (Lv, 2)0,0, — (v,L*2)0.q, = Z(Lv,z)o,K— (v, L*2)0,x = Z(DKU\K,Z|K> ,veH(L,Q), z€ Z.
K K

Lem. [3| yields Ho(L, K) = N(Dg) and thus Ho(L,Qp,) = [[x Ho(L, K) = N(Dgq,). This allows to identify
traces on the skeleton 0, with functionals Dg,, (H(L, Qh)) C Z'. By construction, we have

(Do, v, 2)| = |[(M~'Lv, Mz)o,0, — (Mv, M~ "L*2)o.0,| < [[vlur.onlzlz, veH(L,Q), z€Z,

ie., [[Da,vllz < |lvlluiz.an)-



For given f € W let u € V' be the unique solution of Lu = f. Then, we observe
(’LL, L*Z)O,Qh + <DQhU7 Z> = (L’U,, Z)O,Qh = (fa Z)O,Qh ; z€Z.

This allows for a weak characterization in the energy space W and the abstract trace space V = D, (V) C Z’.
Therefore, we define the bilinear form in (W x Z') x Z by

b(w,v;2) = (v, L*2)0.q, + (0,2), (w,0) eW x Z", z€ Z.

We now show inf-sup stability of the bilinear form b(-, -), which implies that a unique weak solution (u, @) € W x 1%
exists with b(u, 4; 2) = (f, 2)o,, for all z € Z.

In order to obtain improved optimal estimates, we use in W x Z’ the norm ||(w, 9)||w x z- = max{||w||w, |0z}
Then, the bilinear form b(+; ) is continuous with |b(w, 0; 2)| < ||(w, ?)|lwx 2z’ ||z]|z, and we obtain the following
estimate for the inf-sup stability for the ideal DPG method, cf. [6].

Lemma 4. The bilinear form b(-;-) is injective on W X V and inf-sup stable with 8 = (20% + 2)71/2, i.e.,

b(w, v; z)

sup > Bl (w,d)||wxz (w,0) e W x V. (13)

zez |2llz
Proof. Let (w,0) € W x V be in the kernel of b, i.e, b(w,¥;2) =0 for z € Z. Then we have

0= (w,L"2)o,q, +(,2) = (w,L*z) z € Cg(Q;L,Rm) ,

0,9
ie,weH(L, Q) and Lw = 0 in Q. This yields for all v € V with Dg,v =10

(Dg, (w—v),z) = (Lw, 2) — (w, L*2) —(0,2) =0—b(w,d;2) =0, z € H(L*,Qy,),

0,Qp 0,Qp

ie., w—v e N(Dgq,)=Ho(L,Q). Thus we have w € v+ Hy(L, Q) C V, and together with Lw = 0 and using
we obtain w = 0. Thus, b is injective on W x V.
In the second step we show inf-sup stability. For given z € Z C W we select u, € V with Lu, = Mz, which yields

b(uy, Do, uy; 2) = (uz,L*z)Oﬂh + (Lumz)O,Qh . (UZ’L*Z)O,Qh = (Luz,z)oﬂh = |zII% .
Inserting we obtain

[(uz, Do, uz)lwxz: = max{|lu:llw,||Da,u:llz} <max {|u:|w,|lu:lluc.0.)}

A

lusllicze,) < \/CE+ LM Lusllw = 1/CF + 1]12]w -

This establishes for all z € Z by selecting (u,, Do, u.) and (M ~1L*2,0) in W x Z’

b(v, 0; 2) { b(uy, D, uz; 2) b(M—1L*z,0; 2) }
sup ———"2— > max , —
woyewx v 10, 0)lwxz [(uz, Doy uz)llwxz " (M~1L*2,0)|[wxz

2 —17rx*,2
SO (N 1 Ny o
SO 1zl Il

o max {[lzllw, ML 2w} =]z

- VCE+1 T V201

Since b(-;-) is injective in W x V, we obtain by duality [2, Lem. 4.4.2). O




4. Petrov-Galerkin estimates

In Lem. [4] we established a variational space-time setting for weak solutions in the product space Y = W x 14
with a broken test space Z. Introducing the trial-to-test operator Tz, see Tab. [l we observe

b(y; 2)

ITzyllz = sup P zBllylly,  yeY,

i.e., inf-sup stability of the bilinear form b(-;-) in Y x Z implies ellipticity ||Tzy||% = (Sy,y) > B?|ly|? of the
corresponding symmetric Schur complement problem in Y.

