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ABSTRACT. We consider the stochastic NLS with nonlinear Stratonovic noise for initial values
in L?(R%) and prove local existence and uniqueness of a mild solution for subcritical and crit-
ical nonlinearities. The proof is based on deterministic and stochastic Strichartz estimates. In
the subcritical case we prove that the solution is global, if we impose an additional assumption
on the nonlinear noise.
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1. INTRODUCTION

This article studies the following stochastic nonlinear Schrédinger equation

du(t) = (iAu(t) = iNu(t)* u(t ——Z|em| [u(®)P0 () )t

1.1
—IZemw OF (@),

\ u(0) = uyp,

in L2(RY) with A € {~1,1}, a € (1,1+ 3], 7 € 1,1+ 2], () men C L=(R?) and independent
Brownian motions (f,,),,.y - We remark that the choice of the correction term is natural in
the sense that we have

=) emlu()] " u(t) 0 dBn(t) = =1 ) emlu(®)] " ult)dBn(t) - % > enlu(POVu(t)dt

and therefore, for conservative noise, i.e. real valued coefficients e,,, is a stochastic NLS
with Stratonovich noise.

The nonlinear Schrodinger equation can be seen as a model for nonlinear dispersive equa-
tions and enjoys physical significance in the description of nonlinear wave phenomena. In
some situations, there is a random potential in the equation which can be modeled by multi-
plicative Stratonovich noise. In [BCIT94], the equation appears with parameters d = 2,
a =3 and v = 1, in the context of Scheibe aggregates with thermal fluctuations.

In the literature, existence and uniqueness of the solutions to the NLS in R? with lin-
ear multiplicative noise was studied by de Bouard and Debussche in [dBD99], [dBDO03]
followed by a series of papers concerning blow-up behavior and numerical studies (see
[dBD02]],[dBD™05], [DDMO02], [DBD06]) and by Barbu, Rockner and Zhang in [BRZ14],[BRZ16]],
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2 FABIAN HORNUNG

[BRZ17] and [Zhal7]. In [BM13], Brzezniak and Millet derived a new estimate for the sto-
chastic convolution associated to the Schrodinger group. In contrast to [dBD99], where the
authors work directly with the dispersive estimate of the Schrodinger group, the estimate
from [BM13] is based on the deterministic Strichartz inequality. This allowed them to prove
global existence and uniqueness for the NLS with nonlinear Stratonovich noise on compact,
two dimensional manifolds, where the dispersive estimate is not valid and has to be re-
placed by localized version, see [BGT04]. In this article, we show how to use the estimate
from [BM13] to improve the results from [dBD99] and [BRZ14].

Let us compare our approach, assumptions and results to the articles [dBD99] and [BRZ14]
in detail. In [dBD99], de Bouard and Debussche choose a direct approach to (I.1). They re-
formulate the equation in a fixed point problem which they solve using Strichartz estimates
complemented by an estimate of the stochastic convolution. Unfortunately, the fixed point
argument only works in the case of linear noise, i.e. ¥ = 1. Moreover, de Bouard and Debuss-
che impose the additional restriction o € (1,1 + ﬁ) for d > 3 compared to the subcritical
range a € (1,1+ 3) and their assumption on the noise coefficients corresponds to the square
function estimate

D=

(i |em|2> < 00 (1.2)

L2 (Rd)ﬂLQJF‘S (Rd)

for some 0 > 2(d — 1). As a result, they obtain the existence and uniqueness of a global solu-
tionu € LP(Q, C([0,T], L*(RY))) N LY(Q, L"(0, T; LP(RY))) for some p, 7, p € (2,00) depending
on ¢ and a, where (p, r) is a pair of Strichartz exponents, i.e. 5 +2=14

The approach of Barbu, Rockner and Zhang in [BRZ14] is different. For a finite dimen-
sional noise W = 3-™_ ¢, ,,, they reduce (T.T) to a non-autonomous nonlinear Schrodinger
equation with random coefficients via the scaling transformation v = e '"y. Generally
speaking, the main advantage of this approach is the fact that the equation can be solved
pathwisely. This allows to use the well known fixed point argument for the deterministic
NLS (see for example [Caz03], [LP14]), as soon as Strichartz estimates or non-autonomous
operators of the form

A(s) =1 (A+0b(s) -V +c(s)) (1.3)

are available. In particular, the full range of subcritical exponents a € (1,1 + ) is accessible
and a transfer of the argument to higher regularity is easier compared to [dBD99] and the
present article, see Remark below.

However, the theory for is less developed than the theory for iA. On R?, for exam-
ple, one can use results [Doi%] and [MMTO08]]. We also refer to the recent article [Zhal7] by
Zhang which deals with pathwise Strichartz estimates and application of the rescaling ap-
proach to a more general class of stochastic dispersive equations on R?. However, Strichartz
estimates for on other geometries like compact manifolds are not available so far. More-
over, the Strichartz estimates for (1.3) need regular coefficients, which leads to the regularity
and decay condition

em € CH(RY), lim (&) (lem ()] + [Vem ()] + [Aem(§)]) = 0 (1.4)

|§|—o0
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with

._{1+m% d+#2,
T a4 e og2 + €22 d=2.

Another drawback of the rescaling approach is the fact that the transformation u = ey
only works for linear multiplicative noise.

Assuming and v = 1, Barbu, Réckner and Zhang prove pathwise global wellposed-
ness of (1.1)), i.e. existence and uniqueness in C([0, T, L?(R%)) N L4(0, T; LT (R?)) for almost
all w € Q and almost sure continuous dependence on the data, for & € (1,1 + 4) and path-

wise local wellposedness for o = 1 + %, see [BRZ14], Theorem 2.2 and Corollary 5.2.

The present article is motivated by the following two goals:

e We would like to treat nonlinear noise and weaken the assumption (1.4) from [BRZ14].
e We would like to avoid the restriction from [dBD99] and allow the full range of sub-
critical exponents a € (1,1 + %) in a global existence and uniqueness result.

To archieve this, we apply the direct approach by de Bouard and Debussche, but we substi-
tute their estimate of the stochastic convolution by the stochastic Strichartz estimate due to
Brzezniak and Millet, which reads

T

E S El2[7200.1.22) (1.5)

L4(0,T;LP)

JRUEROIEE

0

in a simplified form (see Proposition 2.3 for the details). Here, (¢, p) is an arbitrary Strichartz
pair and thus, the restriction of a can be avoided. Moreover, we observe that the stochastic
convolution improves integrability in time and space from 2 to ¢ > 2 and p > 2, respectively.
This can be used to deal with nonlinear noise. The results of this article are compressed in
the following Theorem.

Theorem 1.1. Let ug € L*(R%), X € {—1,1}, (Bn),.cy be a sequence of independent Brownian
motions and (e,,)men C L (R?) with

> llemlie < oo (1.6)
m=1

Then, the following assertions hold:
a) Lth ade (1,1 + 3] and v € [1,1 + 2]. Then, there is a unique local mild solution of in
L*(R?).
b) Let a € (1,1 + 3) and v = 1. Then, the solution from a) is global.
c) Let ey, be real valued for eachm € N, o € (1,1 + 3) and

a—14+d(1—-a)
a+1lda+d(1 - a)

l<y< + 1.

Then, the solution from a) is global.

Let us briefly sketch the content the following sections devoted to the proof of Theorem
In the next section, we fix the notations and assumptions, introduce the solution concept
and recall the deterministic and stochastic Strichartz estimates. In the third paragragh, we
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prove local existence and uniqueness of (1.1) and treat the cases v = 1 and v # 1 at once. To
this end, we solve the slightly more general truncated problem

(du, (t) = (1A, (t) — iy (U, t)|un (£)]* u,(t)) dt

- % > llemPen(un, O)un(®) PO Vun(t) + B}, Buun(1)] dt
o (1.7)

o0

—1 [0 (tn, t)em | (£)7 () + By (t)] dBm(t),

m=1

\ U(O) =Uo,

where the noise term and the Stratonovich term are split into a nonlinear part and a linear
one with general bounded operators B,, on L*(R?%). Moreover, we introduce a truncation
function ¢, (u,, t) = 0,(Z:(u,)) for a process

Zi(up) = HunHLq(O,t;L“‘*l) + HunHL‘?(O,t;LQV) (1.8)

and 6,, : [0,00) — [0, 1] with 0,,(z) = 1 for x € [0,n] and 0,,(z) = 0 for 2 > 2n. In (1.8), ¢ and ¢
are chosen such that (a+1, ¢) and (2, ¢) are Strichartz pairs. In order to construct a solution
of (I.7), we use a fixed point argument in the natural space L/((2, Er), where

o [ POV @) ACEOTL AR, at1z2y
T L0, s L2 (RY) 0 (o, T), LA(RY)), a+1<2y,

depends on the dominant nonlinearity in (I.7). The truncation replaces the restriction to balls
in Ep, which is used in the deterministic setting, and permits the pathwise application of
the deterministic Strichartz estimates. Since the solution of also solves the untruncated
problem up to the stopping time

T =inf {t > 0: Zi(u,) >n} AT, (1.9)

this yields a local solution u to up to time 7., := sup,cy7». The uniqueness of the
solution to can be reduced to the uniqueness of (L.7).

In the critical setting, i.e. &« =1+ 3 ory = 1+ 2, a similar argument yields a local solution.
Note that in this case, we use the truncation ¢, for a small v € (0, 1) instead of ¢,, for a large
n € N.

The definition of the existence times in shows that uniform bounds on the norms
in imply global existence. This is not convenient, since one would prefer a blow-up
criterium including the L?-norm, which can be controlled by the Hamiltonian structure of
the NLS. For linear noise, de Bouard and Debussche developed a strategy to get

sup E |:Hun HL‘Z(O,T;L&H)} < Cr,
neN

see [dBD99], Proposition 4.1. In the fourth section, we adapt this proof to our situation in
order to prove part b) and c) of Theorem

2. SETTING AND STRICHARTZ ESTIMATES

In this section, we introduce some notations, assumptions and solution concepts and recall
deterministic and stochastic Strichartz estimates, which will be used to construct the local
solution.
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Assumption 2.1. We assume the following:

i) We fix d € Nand T > 0. Moreover, let ug € L*(R?), A\ € {—1,1}. We denote
the Schrodinger group, i.e. the Cy-group of unitary operators generated by iA, by

(U(1));ez.-

ii) Let (Q,E}" ,P) be a probability space, Y be a separable Hilbert space with ONB ( f,,)men
and W a cylindrical Wiener process in Y adapted to a filtration I satisfying the usual
conditions.

iii) Let (€),,en € L°(R?) and (By,),,cn € L(L*(R?)) with

00 00
D lemllie <00 ) BmllZe) < oo
m=1 m=1

and define the linear bounded operators By, B, : L*(RY) — HS(Y, L*(R%)) by
Bi(u) frm = enu, By (u) frm == Bnu, u € L*(RY), meN.

For presentation purposes, we used in the introduction that the process

with a sequence (f,,),,cy of independent Brownian motions is a cylindrical Wiener process
in Y, see [DPZ14], Proposition 4.7. In the proof of Theorem[I.1, we want to avoid to treat the
cases of linear noise, i.e. v = 1, and nonlinear noise, i.e. v # 1, separately. Therefore, we
study the slight generalization of given by

du(t) = [iAu(t) — IMu(®)]* u(t) + pr (Ju@)PODu(t) + po(u(t))] dt
—1[By (Ju(t)] " u(t)) + Bou(t)] dW (¢),

2.1)

fy = —%mZ:l lem|? o = —%mZ:lB:an.

Since we look for mild solutions of (2.1)), we reformulate the equation in the form
t
u(t) =U(t)uo +/ Ut —s) [—iu(s)|*uls) + pa (Ju(s)P7Du(s)) + po(u(s))] ds
0

- i/o Ut — s) [By ([u(s) " u(s)) + Bau(s)] dW(s) (2.2)

In the following two Propositions, we introduce the main tool to apply a fixed argument to
solve (2.2), namely the Strichartz estimates.
Proposition 2.2 (Deterministic Strichartz Estimates). Let r;, q; € [2, 00|, j = 1,2, with

2 d d

_+_:_; (q,’l“7d)7é(2700,2)

q] ,',,j 2 YRR

Let x € L*(RY), J C Ran interval with 0 € J and f € L%(J, L"2(RY)). Then, there is a constant
C' > 0 independent of J, f and x such that
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a) [|U(-)x Hqu(Jm < Cllz| g2,
b) | [oU( = 8)f(s)dsllza gy < ClIfll g (L)’
Furthermore, U(-)x and [, U(- — s) f(s)ds are elements of Cy,(J, L*(R?)) and we have
o) |U()z Hob m < Cllz| 2,
d) Il Jo U( ( )dslloyrzzy < CIFN Loy oy

Proof. These estimates are well known, see for example [Caz03], Theorem 2.3.3. O

The estimates from Proposition 2.2| can be used to deal with the free evolution and the
deterministic convolution in (2.2). Furthermore, we need an estimate of the stochastic con-
volution. In order to apply Banach’s fixed point Theorem iteratively, we have to deal with
initial times T, > 0. We denote the shifted filtration (F;;1,),~, by F™. The process given by

W (t) .= W(Ty +t) — W(Tp), t >0,

is a cylindrical Wiener process with respect to F?°. For 77 > 0 and a F'°-predictable process
@ € L"(Q, L*(0,T1; HS(Y, L*(R?)))), we define

JB () = /0 Ut — s)(s)dWT(s),  te[0,Ti], (2.3)

by the stochastic integration theory in the Hilbert space L?(R?), see [DPZ14], chapter 4. Note
that for an [F-predictable process @, we have

/0 Ut — s)®(Ty + s)dW™(s) = / " U((Ty +t) — s)P(s)dW (s) (2.4)

To

almost surely for all ¢. Since we are also interested in Strichartz estimates, we need a def-
inition of the right hand side of 2.3) in L4(0,T; LP(R?))-spaces for ¢,p > 2. This can be
done by the theory of stochastic integration in martingale type 2 spaces, see [Brz97] and
the references therein or in UMD spaces, see [vINVWO07]. The tool to estimate the stochastic
convolution (2.3)) is the following result due to Brzezniak and Millet, [BM13].
Proposition 2.3 (Stochastic Strichartz Estimates). Let 71 > 0, p € (1,00) and q,r € [2, co] with

2 d d

-+ -== d 2 2).

q+r 27 <Q7r7 )#(7007 )

For all FTo-predictable processes & € LP(Q, L*(0,Ty; HS(Y, L*(R%)))), JT0 1@ is continuous in
L*(R?) and F™o-adapted with