Now we select discrete spaces Wy, C W and Vj, C V, and we set V, = Dq, (V) C Z' and Y}, = W), ¥ V,CY.
An appropriate discrete test space Z, C Z always exists (see, e.g., [4, Thm. 4.8] for the transport equation and
[26], Sect. 6]).

TABLE 1. Operators for the Petrov-Galerkin analysis.

Be L(Y,Z) (By, z) = b(y; 2) yeY, zeZ
Riesz operator Az e L(Z,7)) (Azz, ) = (2,¢)z z,p €7
trial-to-test operator Ty = Ang e LY, Z) (Tzy,2)z = bly; 2) yeY, zeZ
Schur complement S=DB'A,'BeL(Y,Y)
natural embedding  Ey, € L(Y;,Y) By, yn = yn yn € Yy

EZh S ﬁ(Zh, Z) Ezhzh =2z zZn € Iy,

Az, = EY, AzEy, € L(Zn, Z}) (Az, 20, Yn) = (2n,%n)z 20, Y0 € Zn
Galerkin pI‘OjeCtiOIl PZ;L = AE,IE/ZhAZ S ,C(Z Zh) (chz,i/}h)z = (Z,¢h)z z €7, ’L/)h SN

Bh = EZh BEYh S E(Yh, Zh) <Bhyh7 Zh> = b(yh; Zh) Yn € Yu ,2p € Z,

= A Bh = chTzEy}L € E(Yh, Zh) (Tzhyh, Zh)Z = b(yh; Zh) Yn € Yh, zn € Zp,

Sh, A 7. B € L(Y3,Y})
Lemma 5. For given By, € (0,3) a discrete test space Zy, C Z exists such that

Tz, ynllz = sup > Bullynlly Yn € Yy . (15)

Zn€Zn ”ZhHZ
Again this implies ellipticity (Spyn,yn) > B7|lyn||?- of the corresponding discrete Schur complement problem.

Proof. Let Zzpt = Tz Ey, (Y},) be the optimal test space, and let Zj, i, k € N be a dense family of discrete spaces

so that z = klim Py, .z for all z € Z. Since Z;®" is discrete, for all £ € (0,1) some k = k() € N exists such
—00 !

that || Pz, . 2n — znllz < €|l2nl|z for all z, € ZyP". This yields
1Pz, 2nll% = lznllz = 1Pzos2n — 2ull% 2 llznllz = 2llanlll = A=) zallZ, 20 € Z3.

Now, for given ), € (0,8), select e = \/1 — 33/5? > 0 and set Zj, = Zj, (). This yields for all y; € Y},

sup blyni zn) _ 1Tz, ynllz = Pz, TzEv, ynllz > V1 = 2| TzEy, ynllz > V1 — 2 Bllynlly = Bullyrlly -

S el H



TABLE 2. Operators and bilinear forms for the local Petrov-Galerkin analysis with restricted
spaces Y = Ly(K;R™) x H(K, L) and Zx = H(K, L*) for K C Qp, and local finite element
spaces Wi, = Wik, Vi, = Vil Yo = Wi X Vien, and Zk = Zn| k.-

Bk € L(Yk,Z}) (Bryr,2x) = br (YK; 2K) yk € Yk, 2k € Zk

Brn € LYk h, Z3 p,) (B hYr,hs 2K,h) = bk (Yr,hi 2K,0)  Ykh € Yi,h s 2K,0 € ZKoh
Az, € L(Zrny Zic 1) (Azic 2k, Vkn) = (B0 YRR 2 2K,0 VKR € ZKh

Ay, € LYk n, Yie ) (Avi Ui h, Pr.h) = (YK R PR Y  YKh PR € YE R

Ey,, € LYk, YK) Eyy wYK.n = YK b Yr,h € Y n
Skn = Bicp Az, Brw € L(Ykh, Yie )

Since the optimal test space Z,(;pt is not accessible, the proof in Lem. [5|is not constructive, and the norm in
Y, = W, x Vi, C W x Z’' cannot be evaluated. Nevertheless, for broken test spaces Z, = [[ Zk,n the well-
posedness of the discrete problem can be tested by a local criterion, and norm estimates can be evaluated in
Wk %X Vi, = (Wi X V3)|k using the norm in Vi, C H(L, K), so that for computable estimates it is not

required to evaluate the norm in the trace space VKyh =Dg(Vkn) C Z}(,h.

Therefore we introduce local operators (see Tab. 7 the local bilinear form by (-;-) defined by
b (Wi, vk;2x) = (Wi, L 2K )0,k + (DrVk, 2K ) (wi,vk) € Yi, 2K € Zk
and for all zx € Zk the local affine spaces
Zrn(zkx) = {zKﬁ € Zrn: bx(Yk,h, 2 — 2K,p) = 0 for all yg j, € YK,h} .

Lemma 6. If Zx »(zx) is not empty for all zx € Zx and K C Qp, the operator By, is injective in Yy, and a
Fortin operator exists, i.e., a projection I, € L(Z, Zy) with b(yp;z — Mpz) =0 for all y, € Yy, and z € Z.

This provides discrete stability and the estimate 8, > 8/||I1; ||z for the inf-sup constant [3, Prop. I1.2.8].

Proof. For zx € Zk and K C Q, we define Ilg j2x € Zi n(2K) as the element with minimal norm. An explicit
representation is derived as follows. We compute a critical point (zx 5, Yx.n) € Zi,n X Yk 1 of the corresponding
local Lagrange functional

1
Fr n(2,h, Yrh) = §||ZK,h||2zK +br (Yr,hi 2K — ZK,0)
1
= §<AZK,hZK,h, 2x.h) + (Br By, YK,hy 2K) — (BKWYK by ZK,R) 5

i.e., AZK,h,ZK,h = BK,hyK,h and B}()hZK,h = Eg/K.hB}(ZK' This yields

—1
ZK.h

Sknyr.n = Bin Az, , Brnyrn = By, , Biczi - (16)

We have
(By, , Bz, Vi) = b (Vron; 2x) = (B pron, Bz 2x) = 0, Y € N(Brn),

ie., By, , Byzr € N(Bgp)". Since Sk, is self-adjoint and N (Sk,n) = N(B,1), this shows that a Lagrange
multiplier yx n € Yk 5 solving the local Schur complement problem exists, but in general, the solution is
not unique. Thus we select the solution with minimal norm in Y ;. This is determined by the pseuso-inverse
with respect to the topology in Yx

-1
Ska = Jlim (SK,hA;;’hSK,h + 6AYK,h) Sk Ay € L(YVie . Yic).-

i
S—>
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Then, yx p = S};’hEg,th Bl zk is a Lagrange multiplier and the minimizer is given by 2k, = Ik 2k with

Ok pn= A};,hBK,hS;?hEQ/K,hB/K € L(Z, Zk,p) -

This defines 11,z = (ZK,h EZK,hHK,hZ|K)Ka and thus b(yn, z — IIp2) = > 5 b (Yn|k, 2|k — Ok nz|x) = 0 for
all y, € Yy, i.e., Il is a Fortin operator. Then, for all y, € N (B})

0 = b(yn; pz) = blyn; 2) = (BEy, yn, 2) , z€Z.
Since B is injective in Y, this implies y5, = 0 and thus the assertion N'(By) = {0}. O

Remark 7. If By is injective, a Fortin operator exists (see, e.g., [I2] for a general Banach space case and [7]
for the application to DPG). An optimal Fortin operator Hzpt can be determined as follows: for given z € Z
find z, € Zj, with minimal norm ||zp||z subject to the constraint b(yn;z — zp) = 0 for all y, € Y}. Again, this
can be computed from a critical point (zp,yn) € Zp X Y}, of the corresponding Lagrange functional

1
F(zn,yn) = §th||2z +b(yn: 2z — zn)

ie., Az, zn = Bpyn, Bjzn = E{,hB'z, and thus z, = AZBhyh and Spyp = B;lAZBhyh = Bz, = Eg,hB'z.
This yields zj, = II5**z with
P = A,'ByS, 'EY, B/
h T 4z, Phlp Ly o
Bounding H‘;Lpt involves an estimate for S ! which requires a bound for the inf-sup constant. The construction

in Lem. |§|requires only local estimates for S}; , which can be computed by local discrete symmetric eigenvalue
problems

Ay S nAvic Yk = M h Ay, YK b » (Ax,hs YK ,n) € [0,00) X Yiep (17)

Let ||(wi,vi)||lve = max{||wK||WK, ||vK||VK} be the norm in Y = Wi x Vi.