107 @l o, na011,7) S 19l Lo, r20.mams(viz2y)
and

HJ%?TI]@HLP(Q,C([O,Tl],L?) S Pl zre,2 0,118 (v, L2))) -

Proof. See [BM13]], Theorem 3.10, Proposition 3.12 and Corollary 3.13 for the statement in the
case ¢ = p. The proof is based on the Burkholder-Davis-Gundy inequality

p T g
<5 ([l k)
X 0

E sup
te[0,11]

/O B(s) AW s)
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for X = L*(RY) and X = L4(0, Ty; L"(R?)), which holds for arbitrary p € (1, 00). Therefore,
q = p is not needed. For the BDG-inequality in martingale type 2 spaces we refer to [Brz97],
Theorem 2.4. O

Next, we introduce the Banach spaces for the fixed point argument depending on the
powers a and . For a € (1, 14 %} and vy € (1, 1+ %} , we fix ¢, G € (2,00) such that

2 d d 2 d d
_¢ I 2.

q + a+1 2 q * 2v 2 25)
in order to apply the Strichartz estimates from Propositions 2.2 and 2.3 with the exponent
pairs (o + 1, ¢) and (27, §). Moreover, we set

v Li(a,b; L“T(RY)), a+1>2y,
T Li(a, b; LP(RY), a+1< 2y,

and
Elap) = Y N C([a,b], L*(RY), 0<a<b<T.

We remark that in the critical case with o = 1 + % orvy=1+ %, the Strichartz exponents for

time and space coincide and we get Y[, = L*a(a,b; L**a(R%)). The relationship between
the spaces from above is clarified by the following interpolation Lemma.

Lemma 2.4. We have
By = L(a,b; L*TY(R)) N LI(a, b; L*(R7)).

Proof. We treat a + 1 > 2. The other case can be proved analogously. Since v € (1, “2=], we
can take 0 € (0, 1] with

16 1-0

% Ca+1 * 2
. cpe 1 __ 6
By the scaling conditions (2.5), we also get - = 7. Hence
7 i(1-0
iy < [ T 0

1-6)
< Jull oz / ()G wnrds = ull Foch ol ooy < Tl

for u € Ej, 3 by Lyapunov’s inequality and we have

ull Lagapsrorty + ullLa@pray < 2lulle,,, @ € By
O

Furthermore, we abbreviate Y, := Y|,) and E, := Ejy,) for r > 0. Let 7 be an [F-stopping
time and p € (1, c0). Then, we denote by M (2, E|y ;) the space of processes u : [0,T] x Q —
L*(RY) N L*(R?) with continuous paths in L?*(R?) which are F-adapted in L?(R¢) and F-
predictable in L?(R?) such that

=E | sup {lu(®)[[7> + [[ully, | < oo,

P
HUHME’Z(Q,E[O,T]) te[0,7]
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Often, we abbreviate v € M{(Q, E;) := ME(Q, Ejo-). Moreover, we say v € ME(Q, Ejo ) if
u is a continuous F-adapted process in L?*(R?) and there is a sequence (7,),,oy of stopping
times with 7,, /* 7 almost surely as n — oo, such that v € ME(Q, Ejo ) forall n € N.

Definition 2.5. Let o € (1,1+ 3], v € (1,14 2] and p € (1, 00).

a) A local mild solution of (2.T) is a triple (u, (7,,), oy, 7) consisting of stopping times 7, 7,,,
n € N, with 7, / 7 almost surely as n — oo, and a process v € ME(Q, Ep ), such
that u € ME(Q, Ey,-,)) and

u(t) =U(t)uo + /0 Ut —s) [=iMu(s)|* uls) + p (lu(s)P0Du(s)) + pa(uls))] ds

i /O Ut — 5) [By (Ju(s)" " u(s)) + Bou(s)] dW(s) 2.6)

almost surely on {t < 7,,} in L*(R?) for all n € N. Often, we shortly denote the local
mild solution by (u, 7).
b) Solutions of are called unique, if we have

]P’(ul(t) — us(t) Ve 0,00 A az)) —1

for all local mild solutions (uy, 01) and (ug, 02).
c) A local mild solution (u,7) with 7 = T almost surely and u € ME(2, Ejo 7)) is called
global mild solution.

3. TRUNCATED EQUATION, LOCAL EXISTENCE AND UNIQUENESS

This section is devoted to the proof of the local part of Theorem [1.1] In order to transfer
the deterministic fixed point argument, see [LP14], Theorems 5.2 and 5.3, to the stochastic
setting, we would like to use the Strichartz estimates for the nonlinear terms pathwisely. On
the other hand, Proposition [2.3 only gives us an L?(2)-estimate for the stochastic term at
hand. Hence, it is natural to truncate the nonlinearities and look for a mild solution of

duy (t) = (18un(t) — Mg (s ) (8)|* 1t (8) — @t 1) (Jun ()P0 Ve (8)) — piz (un(t))) At
— 1 (n(tn, £) Br (Jua(8) " un(t)) + Bau,(t)) AW (t),

u(0) = wuo.
(3.1)
in ME (2, Er) for fixed n € N. The truncation is given by
Spn(ua t) = en(”uHLq(O,t;Lo‘“) + HUHL‘?(O,t;L%))v (3.2)
with
1, x € [0,n],
O.(x) =< 2— %, x € [n,2n],
0, x € [2n,00).

In particular, we have

1
0u() = bul) < e =gl w20, 53)
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Before we start with the fixed point argument, we formulate properties of the power-type
nonlinearities that appear in (1.1).

Lemma 3.1. Let (S, A, 1) be a measure space and 1 < o < r < oo Then, the map
G:L'(S) = Lo(S), G(u):= |ul"tu,

is continuously Fréchet differentiable with

G Tulll s S MullZ, v L(S).
In particular,
IG(w) = G5 < (el + [olle)” = vl v e L7(S). (34)
Proof. This Lemma is well known, see for example the lecture notes [HMMS13], Lemma
9.2. O
To simplify the presentation, we use the following abbreviations for r > 0 and t € [0,7] :
t
K} u(t) :=— i)\/ U(t — s) [nlu, s)|u(s)|* " u(s)] ds, (3.5)
0
t
Kuaull) = / Ut = 3) [ (n(w, 9)luls) "0 Du(s)) + g2 (u(s))] ds, (3.6)
0

K7 u(t) = — i/o Ut —s) [Bl (gon(u, s)\u(s)]”’lu(s)) + Bgu(s)} dW (s). (3.7)

Before we start with the proof of the local existence and uniqueness result in the subcritical
case, we introduce our notion of a solution of (3.1).
Definition 3.2. Leta € (1,14 3],v € (1,1 + 2] and p € (1, 00).
a) A local mild solution of (3.1)) is a pair (u", 7") consisting of a stopping time 7" € [0, T’
and a process u" € ME(Q2, E;»), such that the equation

u" = U(>u0 + ngtun + thratun + Krifochun (38)

)

holds almost surely on {t < 7"}.
b) Solutions of are called unique, if we have

P (u?(t) = ul(t) Ve [0,0" ATT)) =1

for all local mild solutions (u!, 0™) and (uf, 7).
c) A local mild solution (u", 7™) with 7" = T" almost surely is called global mild solution.

In the following Proposition, we state existence and uniqueness for (3.1)) in the subcritical
case.

Proposition 3.3. Let a € (1,1 + 3),v € (1,1 + 2) and p € (1,00). Then, there is a unique global
mild solution (u",T") of (3.1).

Proof. We fix n € N and construct the solution from the assertion inductively.
Step 1: We look for a fixed point of the operator given by

K"u := U()UO + Kc?etu + thratu + K;fochu7 u € Mﬁ‘(gﬁ ET)?
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where r > 0 will be chosen small enough. Let u € ME(Q, E,). A pathwise application of
Proposition 2.2]and integration over (2 yields

1T uollz o,z S lluoll 2
We define a stopping time by
= mf {t 2 O . HuHLq(O,t;LO‘+1) + HUHLq(O,t;LQV) 2 271} AT

and set

5;:1+fl(1—a)>0, 0=1+

: (1 =)

DO | QL

We estimate

1K el Slipm ()l o pesr) < Mlul* ]

ooty S el oo ripeeny™ < (20)7 7

using Proposition[2.2|b) and d) and the Holder inequality. In the same spirit, we get

1K S artll e S ([ (o (@)l V) 2 e (W)l o2

HLé’ 0,r;LZ7=T)

Z lem 7o gy O Dul]

NHUHZ @rn™ Frllullie oz < (20)

5 Z 1B 122y el oo 0:22)

2715

sz 1)
=+ THUHLOO 0,r; LQ)
Integrating over (2 yields

a 2v—1
||Kdetu||Mp (Q,E) S S (2n)r 6 ||KStratu||Mp (QE) S S (2n)77" 0 +7"||U||1\/J1P(Q E.)-

By Proposition[2.3) we obtain

S oentt Iz, S 1B (en(w)ul™ ) + Ba(u) | og@,L20.rms (vi22)))

< (Z HemHim(m)
m=1

_ 1
S Nen(u) ] ull Lo 20,022y + 72 Jull Lo, oo 0,s22))

1
2

0o 2
[ (w)lu]"™ ull Lo, z20,r52)) + (Z HBmHi@z)) [ull 2@, L2(0r:22))

m=1

From the pathwise inequality

5
lon (W) ul " ull c2i22) < Mullze o5z < 72 1l Lo rze <

l\)\&x

r%(2n)
we conclude

)
r2

1
‘|K;ochu‘|M§(Q,Er) Sr2(2n)” +“HUHM§(Q,ET)

and altogether,
1.5 3 1
| ulhazio,) S Muoll ey + (20)7° + @n)2 7% 4 w8 20)7 + (7 + 74 ) ez, < 00

for u € ME(Q, E,) and therefore the invariance of M ({2, E,.) under K™. To show the contrac-
tivity of K", we take uy, uy € ME(Q, E,) and define stopping times

= 1nf {t Z 0 . ||uj||Lq(O,t;L°‘+1) + ||U]’||Lq(07t;L2'y) Z 2n} A r, ] = 1, 2,
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and fix w € Q. Without loss of generality, we assume 7y (w) < 75(w). We use the deterministic
Strichartz estimates from Proposition [2.2]

1K G (1) = K (ua) |1, Sl (un) [ua] ™ ur — @nua) fus|*us| 0rsn L)

i) (ol — =) o
1 nlur) — )] el sl e
By (8.3) and Lemma we get

1
|80n(U1= 3) - %(U% S)| < n ‘||U1||Lq(o,s;La+1) + ||U1HLq"(o,s;L2v) - !|U2||Lq(0,s;La+1) - HUQHLd(O,s;LQ’Y)‘

1
< - (HU1 — Ug||La(o,s;n0t1y + |l — UZHLi(O,s;LQV))

2

< —|luy (3.9)
n

and we can use this as well as LemmaB.I|with p = a + 1 and 0 = «a to derive

[ (ur) (fua|*ur — fua]*tus) || e < [T — fua|* sl e

Lq'(O,r;L
-1
< T{S <||U1||Lq(o,n,La+1) + ||U2||Lq(0,n,La+1))a ||U1 - U2||Lq(o,n,La+1)

<2 (4n)* Muy — s aqo,m zory < 70(40)*Hur — ual|p,

and
2
| feon(u1) = on(u2)] ua|*” U2HLq (0% = ﬁ HHM — ual| g Juz|*” u2||Lq/(O,TQ;LQT+1)
2 _
< llur = wall g, [l|uz]® tuoll 0L 5L
2 2 .
< = lun = o]l g 73 [0 o0,y < S llun = |, (20)
We obtain
1 Ger (1) = Ky (ua) |, < (277 4 4971) 10 Hluy — |,
Analogously,

Ty B s O O P [ P e R O [ ™
+ |luy — u2||L1(0,r;L2)
< [(227 + 4207D) 9201 | 7«} s — ol oo,z
< [(227 + 42(7’1)) ron20-1 4 r} llur — ua| &, -
For the stochastic convolution, we estimate
[l (wn)fua |~ — g (ua) ua "Mzl 20,2y Sllpn(ur) (Jun " ur — Jua " uz) 2200, 22)
+ [[(on(ur) = nlus)) ual " uzl| 20,12
The terms on the RHS can be treated by Lemma 3.1 with p = 2y and ¢ = 7 and Lemma

lon(ur) (Jua]" " uy = [ue]" " u2) || 22(0.0:22)

< (luall2vomszey + luall p2vorszen) " lur — sl 12 (0,022
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s -1
2 (HulHLq 0,71;L27) + HU2||L<1 (0,71; L2v)>7 ||U1 - U2||Lé(o,ﬁ;L2v)

N|on

<7
S (4n)7_1 |ur — usl| g,

and by the estimate (3.9)

N 2
1(pn(un) = @n(ua) s sl 20512y < ~lur )

2 5

< s = w575 o
2 5

< =llur — wallg,rf (20

By Proposition2.3] this yields

1K G pen (1) = Koo (u2) vz, 5,y S 11Bu(on(un) [us| ™ un = @ (ug) [ua ™ ug) || Loqo,20,mmsviz2)))

+ [| B2 (u1 — u2) | La(o,z2(0.Hs(v,L2)))
1

o0 2
5 . _
< (Z ||em||iw> e (47 4+ 2 lun — sz,
m=1
1
o0 2 |
+ (Z ||Bm||i(L2)> r2||ur — us|lmp(o,e,)
m=1

< [r%nv—l (47—1 + 27+1) + r%] ||lug — u2||M§(Q,ET).
Collecting the estimates for the other terms leads to
K™ (ur) — K™ (u2) ez o, 5,) N[ (207 4271 P 4 (227 4 4207D) rSn20=D 4y

+ (47—1 + 2’Y+1) rgn'y_l + 7“%} Jur — UQHMJ?(Q’E")'
(3.10)

Hence, there is a small time r = r(n,«,7y) > 0, such that K™ is a strict contraction in
ME(Q, E,) with Lipschitz constant < 1 and Banach’s Fixed Point Theorem yields u™! €
ME(Q, E,) with K™ (u}) = uf.