Lemma 8. If the constants a p, > 0 satisfy

1% nlrcnllvie < arnll Ay, Crcnllvi s Cin € Yiey, K CQp, (18)
the Fortin operator constructed in Lem. @ is bounded by ||II;||z < max ok p.
Solving the eigenvalue problem yields the estimate ax ) = V2 max \ Kh-

Proof. For zi € Zk we define £ j, = EQ/K_}LB’KZK and yx p = S?} wlK h, 5O that

_ —1 —+ / /
HK,hZK = AZK,;LBthSK,hEYK,hBKZK
-1 +
AZK,hBK,hSK,hEK,h

—1
Az Brnyrh -

The definition of the norm in YK yields ‘bK(yK,M ZK,h)' = |<BK,hyK7ha ZK,h>| S HyK,hHYK ||ZK,h||ZK7 ZK,h c ZK.h7
which gives

Minzillze = 1Az, Brayrnlze < llyrnlvi -
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From we we obtain ”yK,hHYK = ||S;;)h€K,h”YK < OLKJLHA}_/II( héK,thK, and finally it holds

—1
Yi,n

1Ay,

Yien By, Brerllvie < Izl 2« -

lenllye = |4
Together this yields ||[Tlx n2llzy, < arnllzllz. Then, [Thzll < 3ok, |zl k%, < maxag ,llz]% yields the
assertion.

Remark 9. Scaling arguments on uniformly shape regular meshes in [20] and [15] Sect. 5.2] show that a bound
for ag p can be estimated on the reference cell. Results for the acoustic wave equation on tensor-product
space-time cells are presented in [I5], Sect. 7.1]

5. The realization of the DPG method

In heterogeneous materials, the finite element error also depends on the approximation error of the PDE, and the
realization of the DPG method uses an approximation M} € Ly (Qo; R;’;ﬁé‘m) of M; then we set L, = M,0; + A
and L}z = —Lpz for z € CL(Qp; R™).

The estimates for the DPG analysis use functionals in Dg, (V) C Z’. In the implementation, we use represen-
tations of these functionals in W = Ly (9€; R™). For this purpose we introduce trace mappings for sufficiently
smooth functions.

Since N'(Dg) = Ho(L, K) D CL(K;R™), we can define trace mappings try, trj € £(CH(K;R™),Ly(0K;R™))
such that

(Lhvk, zx)o,x — (Lpvk, 2K )0,k = (trk Vi, tr 2K )0,0K vk, 2z € CHK;R™).
This extends to try € L(CH(Q; R™) NV, W) and trj € £(CH(Qp; R™), W) such that
(Lpv, 2)o,0, — (Lyv, 2)0,0, = (trp v, tr} 2)0,00, ; ve CHQ;R™ NV, z€ CHQ;R™)
by the selection of an orientation on inner faces F = 0K N dKp and the restriction trpv|p = trg v|p for

conforming functions, and the jump term tr} z|p = trgx z|p — trx, z|p for functions in the broken space (see
[15, Sect. 6.1] for the acoustic case).

The trace defines the approximation of the bilinear form b( -; )
br(Wh, On; 2n) = (Wh, Ly 2n)o,0, + (On, t17; 21)0,00, 5 w, €W, T €W, 2, € Zy.
Now we select W, C W, \7h C W, and Z; C Cl(Qh; R™) such that

- Up, £, 210,00 ~
il = sup ZtThzndoomn o
wmezn  lznllz,
is a norm in X~/h and such that the bilinear form b, (-;-) is inf-sup stable, i.e., By > 0 exists such that

by (wh, On; 2n)
sup ————~

> Boll(wn, on)lwi, x z;, » (wh, Tn) € W x Vi, (19)
aezn  |1znllz,

with respect to the norms for w € W, z € Z, and (wp, 0p) € Wy, X Vi given by

[wllw, =/ (Mhw,w)o0,, 2]z, = \/”ZH%Vh M LRy, s 1w Tn)llw <z, = max{[wallw, [19n]1 2, } -
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For the error analysis we construct a conforming extension Vj, C V' of the trace space IN/h so that for all vy, € Vh
a reconstruction vy, € V}, exist satisfying
(trp, vn, tr7, 21)0,00, = (Dn, 7, 21)0,00, zn € 7y, . (20)
Then, we denote by trpup € Z; the corresponding functional defined by
(Srnvn, zn) = (b1 On, 077, 20)0.00 s 20 € Zn, (21)

and we set Vj, = t/fh(Vh) C Z.