Step 2: We choose r > 0 as in the first step and assume that we have & € N and v} €
ML(Q, Ey,) with
UZ = U()UO + ngtuz + thratuz + KStOCth

on the interval [0, k7). In order to extend v} to [kr, (k + 1)r], we define a new cutoff function
by onk(u,t) := 0, (Z:(u)) , where (Z;(u)) (o, is a continuous, [F*"-adapted process given by

=

Zt(“) (“uk”Lq 0,kr;Lo+1) + HuHLq ()tLa+1))q + (“uk”Lq 0,kr;L27) + HuHLq OtLZ’Y))

fort € [0,r] and u € ML, (2, E,). Moreover, we set

Kiaglt) = =i [ U6 =) [pnalu)lals) us)] ds,
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K Stratult) ::/0 Ut =) [ong(u, s)pn (Ju(s)]?0"Vu(s)) + pa (u(s))] ds,

t
Kl u(t) i= =1 [ U(t = 5) [nalie,9)Bs (Ju(s)" " u(s)) + Bou(s)] AW ()
0
fort € [0,r] and u € M, (2, E;) and
Kku = U()“k(kﬂ") + K:ilet,ku + thrat,ku + K;foch,kuv AS Mp

Fkr (Qu E’I‘)7
We take vy, vy, € ME

(Q, E,) and define the F*"-stopping times
=inf{t > 0: Zi(v;) > 2n} A, j=12. (3.11)

Without loss of generality, we assume 73 (w) < 7»(w) and follow the lines of the initial step
where we replace u; by v; and ¢, (u;) by ¢, x(v;) for j = 1,2. We obtain

Fkr

-1
Hngt,kUl - K:llet,kUQHEr ST{S (HleLq(o,n,LaH) + Hvzﬂm(o,n,mﬂ))a o1 — va||,

+ EHUl - UzHErTzaHvzH%q(o,m;mﬂ)

and by [|v;|ze(o,m1,0041) < Zr, (v;) < 2n for j = 1,2, we conclude

_ 2
1K1 = K gvalle, <77 (4n)* 7 lor = vall, + ~[lor = vall .73 (20)°

a— 2 @
< 7’6 ((4n) ! + E (2n) > ||U1 — UQHET.

Analogously, the estimates for K7g,,,, and K7, ., from the first step can be adapted to get

stoch

VK B e(01) = K (02) s, S (227 +42070) 13207 ) oy = vl s,

3 _ 1
I K Goen (V1) — Kitoen, k(UQ)”Mp (B S (7“2”7 Pt 2t 4 2) |og — UQHM” (UE))
and thus
HKI?(UI) Kk (02)HM" @5 S [ (2a+1 4@—1) ropo—1 + (227 + 42(7—1)) ron20-1) +r
+ (4 ot pag 4 r%] lor = vallue, (@,.)-
(3.12)

Since the constant is the same as in the initial step, the definition of » > 0 yields that K7 is a
strict contraction in M2, (€2, E,). We call the unique fixed point v}, ; and set

Fkr
o [ te (0.,
R Lo (8 = k), t € [kr,(k+ 1)r].

Obviously, uy,, is a continuous F-adapted process with |[u, ;|| 1»(0.5,,,,) < oo and therefore
up € ME(Q, Egy1y,). Let t € [kr, (k+ 1)r] and define { := ¢ — kr. Then, the definition of K}’

and the 1nduct10n assumption yield
UZ+1<75) :Ul?+1( ) Ky Uk+1( ) U(t )uk (kr) + K kvk+1(£) + thrat,kvl?-l—l(g) + thoch,kvz—i-l(~)
=U(t)uo + [U< VK g (k1) + Ky v (T )] [ (E)thrat,kuZ(kT) + thmt,kvgﬂ(f)]
+ (U () Katoentty (1) + Kyoen k01 (B)] -
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Using the identities
%(UZ’ S) = Spn(uZ-i-l’ 3)7 Spn,k<v;;+1v §) = Qpn(uITcL—f—l’ k’?” + §)

for s € [0,kr] and § € [0, r], we compute

kr
U(t )Kdetuk(k’T) + K kvk+1( ) —iAU(t )/0 U(kr —s) [@n(u713>3)|uk( )N luk( )] ds

=i [ U= 3) [pnslefon Do D0 (9)] 05
= [ U= 9 [ ()6

— i\ /OEU(f— 3) [gpn(uZH, kr + 8)|ug,, (kr + §)|* g, (kr + §)] ds
=00 [ U= 9) [ s () (1] s = K 0

where we used the substitution s = kr + 5 in the second integral for the last step. Analo-
gously,

U(E)thrat,ku;;(kr) + thrat,kvg—l-l (f) = thratuz—&-l(t)a

U( )K tochuk (]{77”) + KStOCh,kUZ—I—I(E) - K:;tochuz-s—l (t)7
where one uses (2.4) for the stochastic convolutions. Hence, we get
uZ—l—l(t) = U(t)U,Q + ngtuZ—Q—I (t) + thratuz-l—l( ) + Kstachuk+1( ) = Knu};—l—l (t)
for t € [kr,(k + 1)r] and therefore, u},, is a fixed point of K" in M (S, Ey1),). Define

k:=|Z +1]. Then, u™ := v} is the process from the assertion.
Step 3: Now, we turn our attention to uniqueness. Let (%, 7) be another local mild solution

of (3.1). As in (3.10), we get

lv = @llvz.p,nn) =IE" (@) = K*(@) vz (0,8,.0)

SC[ (2a+1 + 404—1) Tdna—l + (22’V + 42(7—1)> rgnQ(ry—l) +r

T/\T‘)

(@ 2 ) b o

H

5”“ - UHMP Q,Ernr)

which leads to u(t) = u(t) in ML(Q, E; A, ), i.e. u = @ almost surely on {t < 7 Ar}. This can
be iterated to see that u(t) = u(t) almost surely on {t < o} with o, := 7 A (kr) for k € N.
The assertion follows from o), = 7 for k large enough. O

In the following two Propositions, we use the results on the truncated equation to
derive existence and uniqueness for the original problem (1.1I). The proofs are quite standard
and in the literature, analogous arguments have been used in various contexts for extensions
of existence and uniqueness results from integrable to non-integrable initial values and from
globally to locally Lipschitz nonlinearities, see for example [vNVWO08], Theorem 7.1, [Brz97],
Theorem 4.10, and [Sei93], Theorem 1.5.
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Proposition 3.4. Let o € (1,14 3), v € (1, 1+ 2) and (uf‘)neN C ME(RQ, Er) be the sequence
constructed in Proposition For n € N, we define the stopping time T,, by

Tp - — mf {t I~ [O, T] . HunHLq(O,t;L&—o—l) —+ ]|u”HLq(07t;L27) Z n} AN T
Then, the following assertions hold:

a) We have 0 < 7,, < 7 almost surely for n < k and u™(t) = u*(t) almost surely on {t < 7,,} .
b) The triple (u, (Tp), cx » Too) With u(t) == u™(t) for t € [0,7,] and 7o := Sup,ey T is a local

mild solution of (1.1).

Proof. ad a): We note that 7, is a welldefined stopping time with 7,, > 0 almost surely, since
27 () = [lu” oo ressy + 1wl iz < 20u”llm < 2|u"[py <00, t€[0,T],

defines an increasing, continuous and F-adapted process Z" : Q x [0,7] — [0,00) with
Z"™(0) = 0. For n < k, we set

Tin = inf {t € [0,T]: Z*(t) > n} A T.

Then, we have 74, < 7 and @, (u*,t) = 1 = ¢.(u*,t) on {t < 71.,,} . Hence, (v*, 7,,) is a so-
lution of and by the uniqueness part of Proposition we obtain u*(t) = u"(t) almost
surely on {t < 73, } . But this leads to Z*(t) = Z"(t) on {t < 7 ,,} and 7., = 7, almost surely
which implies the assertion.

ad b): By part a), u is welldefined up to a null set, where we define v := 0 and 7., = T.
The monotonicity of (7,), .y yields 7,, — 7. almost surely. Moreover, v € ME(Q, E.,) by
Proposition[8.3|and therefore u € ME(Q, Ejg ). From (3.8) and the identity

on(u,t) = @p(u™t) =1 ason {tAr,},

we finally obtain

u(t) =U(t)ug + /0 Ut —s) [—i)\|u(s)|a’1u(s) + 1 (!u(s)|2<7’1)u(s)) + ,ug(u(s))] ds

— i/o Ut —s) [By ([u(s) " u(s)) + Bau(s)] dW(s)
almost surely on {t < 7, } foralln € N. O

Proposition 3.5. Let a € (1,1 + 3), v € (1,1 + 2) and (w1, (04),,cny,7) » (w2, (7o), » T) be local
mild solutions to (1.1). Then,

uq (t) = ua(t) as.on{t <o AT},
i.e. the solution of is unique.
Proof. We fix k,n € N and define a stopping time by

Vg = inf {t €[0,77]: (||U1||L¢I(0,t;La+1) + ||U2HL‘7(0¢;L27))

\% (HUZHLQ(O,t;La“) + HuQHL‘?(O,t;LQW)) > n} N o N\ Tg.

Hence, v, (ui,t) = @n(usz,t) = 1 on {t < vy, } and therefore, (uy, vt ,,) and (uq, v, ) are local
mild solutions of (3.1). By the uniqueness part of Proposition 3.3} we get

uy(t) = ua(t) a.s.on {t < v,},

which yields the assertion, since v, — o A 7 almost surely for n, k — oo. O
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In the Propositions 3.4 and 3.5, we have proved Theorem[1.1} a) in the subcritical case, i.e.
ac (1,1+3),7€ (1,1 + 2). We continue with the critical setting.

Proposition 3.6. Let v € (1,1 + 3],v € (1,14 2] with v = 1+ 3 or v = 1+ 2. Then there is a
unique local mild solution of (2.1).

Proof.

1K |y < ol 2@ + (20)°78 + (20)2 99 +72(20) + (r + 12 ) ||ullyro.p) < 00
]F( I ’I”) ( ) ]F( I ’I”)

1KY (uq) — K”(uz)HMg(Q,ET) ,S[ (2a+1 + 4‘1_1) rono! 4 (227 + 42(7_1)) rin20=0

+ (@7 2 i 7’%} lur = vzllgz o).

(3.13)
Step1. Letv > 0and ¢ :=2+ %. Then, (g, q) is a Strichartz pair. For r > 0, we define
Y, := L0, r; LY(RY)), E, := C([0,7], L*(RY)) NY,
and as in the proof of Proposition 3.3, we set
K{u :=U(-)uo + K u+ K&, u+ K20
with the convolution operators from (3.5), and and obtain the estimates

3
2

—1..4 1
HK{’UHM%(Q,ET) S [Juoll 2wy + (20)°7° + (20)2 710 £ 2 (20)7 + <r + 7’2> HuHMg(Q’ET)

1A (1) = B o) gy S| (27 44771 100 (27 4 42070) 002070 1y
L Py r%] lur — w2l o, 5,)-
for u, uy, uy € My(Q, E,.), where we set
5:21—#%(1—@), Szzl—l—g(l—v).

Note that replacing the integer n by v > 0 in the cutoff function does not change the esti-
mates at all. Since we have § = 0 or § = 0 by the assumption, we cannot ensure that KV is a
contraction by taking r small enough. But if we choose v and r sufficiently small, we get a
unique fixed point u; € ME(Q, E,) of K7.

By the definition of the truncation function ¢, in (3.2), u, is a solution of the original equa-
tion, as long as ||u1 || a(0,;29) + ||| a1 0,001y < v for

2 1+4
o = -
L 77 d7
pl'_ 2
Oé+1, 7:1—1—87

and ¢; > 2 such that (p;, ¢1) is a Strichartz pair. Hence, the pair (u;, 1) with
T1 = inf {t Z 0: ||U1||Lq(07t;Lq) + ||u1||Lq1(0,t;LP1) Z V} AT
is a local mild solution of (1.1)).



THE NONLINEAR STOCHASTIC SCHRODINGER EQUATION VIA STOCHASTIC STRICHARTZ ESTIMATES 17

Step 2. Next, we define the operator
Kéju = U()U’l (7—1) + ngtu + thratu + Ksytoch,Qu

with
t

K toenau(t) = — i/ U(t =) [en(u, s)B1 (lu(s)" " u(s)) + Bau(s)] dW™ (s)

0
and as above, we derive the estimates

134 3 1
K ullvz,m,) S llua ()l z2ay + (20)r° + 20)2 7% + 72 (20)7 + (7" + 7“2) lullmzo,2.)

‘|K§/(u1> o Kg(u2>||M§(Q,ET) §|: (2a+1 + 4a—1) T5Va_1 + (227 + 42(W—1)) TSVQ(W—I) +7r
_ §o 1
+ (47 Ly 27+1) ra1 4 r2] l|lug — ugHMg(Q’ET).
for u, uy, us € M., (22, E,.). We get a unique fixed point i, € ME., (Q2, E,.) of K% and define

’7‘2 ;= inf {t 2 0: HUQHLQ(O,t;Lq) + ||U2||Lq1(07t;Lp1) 2 I/} AT

and 7, := 7, + 7. Analogously to the proof of Proposition one can show using (2.4), that
the pair (uq, 75) with
{U1<t), t e [0,7'1],
U9 (t = -
U2<t—71), tE [Tl,TQ],
defines a local mild solution of (1.1). Iterating this procedure yields a sequence (u,,, ;)
and with 7, := sup,,.y 7, and 7y = 0, we conclude that

neN

u(t) == 1g—gpuo + Y un(t)1ir,m) (1) on {t < 70},

n=1

the triple (u, (7,,),,cy > 7o) is @ local mild solution in the sense of Definition 2.5}

Step 3. In order to show uniqueness, we take two local mild solutions (uy, (01,n),,cy 01) and
(ug2, (02,n),,en > 02) and set
Zap(u) = [[ullLa@pize) + ullLor @b
for 0 < a < b <T. Moreover, we inductively define
pr i=1inf {t € [0,01) : Zos(u1) > v} ANinf{t € [0,02) : Zp+(u2) > v} Aoy Aoy
and
pnsr =10 {t € [pn, 01) : Zp, 1(u1) > v} ANnf {t € [y, 02) : Z,,, 1(u2) > v} Aoy A os.

The uniqueness from the first step and ¢, (u1,t) = 1 = ¢, (u2,t) almost surely on {¢t < y1}
yield u;(t) = us(t) almost surely on {t < o1 A o2} N {t < p;}. By an iteration procedure as
above, this can be extended to {t < oy Aoy} N {t < p,} foralln € N.

In order to show, that p,, — 01 A 03 as n — oo, it is sufficient that for all m € N and almost
allw € Q there is n = n(w) with ) (W) > 01m (W) A 02, (w). Assume the opposite, i.e. there
is m € N with

P(pn < 01m AN o2m  Vn€ N) > 0.