The DPG approximation (uyp, 4p) € W, x Vj, for a given right-hand side f € W minimizes the residual

br(wh, On; 2n) — (f; 2n)o0

(up, up) = arg min _ sup
(wn,0n)EWRX V) 2n€2Z thHZh,
It is computed by
by (un, @n; zn) = (f; zn)o0, 2 € Tn(Wiy x Vi), (22)

where the discrete trial-to-test operator T, € E(Wh X ‘N/h, Zh) is defined by

(T (wh, on), 21) , = br(wn, Tn; 21) , (wh, Tn) € Wi X Vi, 21 € Zp.

Now, the first Strang Lemma [I1], Lem. 2.27] takes the following form.

Theorem 10. For f € W let uw € V be the solution of Lu = f, and let (up,tp) € Wy x Vi, be the DPG
approzimation solving . We assume that a conforming reconstruction space Vi, C 'V satisfying and
up € Vy, exist with

<ﬁh, Zh> = (’l]}“tl‘;kl Zh)o’th s Zn € Zh . (23)
Let frpu € Z; be defined by
(trnu, z) = (Lau, 2n)o,0, — (U, Li2n)o.0, » 2n € Zp, (24)

and we set it = Dq,u € Z'. Then, the error is bounded by

. ru — 4 < inf — wp, trpu — tr
(= wn, trpw — @) llw, xz; < - S <||(u w, trpu — trpvn)|lw, <z,
b t ; — b(u, u;
4 ﬂal sup h(wm T'n Uhyzh) (U7U7Zh)
€7, (7Y P

Furthermore, if u € V, the error is bounded by

u— up, trpu — 0 < (1 ~1 inf w — wp, trpu — trpv
”( o h)”WhXZ;L N (+BO )(wmvh)EanVhH( P " h)”WhXZ;I

+ By MM (M, — MYM V2| | Dyl -
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Proof. For all (wp,vy) € W), x V}, we have
1w = un, trnw — an)lwyxz, < 1w —wn, frau = 0vn) lwy, <z, + (Wi = wn, Seavn — @n) i < 2, -

and inserting (21, (23), and gives

| (wp, — un, travn — an) || w, xz; = |[(wn —un,trpvp —an)llw, <z
< B suwp br(wh — up, try, vy — U 2n)
Zn€Zp th”Zh,

Using by, (un, @n; zn) = (f, 2n)o.0 = (Lu, zn)o,0 = b(u, 4; zp,) for z), € Th(Wh X ‘N/h) and

br(Wh, Ons 2n) br (W, Un; 2n)
sup ———— 7 — sup _

, (wh,f)h) e W, x ‘7h
S T ealze e o) Tl

yields first estimate. The second estimate follows from by, (wp, trp vi; 2n) = (wh, L 2n)0,0, + (trpop, z1,) and
by (Wi, — up, trp, v, — Un; 2n) = bp(wh, try vas 2n) — (Lu, 21)0,0
= (wn, L} zn)o,0, + (Eravn, 2) + (M, — M)atU,Zh)QQ — (Lnu, zn)o,0

= (wh —u, Lzzh)oﬂh + <’a“h’l)h — tArhu, Zh> + ((Mh - M)atu, Zh)O,Q . 0

Remark 11. In the case that the solution u € V has the additional regularity v € H'*$(Q; R™) with s > k > 0,
a trace function @ € Lo (9p; R™) with

(@, try 2)o,00, = (Lu, 2)o.0, — (v, L*2)o0,q, z € CH(Q,; R™)

exists. In this case, the proof of Thm.[10|only relies on the traces in Ly, and no conforming reconstruction space
V}, is required for the estimates. For Wj, D P, (£2;) we obtain

0.0 < C1|[My||32h* Jull14s,0

in

£ u—wnllw, <[IMall? inf [lu—wl
wp €W, Wh, 3

and for Vh D Pry1(Th) with Ty, = U F C 99y, we obtain, provided that M, My € Loo (082; RT2X™), the estimate

sym

inf [|frpu —trponllz, = inf [|@—Gallz < Coh™Y? inf |[|id — 0y

v €V TR €V Vp €V

0,00, < Csh’||ulli+s,0

with constants C,Cs, C3 > 0 depending on the shape regularity of €2, and on M}. Together, this results in the
convergence estimate

(= wn, o — i)l oz, < (14 By ) max{Cy, Ca}h*|[ulla a0+ By | My (M, — MYM 2| ||y -
Remark 12. Choosing an extended space Zg** O Zj, allows for a conforming reconstruction V,, C ZX* NV
satisfying , see [15] Sect. 6] for the local construction and for examples in case of acoustic waves.

In the nonconforming case 1% ¢ trp(Vh), the construction of the reconstruction space V;, depends on Z, and
the asymptotic arguments in Lem. [5| do not apply. In particular, the reconstruction space may have strong
oscillations at the corners and edges of 9K . The numerical experiments in [I4] indicate that the optimal choice
of Z;, has to be well balanced to ensure discrete inf-sup stability on the one hand and to limit the nonconformity
on the other hand. Nevertheless, for a given choice of W}, f/h, and Zp, the well-posedness of the discrete system
can be guaranteed by Lem. [6] and explicitly computing a reconstruction V, a lower bound for the inf-sup
constant can be provided by Lem. [§
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6. A numerical example for an application in geophysics

Many applications rely on accurate numerical simulations of waves through complex material structures. For
instance, geophysical structures like the earth’s crust below the sea bed feature complex varying material
properties. A typical example is the problem of full waveform inversion (FWT), where the material distribution
is reconstructed from measurements of the wave field close to the surface [23]. Here, in a field survey a
wave is excited at some point Sy € g, and the scattered wave field is measured by receiver devices located at
Ry, ..., Ry € Q. During the experiment, each receiver records a time series of approximate point measurements
u(t, Ry), t € [0,T]. The collection of all these measurements is called a seismogram, see Fig. [5| for examples.

The recorded seismogram contains information about the material structure the wave has traveled through.
Full waveform inversion techniques attempt to reconstruct from this information by applying iterative schemes
of Newton-type (see, e.g., [19]). During the iteration, a large number of wave equations has to be solved
numerically for different right-hand sides and varying material parameters.

To demonstrate the flexibility and the accuracy of the space-time DPG method for heterogeneous media, we
consider a numerical example corresponding to the forward problem within FWI. We use the acoustic wave
equation for the Marmousi benchmark, a synthetic model problem for geophysical structures in two space di-
mensions featuring a material distribution that is similar to what is located inside the earth crust (see, e.g., [3]).
Fig. [3| shows rescaled variants of the spatial varying mass density and bulk modulus that have similar structure

to the materials in this benchmark. We select the spatial domain €y C R2, the receiver positions Ry, ..., Ry,
and the source position S = (¢, Sp) € (0,T) x Qo as shown in Fig.
T
0 9 ,
RO .—.RN : x QO : : \
.SO : \\\
Qo : (0,Rn)® (T, Rn)
I 3 c({shHnc-(R)
: (07R0)" """"""""""""""""""" 7 (T7 RO)
R ) y "
y 0 T

FIGURE 2. The left figure shows the spatial domain Qy = (0,9) x (0, 3), the source position
So = (2.602,0.802), and the first and last receiver Ry = (2.002,0.303) and Ry = (4.002,0.303).
In space-time, the source is located at S = (0.4,Sp) and the signal is measured in R =
conv ({(t,Ro),...,(t,Rn): t € (0,T)}), T = 8, which results in the domain of interest in-
tersecting of the forward and backward cone C4({S}) NC_(R). This is illustrated on the right.

For the inversion, we only require the wave field in the space-time region that contributes to the transport of
information from the source to the receiver array. Thus, using Lem. [2| for the maximal wave speed cpax = 1.37,
we find a superset of the relevant region of the full space-time domain (0,7) x g, see Fig. At the source
position S, the wave is excited by the right-hand side f(x,t) = 100 ¢¢(tg — t)d.(|So — z|), (t,z) € (0,T) x Qo
with a Ricker wavelet for fo = 100 in time

o¢(7) = (1 — 2a7?) exp(—at?), a=nfir?

6
and in space ¢ (1) = X[o,r,)(r) cos <g TL) for ro = 0.05.