18 FABIAN HORNUNG

By the definition of p,,1, we get on each interval [fi,,, jtn11] either 7, ... (u1) > v or

Zy ymina (U2) > v with positive probability. Without loss of generality, we assume that there

is a subsequence (fi, ) oy With
P(z

Hng sHng+1

(u1) > v VkeN>>0

and therefore

o0
et zaonmize) + el n @ mizen) = D (10t 2a(ngng 1585 + 101285 g sty 25270y ) = 00
k=1

which is infinite with positive probability. This is a contradiction, since both ||u ||£a(0,0,.,,:29)
and ||u1| a1 (0,01.,,;271) are almost surely finite by u; € MR(€Q, Ejo o).
0

We close this section with remarks on possible slight generalizations of Theorem [1.1] a)
and comment on the transfer of our method to the energy space H*(R?).

Remark 3.7. In the proof of the local result, we did not use the special structure of the terms
Bl, B2 and

1 & ) 1 &
= —= ml, = —— B’ B,,. 3.14
th 2;:116 | 2 Qle m (3.14)

In fact, we only used By, By € L(L*(R?),HS(Y, L*(R%)), u1 € L(L*(RY)) N L(L*(R?)) and
o € L(L?(R?)). But since is motivated by the Stratonovich noise and will be important
for the global existence in the following section, we decided to start with the special case
from the beginning.

A generalization of the result from Theoremfrom determistic initial values ug € L*(R?)
to ug € L1(Q, Fo; L*(R?)) is straightforward. By the standard localization technique (see e.g.
[VNVWOS8]), a further generalization to Fy-measurable uy : Q — L*(R?) can be done by
another localization procedure if one relaxes the condition u € My (2, E ;) from definition
to u € MY(Q, Ej,), i.e. uis a continuous F-adapted process in L?(R?) and F-predictable
in L?(RY) with

sup ||u(t)||7. + |lully. < oo a.s.
t€[0,7]

For the sake of simplicity, we decided to restrict ourselves to deterministic initial values.

Remark 3.8. Barbu, Rockner and Zhang, [BRZ16], and de Bouard and Debussche, [dBDO03],
also applied their strategy to construct solutions also in H*(R?). In contrast to the L*-case, the
pathwise approach has a true advantage here, since it allows to adapt the deterministic fixed
point argument in a ball of L* H' N LWt equipped with the metric from L>L*NLIL*+T,
Therefore, [BRZ16] obtain local wellposedness for all H'-subcritical exponents a € (1,1 +
ﬁ) and a blow-up criterium involving the H'-norm in the case of linear multiplicative
noise.

Of course, it is also possible to deal with the H'-problem with the method from the present
paper, since the deterministic and stochastic Strichartz estimates are also true in H!(R%). In
this way, one can weaken the regularity assumptions on the noise from [BRZ16] significantly
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to
> llemlfine < oo (3.15)
m=1
and treat nonlinearities of degree
cM1+3Hu@1+e—2 €M1+ U@+ —2 ) (3.16)
a Y d Y (d _ 2)+ ) ’y ) d Y (d _ 2)+ N *

Hence, there is a gap compared to the natural H'-subcritical exponents o for d > 4 and a
gap in the range of noise exponents v for d > 2. The structure of the admissible sets for a
and v indicate that one has to argue differently for small and large exponents. Indeed, the
intervals a € (1,14 %) and v € [1,1 + 2) can be obtained by a fixed point argument in a
ball in L>*H' N LIW '+ equipped with the metric induced by the norm in L>°L* N L1L*,
where the nonlinear terms are truncated as above.

For twice continuous Fréchet differentiable nonlinear terms, however, i.e. v > 2 and
« > 2, one can prove the contraction estimate in the full norm of L*H" N LIW ! if the
truncation also takes place in the stronger norms LW+t and LiW™"*. For more details,
we refer to [dBDO03].

In view of the applications, the gap in is not too restrictive, since the main interest
lies in the cubic case. This the advantage of the H'-framework, since o = 3 is H'-subcritical
for d = 1,2, 3, whereas in L? it is subcritical for d = 1 and critical d = 2.

4. GLOBAL EXISTENCE

The goal of this section is to study global existence in the subcritical case o € (1,1 + %)
with conservative noise, i.e. e, is real valued for each m € N. Let us recall that the local
solution (u, (7,),,cy » =) 1S given by u = u,, on [0, 7,,], where

7o i=inf {t € [0, 7] : [[unllzsouzery + [nllraoezeny = np AT, neN, (4.1)
for exponents ¢, § € (2, 00) satisfying the Strichartz conditions
2 d d 2 d d

q—'—oz—i-1:§7 q~+%:2'

Moreovert, 7, = sup,,cy 7» and u,, is the solution of the truncated problem

du,(t) = (iAun(t) — A (U, )1 ()] P (2) — % Z e2 o (Un, t)\un(t)]%’l)un(t)> dt

o0

—1 Z em®Pn(Un, t)|un(t)|w_lun(t)d6m(t),

m=1

u(0) = up.

\

(4.2)

We remark that is a simplified version of to study nonlinear noise, i.e. v # 1. We

will concentrate on this case, since the global existence result in the case v = 1 has already
been treated by de Bouard and Debussche in [dBD99], Proposition 4.1.

The strategy to prove global existence is determined by the definition of the existence

times in (4.1): We need to find uniform bounds for u,, in the space L(0, T'; L>*)NL(0, T'; L*7).
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Note that this is a drawback of our approach based on the the truncation of the nonlineari-
ties and can be avoided in the deterministic case, where the local existence result comes with
a natural blow-up alternative in L?(R?) and the mass conservation directly yields global ex-
istence.

However, we overcome this problem by applying the deterministic and stochastic Strichartz
estimates once again. The proof is inspired by the argument of de Bouard and Debussche for
v = 1 mentioned above. Unfortunately, we cannot prove global existence forall y € [1,1+2)
and have to restrict ourselves to

a—14+d(1—-a)

1.
04—|—1404+al(1—04)+

1<y <
The first ingredient is the mass conservation for the NLS in the stochastic setting.

Proposition 4.1. Let o € (1,1 + 3) and v € [1,1+ 2) and e,, € L>(R%, R) for each m € N with
S lleml?e < co. Let n € N and u,, be the global mild solution of (3.1)) from Proposition
Then, we have

lun(O)ll2 gy < lluoll2@ey, €0, T]. (4.3)
almost surely.

Proof. We concentrate on the case v > 1. The linear case is simpler since one does not need
the truncation of the noise and the correction term. It is well known that the mild equation
is equivalent to

Uun(t) =uo + /0 t

0 t
o Z i/ emﬁp(un)’unpilundﬂm (4.4)
m=1 0

1 o
iAu, — i/\gp(un)|un|a_1un b Z o(uy,) \un|2(7 Uy, | ds

almost surely as an equation in H %(R?). We formally apply Ito’s formula to the Itd process
from and the function M : L*(R?) — R defined by M(v) := ||v||2,, which is twice
continuously Fréchet-differentiable with

M'[v]hy = 2Re (v, hy)
for v, hy, hy € L?(R?). This yields

MH[’U] [hl, hg] = 2Re (hl, h2)L2

L27

t [ee]
: : _ 1 _
(D122 =lluollz + 2/ Re (un, i8up = iXp(un)[un]*Hun = 5 E eiw(un)!unlz(” Vun) j2ds
0

-2 f: /t Re (tn, iemp(un)|ua " u n) 24Bm + Z ||emg0 ()|t |" 1|5 2d s
e e (4.5)
almost surely in [0, 7] and by the formal identities
Re (un, iAun) ;2=0, Re (un, igo(un)|un\“*1un)L2 =0,
Re (un, iemgo(un)|un|7_1un) 2 =0,
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and

0 t o0 t S
Z/ | €m @ (tn ) [tn] " tup||22ds < Z/ Re (uy, Z ezn@(un)\un\Q(%l)un)Lst,
m=1"0 m=1"0 m=1

where we used that ¢(u,,) € [0,1] implies ¢(u,)* < p(u,), we finally get
lun (B)1IZ2 < lluollZ2
almost surely for all ¢ € [0, 7.