0
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The numerical simulations were performed using the DPG approximations with local finite element spaces
Win = Qs(K)®, Vil 1umyxorx = Qu(F)*,  Viliyxxo, = Qu(F)?, Zrn = Qs(K)?

on a quadrilateral mesh, yielding a scheme that converges with order 4 in Lgy ((O, T) x Qo) for smooth solutions,
see [14, Sec. 4.7]. The material parameters x and p are cell-wise constant as shown in Fig.

The method is realized in the parallel Finite Element system M++ [24], where the linear systems are solved
with a preconditioned c¢g method using the reduction to the symmetric positive definite Schur complement
system for the skeleton approximation Vj,, cf. [25]. The implementation of this space-time DPG method is
evaluated systematically in [I4] Sec. 5] for configurations where the analytic solution is known. Moreover, basic
applications of space-time DPG to FWT are discussed in [14, Sec. 6].

0.5 1.0 15 2.0 2.5 3.0 3.5 4.0 1.9 2.0 2.1 2.2 2.3 2.4 2.5

FI1GURE 3. Approximations of rescaled spatial material distributions for Marmousi, x on the
left and p on the right. The first row corresponds to the discrete material parameters on a
coarse quadrilateral mesh with IV, - N, = 144 - 48 = 6912 cells, the second row shows the
material on a uniformly refined mesh with N, - IV, = 288 - 96 = 27 648 cells.

The pressure component of the full numerical space-time solution is shown in Fig. [ also see Fig. [} This
is compared with the solution on a mesh that has been truncated to the space-time region of interest. The
seismograms corresponding to the materials are shown in Fig.

The numerical experiments with the truncated space-time cylinder correspond to our results in Lem. 2l Up to
a small relative Lo (O, T, ]R?’) difference of 0.00318, the seismograms on the full mesh and the truncated mesh
coincide. The linear system of all space-time unknowns is solved approximately using an iterative solver, which
can explain the small difference. On the other hand, only explicit time stepping methods guarantee finite speed
of the discrete wave propagation. Since DPG is an implicit scheme, this also may explain a small difference of
the results for the full space-time cylinder and the truncated domain.

The comparison of the solutions on different refinement levels of the mesh shows that both seismograms have a
similar structure at the beginning but differ strongly at later times. Here, we give two possible reasons for this
difference: on the one hand, the approximation quality for the wave field increases on mesh refinement, and on
the other hand, on the finer mesh we have a better resolution of the material parameters My, i.e., a different
wave equation is solved, see Thm. [10]



FIGURE 4. The left picture shows the pressure component of the numerical solution on a regular
grid with Ny - N, - N, = 128 - 144 - 48 = 884 736 space-time cells resulting in 156 576 000 space-
time DoFs for all components in the skeleton space V. On the right, a truncated version of the
space-time cylinder is depicted that respects the position of the source and the receivers. The
truncation reduced the amount of cells by approx. 43% to 503024 cells and 89 394 900 DoFs.

Conclusion and Outlook. In this example we show that the method also yields accurate results for application
driven simulations. We demonstrate that for wave-type equations the finite wave speed can be exploited to
reduce the size of the linear system considerably while yielding the same results. Further numerical experiments
are necessary to compare the roles of the discretization error for fixed material M and h — 0 to the model error
resulting from the approximate material Mj,. For that reason, we intend to evaluate the performance of an
established discretization like discontinuous Galerkin with time stepping in comparison to the space-time DPG
method.
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(DFG) through CRC 1173. This work was performed on the supercomputer ForHLR funded by the Min-
istry of Science, Research and the Arts Baden-Wiirttemberg and by the Federal Ministry of Education and
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FIGURE 6. Pressure distribution for three different numerical simulations at selected time steps
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time DPG method using the full space-time cylinder on level 4. The second and third column
correspond to space-time DPG in the truncated space-time cylinder on level 4 and level 5
respectively. To solve the linear systems, we use a parallel cg iteration with a block Jacobi
preconditioner. The full problem on the left with 1.57-108 skeleton degrees of freedom is solved
on 1000 cores in about 40 minutes. The truncated problems in the middle and on the right
with 8.9 107 and 7.1 - 10% skeleton degrees of freedom are solved on 5000 cores in about 6 min
and 75 min, respectively. On level 4, less than 6 000 iterations and on level 5, less than 12000
iterations are sufficient to reduce the residual by a factor of 2 - 1078,
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