The calculation from above can be made rigorous by a regularization procedure via Yosida

approximations R, := v (v — A)~" for v > 0 and a limit process v — oo using the properties
R, € L(H*(RY), H**?(RY)) for s € R and

R, f—f in E, v—oo, fEFE

1B lleem) < 1, (4.6)

for E = H*(RY), s € R,and E = LP(R%), 1 < p < oo. O
Finally, we are ready to prove the global wellposedness result.

Proposition 4.2. Let o € (1,1+3) and e, € L®(RY,R) for each m € Nwith 3>, [ley |3~ < oc.
Let (uy,)nen be the sequence of global mild solutions of (3.1)) from Proposition Suppose that
a—144+d(1—-a)

1.
oz—i—léloz—l—d(l—oz)jL

1<y<

Then, we have
P <U {7 :T}> = 1.
neN

In particular, the pair (u, 7o) is a unique global strong solution of (L.1).

Proof. Step 1. As we mentioned above, we only consider v > 1. The linear case is simpler and
analogous to [dBD99], Proposition 4.1. We want to prove that there is a uniform constant
C' > 0 such that

SuII\)IE|’unHLq(O7T;LO+1) <C. 4.7)
ne

We set Y, := L9(0,r; L>*1(R?)) and fix n € N as well as

d - d a+1-—2y
§i=1+-(1-a), d:=1+-(1—-7), O=—-—""21
(1-a) (1—7) 19

4 2
Then, we have % =44 ;;Jfl and by interpolation and Proposition

el 2a0,00,229) < Nl 2o 0,002 10| a1y < N0l z2 Ntnll oo, ooty (4.8)
almost surely for all ¢ € [0, 7. Let us recall that u,, has the representation

Un = U()UQ + Kc?etun + thratun + thochun in M]f;(gL ET)
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Next, we fix w € Q and 0, (w) € (0,77 to be specified later. Then, we apply the deterministic
Strichartz inequalities from Proposition to estimate K4, and Kg;; (compare the proof
of Proposition 3.3) and obtain

n —

o
5 2y—1
“unHYo < OHUOHL2 + Caiﬂunﬂ‘f%,n + OUgHun”[}i(o,gmLh) Z ||€m||%°° + HKStochunHYan

m=1
o0
< Clluollz + Codllunlls, + Codlluoll & lunli2 "> em 3o + 1K stochtinll v,
m=1

o0
< Clluolz + Ol |1+ 05 fuoll 5> Mleml3o | lunlls,,
m=1

o0
5 —1)6
+ 0ot luoll 57N Nlemlie + | Kstoenttally,,

m=1
< K, + ClaszunH?fgn
with

o0
Ky =Clluollzz + CTuoll5Z ™" Y Nleml3e + | Kstocntinlva

m=1
Oy =C |1+ T el %" ||em||§oo] .
m=1
W.l.o.g we assume uy # 0 and thus K,, > 0. We conclude

Up, 1 [ un “
| KH% <1+ Cyol o (II ||Yan)

n KTL
Now, the following fact

[0}

Ve >0dey <2,c0>¢: <1+ = x<¢ Or x>cs 4.9)

Qa+1
from elementary calculus yields
HunHKm S(ﬁfﬂLS;QK%,
if we choose 0, according to Cy0% K2 < i+, which is fulfilled by
o, =Cy° (2T KST) OAT.

Note that the second alternative in can be excluded because of ||u,||y, = 0 and the
continuity of the map ¢ — ||u,||y;. Next, we decompose 2 = 2; U 2, with

0 = {or7 (kg ) <, 0= {orT (20K

P>}

Fix w € ©; and define N := L%J Using the abbreviations Yy := LY(No,, T; L*(R?)) and
Y= Li(jon, (j + Doy L*THRY),  j=0,...,N—1,

analogous estimates as above yield

oo
. 2y—1
lunlly; < Cllun(Gon)llze + Copllunlly, + CoplwnlTiia, i nzm D Nemllie + [ Kstoentially,

m=1
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forall j = 0,..., N and hence, we obtain ||u,||y, < 2K,. We conclude

N
T
unllye < lually, < 2(N +1) K, <2 (— + 1) Ky < 2K, + 28105 TR, . (4.10)
0-77/

J=0

Due to |Ju, |y, < 2K, on Qs, the estimate (£.10) holds almost surely. We set p := %+ + 1 and

integrate over (2 to obtain
L1
ltnll 2y < 2B [K ] 4o +106TE[K ; } <1+ || Kstoentinllyy + El| EKstoentin] |2

S 1+ HKStochunHLP(Q,YT) + HKStochunHLp(Q’yT)

Now, we choose p € (py, 00) according to p% = g + % and by the estimate

1K stocntinll Lr(@,v2) S 0n (s 8)[n ™ tnll o, 1207:02)) < T Nttn v ni 0020y

1 0 1-6
< T3 e 1200 2y = TP lluol 17550,

(1-9)
S lual Bty

we end up with

(1-6) (1-6) (1-6)
lnllzr @iy S 1+ ]}y + lual ey S 1+ a7,
In particular, there is C' = C(||ug|| 2, ||em||e2(n 100y, T, a, ) > 0 with
P (N, L) v

sup [[un |21 @yr) < C, n €N,
neN

if we have

a—144d(1-a)
a+1l4a+d(1 —a)
Step 2. Using the result of the first step and taking the expectation in (4.8), we obtain

py(l—10)<1 & v < +1.

[tn | L@ Lio. iz < |luol|92C*
and the definition of 7, followed by the Tschebycheff inequality and yield

HunHLl(Q,YT) + HunHLl(Q,Lé(o,T;L%))

P (1 =T) =P (lunllv + luallarizeny <n) = 1- n

C + Jluollz-C™*
- .
By the continuity of the measure, we conclude

>1-—

P10 =1T) >P(U{Tn—T}>—hmP( =T)=1.

n—oo
neN

U

Remark 4.3. We comment on the cases, which have been excluded for the global existence
result in Proposmon . 4.2l The proof cannot be applied to the critical case & = 1 + 3, where
we have § = 0, since the strategy crucially relies on § > 0 to apply ( . But global ex1stence
for general L2-1n1t1a1 data cannot be expected in this case, anyway, since there are blow-up

examples in the deterministic setting for the focusing nonlinearity, see [Mer93].
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The restriction to real valued coefficients e,, can be dropped in the case v = 1. Indeed, one
can proceed as in [BRZ14] to deduce the estimate

E[ sup Hun(t)|y§2] <D,  pelloo), (4.11)
]

telo, T

based on the formula
t
[ (8) 172y = [0l 72 ga —2/0 Re (un(s),iBuy(s)dW(s)) ., te0,77.

and a Gronwall argument which is restricted to v = 1. Then, the estimate (4.11) can be used
to substitute the pathwise estimate from Proposition 4.1]in the proof of Proposition
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